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What ‘s Unversal Alael:ra?

~ Medel T"Bo’} without relational .Sanbo‘:-.
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What ‘s Unversal Alaebm?

~ Medel Tﬁea} without relational .Sanbo‘-.a
Basie nbaatt’: (A / 1[‘1; ‘rz, )

€g.) @ groug is an algebra €- (G ; ."F.i’ 1) R e

- Generalization of permutaton group theory

Ve emsder -Func{‘{nns which have an'{y e i

( OPEI’&tﬂﬂ. C’grﬂj L Pgrmu{:a{;gn 3.1’9“ Fs)



Main Goal
- Describe al| altaebl’a:‘: (uP {o ‘some Hmfnj“)

(tood unJersfanJ.'HS of 2-element algebras "4
We  Kmw something won-trivial about n-eement abebras , 123, B



Main Goal

- Describe all algebras (up to some fhing")
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Main Goal

- Describe all algebras (up to some fhing")

(™ unJersfand.'HS of 2-element algebras V(
We  Kmw something on-trivial about n-efement abebras , 123, B

- Tools | Theories
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_N%ebr'a_s

signature : > { fi, T } ; aily: 2 N,
algebra = A (A; fuh,.); f:A"A




Algebras

sica_na{ure e {{ ﬁ, } ;aﬂ,-Z-—*N
algebra : A - [A {1 ﬁ; WETC 2y ATV A
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Algebras

sita_na{ure Z {{ ﬁ, } ;ari{' > =N
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Algebras

sita_na+ure Z {{ \(;, } ;m‘{' 2 — N.
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N
r’ UHI'I'EFSE |  base #perajrlmi tetal
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Basc cansfruc.{'mns : cluuilents / sulhalaebras ! ProJUJs / powers .
Def: M geration f:A—A preserves a relation Re A’ R

R ({ﬁq) R
cK- 8 AR It €
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In ths case we also say that R is invariant under { .

R R




_N%ebr'a_s

signature : Z {{ ﬁ, } ; aily: 2 N,
algebe : A (A {1 gl fi: A AT,
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In ths case we also say that R is invariant under { .
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(Oper’atioh ) ( lones

Quesf,{onﬁz
@ What are C!GHES?

= siﬂnawr:u re - {YEE. alsebras

g{: A- (A; ) / BT(AJJ [w;“‘] FE‘EtL]B clf#en:n.}f‘ }iam{‘utsj I'Iﬂfz. 'HT!'. Same SE'i'
of Lo operdhins , fhey e be couierd ‘eqal’
Rﬂﬁjﬂ‘l: mahy Fmpgrﬂe: are deteymined bﬂ theiv tevm-clone

ey éo'm~equ;vakn+ a]aabﬁs have the same set a{ ivariant relations / congruentes



(Operation ) (lones

Questions :

@ What are clones ¢

- Signaﬂl res {YE.E- a’gebrafn

g{: A: (A; ) p B"'(P\;) [w;{'l'i pﬂ:isery c]f#ermf' };anallultsj I‘I% 'HH'. Same SE’I'
0-{ {ﬂrm Ufefa'{';ﬁns f ‘”’icﬁ ¢ah be MJEI'BJ nﬂtlll-il:'

PP

ey term - equualent alaabms hase the. same set of invariant relafions / congluences .

@ Whefe, Jm c’mne.s Shc:m.f up In I’EE’&I ’l'{e?



In real life tbee is no algebra



(Operaﬂpn ) Clones

Fermufa{:im
n |l“ WP
e v Aut(.)

sef n(: Hﬁec“ﬂﬂs A=A
cm’fﬁﬂindr H‘g inveyse J En‘t.ﬁﬁ{zﬁ
closed mdgrmps*.{m




(Operaﬂoh ) Clones

! N "

per Mt&a tion 'Lransformaﬂnh
0 3"0"-[3 monoid
Ynal"
:E{i Aut(...) End(...)
set of bictions A=A set of operatios A=A

