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Convex bodies and slices ETH:zlrich

Definition: K in R4 is a convex body if it is compact and convex
(for every a,b € K we have [a,b] C K).

Definition: a slice of a convex body K in R? the intersection K n H with a hyperplane
H={xeR¥ cy+cix;+ ... +cyx;=0]}.
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Busemann-Petty problem 1956 — 1999 ETH:(irich

Let K and L be convex bodies in R4 Assume that for every hyperplane H through the origin,
vol(KNH) <vol(LNnH).

K

KNH

Does this imply that vol (K) < vol (L)?
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Busemann-Petty problem vi®) <vol@)? ETH:lrich

—— |n general NOT true! It holds for convex bodies
in R? when d < 4.

et’s reﬁne it: o ? o ? eprae: o o

| Bourgain’s slicing conjecture (1986): ; f Bourgain’s slicing conjecture (1986):
vol (K) < C vol (L), | | Let Kc R?be a convex body of volume 1.
where C does[not]depend ond. | | Does there exist a hyperplane H satisfying

|
vol(KNH) > —
C

where C does[not]depend on d?

= I‘le > math > arXiv:2412.15044 = I‘le > math > arXiv:2412.09075

Affirmative Resolution of Bourgain's Building upon A note on Bourgain's slicing problem
Slicing Problem using Guan's Bound Qingyang Guan

Boaz Klartag, Joseph Lehec

Slices of cubes 4 Chiara Meroni



Best slices ETH:z(rich

This motivates the study of extremal slices of convex bodies

Our main interest: doing (different types of) optimization over slices

llllllll
lllllllllllllllllllllllllllllllllll
*
*

........
.....
...
...............................................
................
lllllllll
L
L 4

JesuUs A. De Loera

%e

w*
.
+%n
.®

Antonio J. Torres ™,

Mauricio Velasco _.-. ’ Gyivan Lopez-Campos

Marie-Charlotte Brandenburg

Jared Miller ...and many more

‘0
“
L
......................
......

. Anouk Brose .
MatteO TaCChI nag -.-.--....--........--------------‘

Slices of cubes 5 Chiara Meroni



Goal: find the “best” slice of a polytope ETHziirich

P = permutahedron
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Goal: find the “best” slice of a polytope ETHziirich

P = permutahedron best = largest volume
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Goal: find the “best” slice of a polytope ETHziirich

P = permutahedron best = smallest volume
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Goal: find the “best” slice of a polytope ETHziirich

P = permutahedron best = largest #vertices
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Main idea: combinatorial type ETHzirich
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Main idea

Small perturbations (generically)
preserve the combinatorial type

P = cube

ETHzurich

[/

—N

The combinatorial type (possibly) changes
when the hyperplane crosses a vertex

Fact: if H intersects the same edges of P, then Kn H has the same combinatorial type
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Not an “ if and only if ” ETH:(rich

Fact: Kn H, and Kn H, can have the same combinatorial type
even if H, and H, intersect different edges.

!
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\ /\

Chiara Meroni
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Hyperplane arrangements ETH:ziirich

Strategy: group the slices that intersect the same sets of edges of P

Hyperplane arrangement

PNx+

PNzt

Analogously for all affine hyperplanes
Hp={vtC Ry e vertices(P),P C R x {1}}
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Hyperplane arrangements ETH:zirich

In each cell of this hyperplane arrangement,
the combinatorial type of the slice does not change Rational

Finitely many sets of slices g f“”lf(ﬁj)" s

g(x)

Since the combinatorial type does not change,
we can get a nice parametrization of
the volume of the slices in each cell

Analogously for all affine hyperplanes
H p = (vt c R | v e vertices(P), P Cc RYx {1})
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Let's optimize! ETHziirich

The best ways to slice a Polytope

by Marie-Charlotte Brandenburg, Jesus A. De Loera and Chiara Meroni;
Math. Comp. 94 (2025), 1003-1042
DOI: https://doi.org/10.1090/mcom/4006

