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Abstract. Beck introduced the concept of Ramsey-type games by studying the
game versions of Ramsey’s and van der Waerden’s theorems. We contribute to this
topic by investigating games corresponding to structural extensions of Ramsey’s
and van der Waerden’s theorems—the theorem of Brauer, structural and restricted
Ramsey theorems.

Extended Abstract

Ramsey theory deals with statements of the following type: For every partition A1∪. . .∪Ak

of the set
(C
A

)

of all substructures of C which are isomorphic to A, there exists a substructure

B of C such that the set
(B
A

)

belongs to one class of the partition. This definition of course
assumes that we make precise the notions of structure and substructure. The validity of the
previous statement is denoted by C → (B)Ak . Every B′ ∈

(C
B

)

is called a copy of B in C.
The classical Ramsey’s theorem in this setting claims that for all integers k, n, p there exists

an integer N such that
KN → (Kn)

Kp

k .

The previous statement is shortly denoted by N → (n)pk, which is the original Erdős-Rado
partition arrow.

In Ramsey theory one tries to prove the validity of the statement C → (B)Ak for various
combinatorial, number theoretical and geometrical structures. For a good survey on this topic,
see eg. [5] or [7].

Another question, which is intensively studied, is motivated by efforts to find, for a given
A,B and k, the minimal size of the structure C satisfying C → (B)Ak . The general Ramsey
number r(A,B, C, k) is the minimal size of C ∈ C that satisfies C → (B)Ak in a fixed class C of
structures where all the objects A,B,C are considered.

These questions seem to be very difficult even in the simplest instances, such as Ramsey
theorem. In this case

2n/2 ≤ r(K2,Kn,K, 2) ≤ 22n,

where K is the class of all complete graphs.
For other structures, such as other classes of graphs, hypergraphs (with induced subgraphs

and subhypergraphs), arithmetic progressions (Van der Waerden theorem), combinatorial cubes
(Hales-Jewett theorem), the situation is much less satisfactory and in most instances one is
satisfied with the existence of C, without trying to optimise its size, which seems to be extremely
large.

Jószef Beck initiated a systematic study of Ramsey numbers in a setting of combinatorial
games. He showed that the game versions of Ramsey number are much more easier to esti-
mate. Particularly, for the case of Ramsey theorem and Van der Waerden theorem, he obtained
asymptotically optimal results (see [1], [2], [3]).

In this paper we generalise the results of Beck to general Ramsey numbers. The main mes-
sage of these results is that the game version of general Ramsey numbers may be substantially
smaller than the extremely large general Ramsey numbers.

Let us now turn a general Ramsey-type theorem into a game. (This transformation is
contained already in one of the earliest papers of Ramsey theory [6] by Hales and Jewett,
where the authors interpreted the Hales-Jewett theorem.) We consider a hypergraph C as a
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board. There are two players, I and II. I is called maker , II is called breaker . The players
alternately pick subhypergraphs A′ ∈

(C
A

)

. I wins if and only if he succeeds to find B′ ∈
(C
B

)

such that the whole set
(B′

A

)

is claimed by him. Otherwise II wins. We call this game Ramsey
(A,B)-game on C and we denote the fact that I wins by

C
g
→(B)A.

It follows by a general Strategy Stealing argument that I wins providing C → (B)A2 .
However, this is far from necessary. To clarify this, let us denote by rg(A,B, C) the minimal
size of C ∈ C measured by |V (C)| satisfying that I wins Ramsey (A,B)-game on C. It appears
that in most cases we can claim that rg(A,B, C) has a moderate size. This phenomenon was
already exhibited in 1981 by Beck in a landmark paper [1] and in 2002 in [2]:

Theorem 1 Consider the game version of Van der Waerden theorem and let rg(AP (n)) denote
the minimum size N such that the player I wins the game of building a arithmetic progression
of length n on the set {1, . . . ,N}. Then

lim
n→∞

n

√

rg(AP (n)) = 2.

Theorem 2 Let us consider the Ramsey (Ep,Kn)-game in the class of all p-uniform complete
hypergraphs, where Ep is a hypergraph edge. In case p = 2 (graphs), rg(Ep,Kn,Kp) ≥ N for

n ≥ 2 log2 N − 2 log2 log2 N + 2 log2 e − 1 + o(1),

and on the other hand, rg(Ep,Kn,Kp) ≤ N for

n ≤ 2 log2 N − 2 log2 log2 N + 2 log2 e −
10

3
+ o(1).

In case p ≥ 3, rg(Ep,Kn,Kp) ≥ N for

n ≥ (p! log2 N)
1

p−1 + o(1),

and rg(Ep,Kn,Kp) ≤ N for

n ≤ (p! log2 N)
1

p−1 − O(1).

