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Convex bodies and slices
Definition:  in  is a convex body if it is compact and convex 

              (for every  we have ).
K ℝd

a, b ∈ K [a, b] ⊂ K

a
b

K

Definition: a slice of a convex body  in  the intersection  with a hyperplane 
.

K ℝd K ∩ H
H = {x ∈ ℝd | c0 + c1x1 + … + cdxd = 0}

a
b

K K

H

K ∩ H
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Busemann-Petty problem 
Let  and  be convex bodies in . Assume that for every hyperplane  through the origin, 

.
K L ℝd H

vol (K ∩ H) ≤ vol (L ∩ H)

Does this imply that ?vol (K) ≤ vol (L)

K L

K ∩ H L ∩ H

1956  1999⟶
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Busemann-Petty problem 
In general NOT true!

Let’s refine it:

Bourgain’s slicing conjecture (1986):
,

where  does not depend on .
vol (K) ≤ C vol (L)

C d

?vol (K) ≤ vol (L)

It holds for convex bodies 
in  when .ℝd d ≤ 4

Rephrase:

Bourgain’s slicing conjecture (1986):
Let  be a convex body of volume . 
Does there exist a hyperplane  satisfying 

where  does not depend on ?

K ⊂ ℝd 1
H

vol(K ∩ H) > 1
C

C d

Building upon
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Best slices 
This motivates the study of extremal slices of convex bodies

Marie-Charlotte Brandenburg

Jesús A. De Loera

Mauricio Velasco

Jared Miller

Matteo Tacchi

Our main interest: doing (different types of) optimization over slices

C.M.

Anouk Brose

Gyivan Lopez-Campos

Antonio J. Torres

…and many more
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Goal: find the “best” slice of a polytope

P = permutahedron 
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Goal: find the “best” slice of a polytope

P = permutahedron  best = largest volume 
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Goal: find the “best” slice of a polytope

P = permutahedron  best = smallest volume 



Chiara MeroniSlices of cubes 6

Goal: find the “best” slice of a polytope

P = permutahedron  best = largest #vertices 
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Main idea: combinatorial type
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Main idea

Small perturbations (generically) 
preserve the combinatorial type

P = cube

The combinatorial type (possibly) changes 
when the hyperplane crosses a vertex

Fact: if  intersects the same edges of , then  has the same combinatorial typeH P K ∩ H
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Not an “ if and only if ”
Fact:  and  can have the same combinatorial type

        even if  and  intersect different edges.
K ∩ H1 K ∩ H2

H1 H2
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Hyperplane arrangements

Strategy: group the slices that intersect the same sets of edges of P

Hyperplane arrangement

P ∩ x⊥

P ∩ y⊥

P ∩ z⊥

x
y

z

Analogously for all affine hyperplanes
ℋP = {v⊥ ⊂ ℝd+1 | v ∈ vertices(P), P ⊂ ℝd × {1}}
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Hyperplane arrangements
In each cell of this hyperplane arrangement,

the combinatorial type of the slice does not change

ℋP = {v⊥ ⊂ ℝd+1 | v ∈ vertices(P), P ⊂ ℝd × {1}}
Analogously for all affine hyperplanes

Since the combinatorial type does not change,
we can get a nice parametrization of
the volume of the slices in each cell

Rational 
functions 

p(x)
q(x)

Finitely many sets of slices
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Let’s optimize!

Theorem [B,DL,M]: Let  be a polytope. 
       For fixed , we can find the slice  with 

✴

✴  (through a fixed point)
✴

✴

✴ …
       in polynomial time.

P ⊂ ℝd

d P ∩ H
max vol(P ∩ H)
min vol(P ∩ H)
max #vertices(P ∩ H)
max #edges(P ∩ H)

or projection ,
or half-space 

πH(P)
P ∩ H+

Cannot hope for 
more, in general

It is (#P-)hard to compute 
the volume of the slice 
with largest volume.