Theorem [B,DL,M]: Let P c R? be a polytope. o
For fixed d, we can find the slice P.n H with or projection zy(P),
* max vol(P N H) . -, Or half-space PnH”
*  minvol(P N H) (through a fixed point)

*  max #vertices(P N H)

*  max #edges(P N H)

x

in polynomial time. Theorem [B,DL,M]:

:It is (#P-)hard to compute:
Cannot hope for . . the volume of the slice
more, in general . with largest volume.
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Theory and practice ETHziirich

Z ?jl?aeMath https://mathrepo.mis.mpg.de/BestSlicePolytopes/
Platonic solids
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Slices of the cube ETH:zlrich

Metric: what is the minimal/maximal volume

</ of slices of [—1,1]¢ through the origin?

Slicing the Cube in $R”n$ and Probability (Bounds for the Measure of </
a Central Cube Slice in $R”n$ by Probability Methods)
Douglas Hensley Q?

Proceedings of the American Mathematical Society, Vol. 73, No. 1 (Jan., 1979), pp. 95-100 (6 pages)

minimal = parallel to a (d — 1)-dim face \/

Cube Slicing in R® /

Keith Ball ‘
Proceedings of the American Mathematical Society, Vol. 97, No. 3 (Jul., 1986), pp. 465-473 (9 pages)

maximal = containing a (d — 2)-dim face \/

What about slices at distance ¢?
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Slices of the cube ETH:zlrich

_ Combinatorial: what are the possible number of
| vertices of a slice of the cube?

/ = I‘le > math > arXiv:2412.12419

On the Number of Vertices in a
Hyperplane Section of a Polytope

Jesus A. De Loera, Gyivan Lopez-Campos, Antonio J. Torres

Dimension SVS
2 {1,2}
3 {1,2,3,4,5,6}
4 {1,2,4,6,7,8,9,10,11,12}
5} {1,2,4,5,8,10,11,12,13, 14,15, 16, 17, 18,

19, 20,21, 22, 23, 24, 25, 26, 27, 28, 29, 30}
{1,2,4,6,8,10, 13, 14, 15, 16, 17, 18, 19, 20, 21,
22,23, 24,25 26,27, 28,29, 30, 31,32, 33, 34,
35,36, 37, 38, 39, 40, 41,42, 43, 44 45, 46, 47,
48,49, 50, 51,52, 53, 54, 55, 56, 57, 58, 60}

@)

What about the possible combinatorial types?

Sequences of vertices from slices of hypercubes (SVS) up to dimension 6.
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3-dimensional cube ETH:(rich

Slices through zero vertices of the cube:

— 7 7 —

Slices through one vertex of the cube: -

7 —

Slices through two vertices of the cube: triangle, quadrilateral (nothing new)

Slices through three vertices of the cube: triangle, quadrilateral (nothing new)
(lin. indep.)

4 combinatorial types
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4-dimensional cube

G. Nakamura, and A. Sasaki,
Bessatu Suri-kagaku 10,
Puzzle V, (1980).

non peer-reviewed
Japanese magazine on
math and related topics

Slices of cubes

' AR ORI ROCCROT

A OSSR RSSO

1. Eams

ENEEOILHRICE, b & 8oL
WS 3. ERE&KO LTI, R1(a)
DESiC, ThE4>ODOHEERESFETY

(a)

B 1

&, WEICESFUHSEDN S, T Fkick
WLTIR, BlI(b)DXk3K, 62DRDOHEE
WMAEMTY 3 &, WAICEAAELSELNS.
ZNE5DT IR, XNVRKELNREICIZEERT
BB, 3223 DAL IEIEBEL OGN
5 LW, ZOMFERK, EMmMEERL(a)D2
DOMARICYIY 315 e e XWVBLRDS, 18D LR