Cm{'a;ﬂina' the. invere,, [J.;_nﬂ’c#, mﬂ-ﬂf“i"g dentity and
clased under compositon closed under compsiton




(Operaﬂoh ) Clones

! N "

PEI" Mufa tlﬂﬂ .b'aﬂs fm BHE?I ﬂFera.tlb'l

- group monoid clone

rrrm‘“

RN ARG Bl Pol (...
sel nf 5;3ec“ﬂ"us A=A sef nf operg’n'ng A=A sef nf opevations A“—JA s,
eentaning bhe inierse  idenly, confiining (dentity and (e Likitian et 4209

closed mdtrmqp:ﬁm clased wgrmpﬁtm




(Operaﬂoh ) Clones

per Mt;][a {il'm 'Lrans fqrmahun nperaf:bn

‘N 3"0“-[3 monoid clone

! N "

I m‘

ll;('a Aut(...) End(...) Pol (...) ]
sel nf L?l.'f_g ons A=A Sd'nf opevations A=A sef nf opevationg A2A 4.
cmﬁ";“ﬁ' the. inverse i'k“ﬁ{&‘f m{-afhing dentity and ( Defidibion eoming Soon)
clesed under eompos:ton closed under compsiton i

D.:,{. 0. c!ane, over o (f.m'fr.].w% A s 3 Scf uf opcfaHOH! n.A. over A s.L

. .A contains all Pm&e:ﬁoni ) (‘Irt-"r A'— A 2B Ry ) &;]

. 04- '3 f.'.loSl.';ﬁl lther’ mmlmif:nn D {m—afg w;ﬁu :'w‘l T ,m,5.=H4r,, of. m A
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(Operaﬂoh ) Clones

per Mt;][a {il'm 'Lrans fqrmahun nperaf:bn

! N "

‘N 3"0“-[3 monoid clone
"r&a‘“
wfe AU‘L() Eﬂd( ) Pﬂ‘()
sel nf 5;3ec“ﬂ"us A=A sef uf opera’n'ng A=A sef nf opevations A“—JA s,
cmﬁ;ﬂ;“t E‘E ;ﬂM*’ Ekﬁﬂ{#’ E-m{'afhing ;M{}r am:l r l.r'f'_ [ ;1'Iil {. o Comin J’r-:ub;l
closed under eompsiion closed under compsiton A :

D.:,{. 0. c!ane, over o (f.m'fr.].w% A s 3 Scf uf opcfaHOH! n.A. over A s.L

. .A contains all Pm&e:ﬁoni ) (‘Irt-"r A'— A 2B Ry ) ﬂh;]

. 04- '3 f.'.loSl.';ﬁl lther’ mmlmif:nn D {m—afg w;ﬁu :'w‘l T ,m,5.=H4r,, of. m A
— I(%"'-’"'FE“) {ﬂiru-,ﬂﬂj:= {(31 fli;-..,ﬂlr}., .ira ,%.fﬂ--_l;-..,ﬂ.r'l) € [A

F: se[' o-f nf:mﬁnns (FP‘ : ﬂ'lc. r::fme 3ene,rd+t.J Lﬂ F




(Operafioh ) C lone s

Exampfe5: . ?r'n*&cft'w
0
&£ <¢'> . t*.f'ﬂl"ff oler al']a 56‘[‘
{hat mf# cm‘haiw; frads

P al l ﬂFEf&ﬁ:ﬂ'ﬂs



(Operafioh ) ( lones

EXGMPIES : - ?fﬂd&c{'tlmﬁs a all n[:;er’aﬁbns

- L@>: elone over ang set |
Ahat mfa eontaing preys

e Clo(P) = all term ope(ations 0~F A



Exampfe5 -

(Operafioh ) ( lones

- ?rgdgg{‘fms E El” ﬂPEI"&'I‘l'ﬂhS

LA <¢> elone over anﬂ Se‘[' .
"“'Iij' MIH cm‘hgm; .Frndg

2 C’E?CA) o= é” fer"m o‘aefa-l'._m_l; O.F A
(lo (10,44 ; A) P’DJILG{‘ ﬂ( vanable s

émpo]@'{' J;aolfah aF\QmHnns

/

{-{:r:,-*-,.x):.t

Clo(4ont ! :d, ) > all monotone & self-clual boofean of.