Theorem [B,DL,M]:
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Theory and practice
https://mathrepo.mis.mpg.de/BestSlicePolytopes/SageMath

Julia

Platonic solids
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Slices of the cube
Metric:  what is the minimal/maximal volume
            of slices of  through the origin?[−1,1]d

What about slices at distance ?t
Open, very active area of research:
G. Ambrus, B. Gárgyán, H. König, V. Milman, L. Pournin, A. Zvavitch, …

minimal = parallel to a -dim face(d − 1)

maximal = containing a -dim face(d − 2)
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Combinatorial:  what are the possible number of 
                       vertices of a slice of the cube?

15

Slices of the cube

What about the possible combinatorial types?

Marie-Charlotte Brandenburg

C.M.
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3-dimensional cube

4 combinatorial types

Slices through one vertex of the cube:

Slices through two vertices of the cube: triangle, quadrilateral (nothing new)

Slices through three vertices of the cube: triangle, quadrilateral (nothing new)
(lin. indep.)

Slices through zero vertices of the cube:
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4-dimensional cube
G. Nakamura, and A. Sasaki,

Bessatu Suri-kagaku 10, 
Puzzle V, (1980).

non peer-reviewed 
Japanese magazine on 

math and related topics
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4-dimensional cube
G. Nakamura, and A. Sasaki,

Bessatu Suri-kagaku 10, 
Puzzle V, (1980).

non peer-reviewed 
Japanese magazine on 

math and related topics

30 combinatorial types



Chiara MeroniSlices of cubes 19

5-dimensional cube

published in Forma, 1997
only preprint available online

484 “combinatorial types”
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Our goals

Verify, prove, refine and provide 
open-source code for .d = 4,5

Compute .d = 6
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Strategy

‣ Define the hyperplane arrangement 

‣ Compute all the cells, and the rays of each cell

‣ By summing the rays, find a point inside each cell

‣ Each such point defines a slice

‣ Compare the combinatorial types of all these slices

ℋP

Ok for ,
Out of reach for 

d ≤ 4
d ≥ 5

These are our 
candidates

For  there are d = 4 16486

‣ Find a point per cell with a certified numerical algorithm

‣ Define the hyperplane arrangement 

‣ Compute all the cells, and the rays of each cell

‣ By summing the rays, find a point inside each cell

‣ Each such point defines a slice

‣ Compare the combinatorial types of all these slices

ℋP
ℋP
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Numerical Algebraic Geometry

Define a Morse function fℋP

Compute the critical points of fℋP

One point in the interior of each cell of  ℋP

Hyperplane arrangement ℋP
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Numerical Algebraic Geometry
Compute the critical points of fℋP

system of polynomial equations

G(x) = 0F(x) = 0

F(x) =
f1(x) = 0
⋮

fd(x) = 0

G(x) =
g1(x) = 0
⋮

gd(x) = 0
Idea: solve an easy system 

then track the solutions of  to 
those of  using a homotopy 

G
F

Fast (numerical methods) but then certifies the solutions!

x ∈ ℝd
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344

24

Give me the numbers!

0 1 2 3 4 5 6

12 14 

(7 new)

14

(6 new)

10

(4 new)

6

(1 new)

58 103 

(81 new)

129

(96 new)

105

(73 new)

52

(31 new)

14

(5 new)

554 1482

(1276 new)

2296

(2078 new)

2179

(1917 new)

1261

(1053 new)

413

(312 new)

60

(26 new)

# lin. indep. vertices 
of  in the slice[−1,1]d

30

7326

TOT

Out of 
15.028.134 
candidates

these are double 
checked with the 
exact algorithm

d = 4

d = 5

d = 6

distribution of slices 
of the 6-dim cube 
according to 
#vertices
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What more?

Reproduce the Japanese papers, and their “combinatorial types”
Exploit symmetry as much as possible
Create database with all slices, f-vectors, …

Combinatorial version of Busemann-Petty and Bourgain
Lattice points version of Busemann-Petty and Bourgain
Lower dimensional slices
Computational complexity statements
Probabilistic statements
… Thank you!

Co-organized with Simon Telen

Registration deadline: May 15

Come and present 
a poster!