17

2 2

CDNZXNTIE, EMEERE 22 a0k
VkASZICEATEL. CZOMKR, R20X
ST, brHERULEEZLT WY 3 & & ADHERB
V. B, T 220 kEHAS LY T,
EREEEE>TTEN] LI SDTH 525,
NWANBEDAIRRUTH B E, BHIEMEREY
TELLUTNS, AHOBFEEZD2WRAAN X
WTH B, B, PolclDRWRER, —F
BHEMICRU TS BEESH 5. '

ECAT, EMEmAPIFERDOL I, &I
DMEDKEEZR|REEX1E, av=27D&D
BADOEEZE, WRERYTHIRT S ENBT
3. DY, FEEAELIRGIIZ, LA
WIAADOHE SRD SN BT THS. LhL,
T4 RTOIMKICIE B E, D UEBSEBICE
5. icLA, bhbhOFEDHEARIRITOK
», 4RTOVARBBRLEDOORKTET, a v
=2 7D RHDTEZI DT IKIBOMLEN. &
Dz, BBEIS T LLTED, REHOHKF
WA LD FEMIEND, ZCIRRFHRSOME
WEFZXFOHMMBRERDLN BT LIS,

TDNRTI, MHER%E 4 RTICILR U 7c#8iL
FRRIZDO LT, WAWARDAEPEILOY]»
el EOWEAWENS. 4RTOUEKE UTHEIL
FHREBAKDIZ, BIULFEEDNLHOILOERIC
Do lHRUPTINCEE, WEHOHMBEMNSL &5
EFEBIHTH B, NBEEHED—AR, TORB
NEhk%ESDB—EDHAMLETRIDAED &
DU ORTIZBA LI &8 H MY, O
INGRZED—fRILTHY, FHITRTOETEDRE
AUBETHH B.

2. ARXRTOBIFE
%9, 4RTOBIFEKICONT, HHIEA

ZLTHLS. BYFKEEZLZIKIZ, 3KRTOD
ADIDUFEREWNT, ThEdRTICHEHES
E5D08HLbHVPTV. FEHEDEREE, 20
FHEEERFAK ILORIXGETEHE €
5&, SMEDMNEERBTES. cDT Ehb,
UHRIKEEN 2TARA LD EEHOMEIZ, - &
DEHHHEIN D, TTHRKR, BHT 232
DEFHKDATARE, BHLAEDLOLTHAD S
7Y, TR BETH 3. -&FiKliZ, BH
THEADERFHD4:BE, BBLIicHED4D
&, EFRDATRROBEY L OTER4A»LN
D, TDAHRIZETH 5. BHKER, BHv
BEADEFHZDSDOD1IEE, BHLI-H&
DImE, EFFOLTBOBHHLTE 3 4Eb
512D, TDAHRE6MBTH 3. bbBAA,. COD
ESREBRHHAE LB T, YHKOHESE
BEBMOBAMIMBEICHRTE 208, TOFEM
ARTDOBIAF R DBATE2DTH 5.
BIHEEFEZICIE, 3RTEDILFEE, £0
VYFREEUCEHMELEETHAK 1 LORE KXY
EFBEHIERE XN, 2L, bhvbhoEd
SRETDMATR, UFEREEUCEMEEELS
HBEELRVDS, BREDELT ISR
W, LAL, TOARTOBYLFEKILDNTD,
ZNARATN2TEEAPEPHEHOMEI, THKE
AUEHORHETE 3. STEAR, BT
ADBERE, BHLALHLO8HALSND,

Chiara Meroni

ETHziirich

ZDARIZIMTH 3. ¥R, BHT 2%
ADMFEDIZDE, BELIHLDI2WE, 31
HEDBRADHEH PO TE28AMLIRY, £
DEEIINMETH 5. 2FIKMiZ, BYHT2X
DAFEDO6MmE, BHLIHLD6EE, MK
KD12B0BHH o TE 212H» 51D, £04
324l TH 5. BIUFKRTIR, LLEYTRS
2, TOMWIKZDREZE > T 3EEIDIL
FhEMd 3. cDOERE, BHTI3EL0AHK
ZDHOD1fEE, BBUALHED1EE, XK
ED6HEDBHIOTE 3 6 HOART, 287
8ETH 5.

