
Chapter 1

Fundamentals of statistical physics

In this lecture we go over the basic objects and questions of statistical physics and introduce
much of the terminology we’ll use going forward.

1.1 Gibbs measures and partition functions

While statistical physics encompasses many di↵erent types of models, for now we will focus
on spin models on graphs.

Fix a finite set of spins ⌦. Typical choice include

• ⌦ = {0, 1}

• ⌦ = {�1, 1}

• ⌦ = {Red, Blue, Green}

• ⌦ = {1, . . . , q}

For a graph G = (V,E), the set of possible configurations is ⌦V , all assignments of spins
from ⌦ to the vertices of G.

Next define an energy function (or Hamiltonian) from ⌦V ! R[{+1} that respects the
graph structure:

H(�) =
X

v2V
f(�v) +

X

(u,v)2E
g(�u,�v)

where f : ⌦ ! R and g : ⌦⇥ ⌦ ! R [ {+1} is symmetric. If g takes the value +1 we say
that there is a hard constraint in the model.

The partition function at inverse temperature � 2 R is

ZG(�) =
X

�2⌦V

e��H(�) . (1.1)
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The Gibbs measure is the probability distribution on ⌦V defined by

µG(�) =
e��H(�)

ZG(�)
. (1.2)

Example 1.1. The ferromagnetic Ising model with no external field. Let ⌦ = {+1,�1},
f(�v) ⌘ 0, g(�u,�v) = ��u�v. Then µG(�) is proportional to e�M(G,�) where M(G,�) is the
number of edges of G whose endpoints receive the same spin under � (monochromatic edges).
If � > 0 then configurations with more monochromatic edges are preferred; this case is the
ferromagnetic case.

To obtain the antiferromagnetic Ising model we take g(�u,�v) = �u�v; then we prefer
edges with di↵erent spins on their endpoints.

We can add a (uniform) external field by taking f(�v) = a�v. If a > 0 we prefer +1
spins.

Example 1.2. Hard-core model (hard-core lattice gas). ⌦ = {0, 1}, f(�v) = ��v · log �,
g(1, 1) = +1, g(0, 0) = g(0, 1) = g(1, 0) = 0. � = 1.

More conveniently, we can associate an independent set I of G (set of vertices that spans
no edges) with its indicator vector � so that �v = 1v2I . Then

µG(I) =
�|I|

ZG(�)
(1.3)

where
ZG(�) =

X

I2I(G)

�|I| =
X

k�0

�kik(G) . (1.4)

Here I(G) is the set of all independent sets of G and ik(G) is the number of independent sets
of size k in G. The parameter � is the fugacity or activity and governs whether we prefer
small or large independent sets.

The partition function of the hard-core model, ZG(�), is also known as the indepen-
dence polynomial in combinatorics. ZG(�) encodes a lot of combinatorial information.
ZG(1) = |I(G)|, the number of independent sets of G; the highest order term in ZG(�)
is the independence number of G, ↵(G), and its coe�cient is the number of maximum size
independent sets of G.

Take for example, G = C4, the cycle on 4 vertices. Then ZG(�) = 1+ 4�+ 2�2. For any
vinV (G), the probability of choosing I = {v} in the hard-core model on G is �

1+4�+2�2 .

Example 1.3. The Potts model. The Potts model is a generalization of the Ising model to
q � 2 spins (or colors); that is ⌦ = {1, . . . , q}. Configurations are assignments of q colors to

the vertices of a graph. A configuration is chosen with probability e�M(G,�)

ZG(q,�) where M(G,�) is
the number of monochromatic edges of G under the coloring �. � � 0 is the ferromagnetic
and �  0 the antiferromagnetic case.

In general, the inverse temperature � controls the strength of the interaction in the model.