S f preserves (39)

Cfo(iaﬁ;,; " ) © SUms uf edd humber of variables
- (r‘nat{ Z)

On(fﬂ.ﬁ; hfv) all monoTerie




Folymorphisms

De-F Om oper'ahm -FE; 3 polymw#nﬁm q[ /A*'(A;P) T
f preserves R, for every Rei's




Folymorphisms

De-F Om oper'ahm -FE; 3 polymw#nﬁm q[ /A*'(A;P) T
f preserves R, for every Rei's

By T2l (A) we dende the. sef of al fblgmorph.'w o A.




Folymorphisms

De-F Om oper'ahm -FE; 3 polymw#nﬁm q[ /A*'(A;P) T
f preserves R, for every Rei's

By T2l (A) we dende the. sef of al fblgmorph.'w o A.

Examele. :

Ky i= (Aoa,2} ; %, tof, 413, 425 /i\
30 ¢2

Pol (Ky) = <B> = progedions




On the relational side.
}_E.J( us C’P_HD*& ‘93 Ihu'(FJF -TR l F préserves R; V{E.Fj




On the relational side.
}_E.J( us C’P_HD*& ‘93 Ihu'(FJF -TR l F préserves R; V{E.Fj
,af of
DE:F a FEIE\L!.ON SEA Is PPCJE(VI&H& -Gnm F C”:,
: rf‘ Canh GIE.{II"EJ La a {- ]‘:::r'mu,a t’haf'oh,y wes




On the relational side.
}_E.J( us c‘enu{e, \33 Ihu'(FJF -TR l {: préserves R; V{el—'}

.J‘l?fr'*fr
DE’.F' - a_ rﬂla{{ﬁﬂ SS Ah (s PP-JEFnaL‘e .Pﬂm F rﬂﬂiiiﬁ;ﬁ;
E{ ri‘ Can c:le{imJ L3 d f.o. ]‘:::rmu,a {haf'ohly use s

;-fhjahJ

e (L relational clone over A is 3 set of relahons over A
cnni'a'mihz @ and closed under pp—dtfinabilifa




On the relational side.
}_E.J( us C‘QHD{& lbg Ihv'CFJF -TR l {: préserves R; V(EFJ

.J‘lT!r'*fr
Def: + O rlafion S5 i pp-defincble fom '\l
E«{ ti' can alf:‘.{il"EJ L3 ad f.a. ]‘:::rmu,a {haltohlg use s

;.fhjahJ

e (L relational clone over A is 3 set of relahons over A
can"a'mihz @ and closed under pf—dtfinabilifa

e'.b : Ihu" (F) s 3 mlaﬂnnd clone / VT sef Of Ofbl'hfp'b over A (-ﬁnll't).




A Galois @mection {or clones

Thim L Bulnareak, Ko Relw, R i ] G S A s o




A (ralois connection {or clones.

L ¢ ~ “
Thm [:Ebflh'ar’i!ui(, Kalugnn , Kotoy , Romor ; Gaiau’] F: :. :fﬁw / e fu:f;mm"

Tt holds that : Bl (Tnv(F))=&<F> ;
Tw (Pl (F))=LNT .




A (ralois connection {or clones.

P " 5
Thl"ﬂ [:Ebclhartui(, KaluZnn , Kotov _. Romov ; Gaiau’] F: :. :fﬁw / i": fu:f;mm"

Tt holds that : Bl (Tnv(F))=&<F> ;
Tw (Pl (F))=LNT .