PUEDZ &b, 4RTDOBIUFEXRDOEMIZ 8

-~ —

|

!

)
<—z-—->@)<—— H——>

|

——qe—

37



4-dimensional cube ETHziirich

G. Nakamura, and A. Sasaki,
Bessatu Suri-kagaku 10,
“  Puzzle V, (1980).
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Our goals ETHzirich

Verity, prove, refine and provide F A I R
< & O

open-source code for d = 4,5.
Y
Findable Accessible Interoperable Reusable

Compute d = 6.
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Strategy

» Define the hyperplane arrangement %,

>

Ok for d < 4,
Out of reach for d > 5

Find a point per cell with a certified numerical algorithm

Each such point defines a slice

Compare the combinatorial types of all these slices

Slices of cubes

These are our
candidates

For d = 4 there are 16486
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Numerical Algebraic Geometry ETHziirich

Hyperplane arrangement %,

COMPOSITIO MATHEMATICA

The maximum likelihood degree of v _
a very affine variety Define a Morse function f,
June Huh ,. L

d I'Xiv > ¢s > arXiv:2409.09622 l

Computing Arrangements of Compute the critical points of f% HomOtOPX

Hypersurfaces y Contin uatlon.JI

Paul Breiding, Bernd Sturmfels, Kexin Wang l

\ 4

AT XLV > math > ankiv:2412.20869 One point in the interior of each cell of 7

Hypersurface Arrangements with
Generic Hypersurfaces Added

Bernhard Reinke, Kexin Wang
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Numerical Algebraic Geometry ETHziirich

Compute the critical points of Homotopy
P P T, Continuation i

NUMERICAL NONLINEAR ALGEBRA

system of polynomial equations

DANIEL J. BATES, PAUL BREIDING, TTANRAN CHEN, JONATHAN D. HAUENSTEIN,
ANTON LEYKIN, AND FRANK SOTTILE

fix) =0
F(x) = : x € RY
Jax) =0
g1(x) =0
Idea: solve an easy system G(x) =4 :
84x) =0

then track the solutions of G to

those of F using a homotopy Fx) =0 Gx) =0

Fast (numerical methods) but then certifies the solutions!
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Give me the numbers!

these are double
checked with the

exact algorithm

ETHzurich

# lin. indep. vertices
of [-1,1]¢ in the slice 0 1 2 3 4 0 - TOT
14 14 10 6
d=4
12 (7 new) (6 new) (4 new) (1 new) 30
B 103 129 105 52 14
d=>5 S8 (81 new) (96 new) (73 new) (31 new) (5 new) 344
1482 2296 2179 1261 413 60
d=6 - 904 (1276 new) | (2078 new) | (1917 new) | (1053 new) | (312 new) | (26new) | 926
distribution of slices
Out of " of the 6-dim cube
] 50281 34 st according to
_ Hvertices
candidates

Slices of cubes
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What more? ETH:iirich

o Reproduce the Japanese papers, and their “combinatorial types”
o Exploit symmetry as much as possible
o Create database with all slices, f-vectors, ...

Computations in Algebraic Geometry:
Complex, Real, and Tropical

_ _ _ _ Workshop from 25 to 29 August 2025
o Combinatorial version of Busemann-Petty and Bourgain

o Lattice points version of Busemann-Petty and Bourgain : Come and present
o Lower dimensional slices g a poster!
o Computational complexity statements

o Probabilistic statements

Co-organized with Simon Telen

o :
o W z
T f Registration deadline: May 15
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