This should be compared with the bound for Ramsey function mentioned earlier. For
Theorem 1, let us just recall that the Van der Waerden function is known to be primitive
recursive (as shown first by Shelah [11]) and the two tower function bound was obtained
recently by Gowers [4]. Nevertheless, the lower bound is exponential only. Thus the game
Ramsey function may be drastically smaller than the Ramsey version. In this paper we continue
in this direction and exhibit further examples of difference between game Ramsey numbers and
(ordinary) Ramsey numbers.

A class C of structures is called Ramsey class if for every A,B ∈ C and every k there exists
C ∈ C such that C → (B)Ak . Let us list few examples of a Ramsey classes.

Let ∆ = (δi; i ∈ I) be an inteteger sequence called type. For a fixed ∆, we shall consider
the class Rel(∆) of all finite ordered relational structures of type ∆. These are objects ot the
form (X, (Ri; i ∈ I)) where X is an ordered set and Ri ⊆ Xδi (i.e. Ri is a δi-ary relation).

Theorem 3 (Nešetřil, Rödl [9]) Let ∆ be a type. Then the class Rel(∆) is Ramsey.

A structure A = (X,M) of type ∆ is called irreducible, if for every pair x, y ∈ X there
exist δ ∈ ∆ and M ∈ M such that x, y ∈ M . Let F be a (possibly infinite) set of structures of
type ∆. Denote by Forb∆(F) the class of all structures A of type ∆ which do not contain any
member of F as a substructure.
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NEŠETŘIL AND VALLA: ON RAMSEY-TYPE POSITIONAL GAMES

Theorem 4 (Nešetřil, Rödl [10]) Let ∆ be a type and let F be a (possibly infinite) set of
irreducible structures of type ∆. Then Forb∆(F) is a Ramsey class.

In this paper, we contribute by a game version of the structural Ramsey theorem.
Let F = (V,E) be a hypergraph. The inflation of the vertex v ∈ V by a factor k is the

hypergraph F ′ defined as follows:

V (F ′) = {u ∈ V ; u 6= v} ∪ Vv, Vv = {uv
1, u

v
2, . . . , u

v
k},

E(F ′) = {{uv , u1, . . . , uℓ}; uv ∈ Vv, {u, u1, . . . , uℓ} ∈ E}.

The set Vv is called multivertex . The inflation of F by a factor k is the hypergraph Fk such
that every vertex v ∈ V (F) was inflated by k.

G G3

Figure 1. Inflating the graph G by the factor 3.

We show the following.

Theorem 5 Let K be a class of hypergraphs which is closed on vertex inflation. Then for every
B ∈ K and every A ⊂ B, |V (A)| < |V (B)|, there exists C ∈ K such that C

g
→(B)A. Moreover,

|V (C)| ≤ 2u · u · |V (B)| where u =
∣

∣

∣

(B
A

)

∣

∣

∣. Particularly, rg(A,B, C) ≤ 2u · u · |V (B)|.

The condition of inflation holds for any class C of hypergraphs which is determined by a
finite set of forbidden homomorphisms:

C = {G; Fi 6→ G, i = 1, . . . , t}

This covers for example class of Kk-free graphs, which is known to be a Ramsey class, and thus
C satisfying C → (B)Ak can be applied in Theorem 5.

However, Theorem 5 covers also cases which are known to be not Ramsey. For example
there is no graph G satisfying

G → (C5)
K1,2

2 ,

and thus r(K1,2, C5,G, 2) does not exist. On the other hand, rg(K1,2, C5,G) exists and we show
rg(K1,2, C5) ≤ 105.

This should serve as a warm up to Theorem 5 and further examples of structural Ramsey
theorem whose game versions we shall consider. Our examples include restricted Ramsey theo-
rems for set systems and extended versions of Van der Waerden’s theorem (Brauer’s theorem).

This also leads to challenging problems. Perhaps the most interesting is the question
whether these results can be modified to obtain results for strong Ramsey theory games. A
strong game is defined by the analogous rule, only the winning criterion is changed: the first
player wins who achieves a monochromatic copy of structure B. This game may result in a
draw.

The strong game is much harder to analyse and presently there is no analogy of Theorem 5
for strong games. Nevertheless, we show the following result:
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Theorem 6 There exists a graph G with the following properties:

1. G does not contain K4,

2. the first player wins strong (K2,K3)-game on G,

3. G has 8 vertices.

This result is more interesting in its context than its proof (a case analysis, which seems
to be typical for the analysis of strong games). The question of existence of K4-free graph G

satisfying G → (K3)
K2

2
was fully solved by Nešeťril and Rödl [8]. Erdős asked whether there is

such a G of size less than 1010. Spencer [12] has shown the currently best known upper bound
on size of G, which is less than 3.108.
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