Ex&ﬁfl&i' <mrn)= Pn, ({glij; {95‘{15) a” Hempa{'ehi' boo!ﬁ&n cyer.
<A, v> = Bl({e,4}; < ,{a],h])
<d3> = Rl (load; ¢, *, o], 441)




A Galois amection for clones '

P .
Thm [:Ebclhartul(, h’aluélim,ﬁ;{w,ﬁmw; Gaiau’] F gty I ' e J:,Ef;l&m’

“I"’A

Tt holds that : BRI (Tn(F))= <F> ;
Tw (Pl (F))=LNT .

Exemgles : <m, n> = P (16,4); {0, 415)  all dengeont bokean epr
<A v> = Pl(jopd; <, {o],44))
<d3> = Rl (load; ¢, *, o], 441)

& : Aixt st 1A|=n. The sef of all chnes WA H
afclefﬂd bﬂ wclusion {:orns d laﬂu-_g ns




P::)SES Laﬂiae (d more)

: clores over def up toe <

: H'HH de seribe d Iaa, st
) fmnfaUgr ;ﬂ{_”_ mﬂ.ﬂ-&j' ('.nf. Jm;ng d\a:rg)



ESEIS Laﬁice (od more)

: clores over deaf up toe < a_, ¢ clones over {e.4,..n4 juplo S
N3

. H”’Ej E:JEfCFrIEEJ L& %EJ{_
Countably inf. mang (. deranng cin




P{JSHS Laﬁice (rd more)
RN

/\

{inijm% \[ﬁumbergl
Tﬁanﬁ
: clores over def up toe = o, : clores overdes, . naf upte
n»3

. H”’Ej cj.ﬂl.ﬁ'ﬂi";k‘v&d’ L& %EJ{_
Countably inf. mangy (. deranng cin




P{JSHS Laﬁice (rd more)
A

: clores over def up to =

. H”’Ej E:JEfCFrIEEJ L& %EJ{_
Countably inf. mangy (. deranng chin

\

sl

. cloves over {“-i;ii,up to =

\

[Jrﬁh]ﬂﬂ Sj‘{fh—l

/

[C:ikang:f



%ﬁt I_(> Laﬁiﬂ e (od mmfg,)

: clores over def uptoe = S« clores over {#.i;ii,up to

. H”’Ej E:JEfCFrIEEJ L& %EJ{_
Countably inf. mang (. devanng cin




%ﬁt I_(> Laﬁiﬂ e (od muﬂ:,)

7Y
\ / &R
: clores over de) up toe < d_ = clores over {4, 2 yuple €
. Ef”%j de seribe d |:5, st o D Zhuy cﬂmplla{’e, desaibed the

sublatice n{cﬂlnmﬂs e Bl(C;)
. Ce:mn{'gug, m{r r'.r’ln:lr‘.-éj' ('mf. de{ng d&&)




What next {

Recsl]: Tl (A)Em__(ﬁ) £ A pp- defines B.
raf.:ﬂuchm over

Eht Same unthf.SE.




What next {

Recsl]: Tl (A)Em__(ﬁa) £ A pp- defines B.
re,l'.:\tm&ms. over

Eht Same unthf.SE.

Tded: Let us cmsicle,\( a re.)akﬂh ]I.'ha.{' 1S codrser fhan =3




What next {

Recsl]: Tl (A)Em__(ﬁa) £ A pp- defines B.
re,l'.:\tm&ms. over

Eht Same unthf.SE.

Tded: Let us cmsicle,\( a re.)akﬂh ]I.'ha.{' 1S codrser fhan =3

mory U
i




What next ?
Recall: Tl (A) EEE_E) &£ A pp-defines B .

el s mdhcm;. over’
the same unwerse

Tded: Let us cmsicle,v' a Te!&kon tha,{' 1S codrser {h&h

10

’5”’ é_s-nme c{unes are HEJJ[ S0 cl[{{éranjcﬁ €. : <v> € <>




What next ¢
Recall: ol (A)EE|LE:) {f A pp-defines B.

rel. s ﬂwhcm;. over
the same unwerse

Ide,a: LBJ( us cmsicle,v’ a Yel&kon tha,{' ]5 codrser {h&h S

“mé} ?nme c{unes are HEJJE S0 cl[{]@renjﬁﬁ €. : <v> € La>
Def: €, D clones ower some finle wiv. ; a clre fom.
15 a maﬁ?{nﬁ } . C—= D Ffeser'vfng am'fes and s4

o Preserves Pl’ﬂdec‘fong
Preserves composition  7(fge...s)) 70 (230 )




What next ¢
* How MVM 's this hotion ¢ -




What next ¢
* How pwar’]c/] 's this hotion ¢

S B

)
/

<u>~-5<:n>\ ’:'

d2 ﬁa{ ter clorg hom.




Wha{ ﬂexf ?

* How pweﬁq/, 1S Hn:.s hojﬁmz

S

[
/

iy =< \ ’ ¥
a2 ﬁﬂ{ ter clore hom.

Bl (322)

Zhuﬁ, V.‘, Boc]}rsﬁa, : 5{'”[ 2 m&l‘lj ! i




What next ¢
* How pweﬁq/, 1S Hn:.s hojﬁmz
..,‘. /A'\'\

; Bol (322)

[
/

liy= 'Q’\)\ ’rr

CIZ ﬁa{tﬂ( clore hm:ﬁ Zh“{f V., Boe]}r.sﬁé’ : 5{'”[ s mﬂﬂ},’f! i

‘ It has ﬂmd P@PEV{[.Q.S +h0ll.3h S ja{:? CD?PL??V Eim Rl
(HEVEen \Verses

. it presevies ‘ca“P‘f"f"‘(éj of &Fs




We need more Power '
]}f: F:r(a{"lxetJAWm {in. &gmhfe ‘C,CS'—P(/P\) 1S the.
membership Frﬂble.m 01[ »{5, S 6a st and Sﬁﬂ\j




We neecl more Pou.er’
Lt for 2 fixed A ower some. fin. signate 7, CSY (/) s the
menberdhp peblen of {S| Sus et s S 4 §

KE aphﬂ‘f-'B’r‘f‘R'r
ﬁR#h{i} RB




We need more Powr!
l}f: fov a fixed A ower some fin. signafuie r,CSP(/P\) is the
nembership pblem of 5] Suazohet ay S>A §

Ex&m‘:]e, . CSP( K;) - :| ;ji“%gﬂ\eihge.;mbk




We need more Powr!
l}f: fov a fixed A ower some fin. signafuie r,CSP(/P\) is the
nembership pblem of 5] Suazohet ay S>A §
Ex&mele,: CSP(K;) - ﬁ;ﬁi“%gﬂ\eihi;mbk

Thm: If 3% : I —>RI(B), Hren CSF(&)CrelJms')L:CSP(ﬁ)_
in logcpace:




We need more Powr!
l}f: fov a fixed A ower some fin. signafuie r,CSP(/P\) is the
nembership pblem of 5] Suazohet ay S>A §

: a|e :cl'm Wh {'h 4
Brangle+ CSP(K) < JC TS ke
Thm: If 37 : RIG)—>RI(B), tren CSP(B) redees b CSPA),
(in logspace)
¢ ’ | eidetify variables |
e Common ways to manlw,&fe an oPera-flﬂh: % ?iv'mpfe. vartab?jﬁ
h aclc,l *Jummaf‘vaﬂgbles




We need more Powr!
l}f: fov a fixed A ower some fin. signafuie r,CSP(/P\) is the
nembership pblem of 5] Suazohet ay S>A §

: a|e :cl'm Wh {'h 4
E"m"]e" C3P(K;) - a};ﬂ %’af’)e{s s
Thm: If 37 : I —>RI(B), 4ren CSP(B) redees T CSPA),
(in logspace)
¢ ’ | eidetify variables |
e Common ways to manlw,&fe an oPera-flﬂh: % ?iv'mpfe. vartab?jﬁ
h aclal *Jummaf‘vaﬂgbles
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The Wonderland of reflections

.'ﬁ-'q' I )
e o
funy .

] 1 | : I i | Ili | | | ! 2 . : T
/ . ] .
a b [T, P 1 il 1 Frl"'
( d.h.d mnor- Hl?d?nf'.--r‘lj;' mags | — ‘fh

De,{- a map ? C—P Pre,serv'm& arieties and st.
?C{:'j) ‘{r({ VF h-dry and U'{:L, nf - 4,.¥ j




The Wonderland of reflections

."H:'q' I ;
. '. & =
r_.r"_ -'-
' N ;.-,-,Irl'.r”',i I J /1 Sy
||l.r L} I Flll' -..-.r
|l." 5 k . 5 P F " & 0k }
cd.h.d  mnor- I-A-”_..u"-_'l".-:f‘lji- r‘l:dr.i | - "E:"‘

De,{- a map ? C—-Db Praserv'm& aneties and st.

?({:o’) ‘{r({ VF h-dry and tr{;:., 5 *:L, J
We wite € <, D.




The Wonderland of reflections

."H:'q' I )
o & 3
g -
I i { 1] . rirrl Il ' i # W . L
, : ' -
|" T i | Fﬂ"'
cd.h.d  mnor- I-'A’-”_-'.i"-_'l".-':'f‘lj;- r‘l':J-.lr.E | — ‘E‘L

De,{- a map ? C—-Db Praserv'm& aneties and st.

?({:o’) ‘{r({ VF h-dry and tr{;:., 5 *:L, J
We wite € <, D.

Thm [ Bab, Oy s ] : TE Ro/(A) <., ol(B) > CSO(R) redes to CSPCA).




The Wonderland of reflections

e o
Py .rl.'

i ()] : iy Ili i | . i J : _:.‘
| i W

de K.a Imnor- ua’r-t:.ﬂ_-',f'.-:'ﬂ:;- maps f: il ?}‘f X
Det: a map £:C—>DP Pre,sewin& areties and st.

\/’Gd) Z \{'(WC)Hf Ve h-or4 and U'f{:t-,...,hf—*{i,...,rj.
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Pp - con structions

Def: B is a pp-power of A if B is isomorphic to ashucture Ps.t.
o the unverse of IP is Ah, -for.sme hz4;
.all the relations a—f P are pp-alefinabk frmn A.
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Pp - con structions

Def: B is a pp-power of A if B is isomorphic to ashucture Ps.t.
o the unverse of IP is Ah, -for.sme hz4;
.all the relations a—f P are pp-alefinabk frmn A.

Def: A Pp#m’rrud‘s B i B hon.e:,uifalen{' to a pp-pnwtrof A.

Example: Aix (1ead; (335),195,448) ﬁ;-(a-.a.s;u:ﬁ (:;'::J 13, 44)

.._-. —




Pp- constructions

Def: B is a pp-power of A if B is somorphic to ashucture Psd.

o the unverse of IP is Ah, .fw;mg hzd ;
.all the relakions af P are pp—def'{nable frmn A.

Def: A Pp-cms{*ruajrs B i B hun.e:,uifalen{' to a Pp-puwtrof A.

Exam‘ﬂe: A= (1ead; (335),195,448) B (ead; (8 il (28£), 13.448)
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Pp- constructions

Def: B is a pp-power of A if B is somorphic to ashucture Psd.

o the unverse of IP is Ah, .fw;mg hzd ;
.all the relakions af P are pp—def'{nable frmn A.

Def: A Pp-cms{*ruajrs B i B hun.e:,uifalen{' to a Pp-puwtrof A.

Ex&m?'g: Ais (e Ei],lnl.iti) B--(I-.ﬂ;{ﬂﬂ (38%), 1e3,443)
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Pp- constructions

Def: B is a pp- power of A if B is isomorphic o ashoctue Pst.

o the unverse of IP is Ah, for same n3 4 ;
all the relations of P are pp-definable from A.

Def: A P"J-cﬂnﬂ'ruaﬂ B if Bis hom. equvalent to a Pp- power of A.

Exam‘ﬂe: Ax(lead; {: GHRERY) Bi=({en} ; 631), (182), 1e3.465)
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