• At � = 0 (infinite temperature) the Gibbs measure is simply uniform on ⌦V and so
each vertex receives a uniform and independent spin from ⌦.
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Figure 1.1: Two instances of the hard-core model on Z2

Figure 1.2: Two instances of the 4-color ferromagnetic Potts model on Z2

• At � = +1 (zero temperature), the Gibbs measure is uniform over the ground states of
the model: the configurations � that minimize the energy H(·). For Gibbs measures on
lattices like Zd, it is often very easy to understand the ground states (e.g. all even/all
odd configurations for hard-core; monochromatic configurations for Ising/Potts). In
general though, this need not be the case. In particular, finding a ground state in
the hard-core model on a general graph is the max independent set problem, a classic
NP-hard problem. Similarly, finding and understanding the ground states of anti-
ferromagnetic models on random graphs is a challenging problem, both mathematically
and algorithmically.

• Taking � positive and finite interpolates between independence (pure entropy) and
optimization (pure energy). Understanding the Gibbs measure and partition function
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at positive temperature requires balancing energy and entropy.

From the combinatorics perspective, the Gibbs measure interpolates between two objects
we study a lot: a purely random object (say a uniformly random cut in a graph) and an
extremal object (the max cut or min cut in a graph).

An important theme in statistical physics is that the qualitative properties of the two ends
of the interpolation persist at positive temperature: a weakly interacting system has many
of the properties of an independent system, while a strongly interacting system correlates
strongly with an extremal object. The switch from one qualitative regime to the other is a
phase transition, the main topic of statistical physics.

Beyond spin models on graphs

Not all Gibbs measures are spin models on graphs. Some other important examples include
the following.

1. The monomer-dimer model. Allowed configurations are matchings in G, with P (M) =
�|M|

ZG(�) . ‘Dimers’ are edges in the matching while ‘monomers’ are unmatched vertices.
The monomer-dimer model is the hard-core model on the line graph of G. This is an
example of an edge coloring model (see e.g. [61]).

2. Spin models on hypergraphs. Here the energy function H is a sum of functions on
vertices and functions on hyperedges. For example, we can consider the hard-core
model on a hypergraph G = (V,E). Configurations are subsets S of vertices that
contain no hyperedge, weighted by �|S|. An interaction on a hyperedge of size > 2 is
called a multibody interaction.

3. Gibbs point processes (continuum models). The hard sphere is a continuum model of
a gas and perhaps the original model in statistical mechanics.

4. Gibbs measures arise in many other contexts beyond statistical physics. They are some-
times called probabilistic graphical models, Markov random fields, log linear models,
exponential families, or Boltzmann distributions.

1.2 Markov random field

A Gibbs measure defined as a spin model on a graph (interactions across edges) is a Markov
random field with respect to the graph. This means that the satisfy the following spatial
Markov property. Let A,B, S be disjoint subsets of vertices of G so that S separates A and
B: any path from a vertex a 2 A to a vertex b 2 B must pass through S. Then with respect
to the Gibbs measure µG, if we condition on the spins in S, �S = ⌧S , the spins �A in A and
�B in B are independent.

A special case of the spatial Markov property is that the spin at v, �v, is independent of
the other spins in the graph conditioned on the spins of its neighbors �N(v). We can write
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down a formula for the distribution of �v given that �N(v) = ⌧N(v):

µG(�v = !|�N(v) = ⌧N(v)) =
exp

h
f(!) +

P
u2N(v) g(!, ⌧u)

i

P
!02⌦ exp

h
f(!0) +

P
u2N(v) g(!

0, ⌧u)
i . (1.5)

For the hard-core model, this formula simplifies considerably. Say v is blocked with respect
to an independent set I if N(v) \ I 6= ; and unblocked otherwise. In particular, v can only
be in I if it is unblocked. Then we have µG,�(v 2 I|v unblocked) = �

1+� .

The spatial Markov property makes it easy to compute the partition function of a spin
model on a tree.

1.3 Moments, cumulants, and derivatives of the log partition
function

The energy H(·) is a local function, with respect to the geometry of the underlying graph: it is
a sum of functions on vertices and edges. As a random variable, H(�) is a locally computable
statistic or observable of the model (it can be computed from � by summing over vertices
and edges). For instance in the hard-core model H(�) counts the size of an independent set
while in the Ising and Potts models H(�) counts the number of monochromatic edges (or
equivalently the number of crossing edges of a cut).

As we will see, understanding the behavior of the random variable H(�) for large under-
lying graphs can tell us a lot about the behavior of the model and any phase transitions that
might occur as parameters are varied.

To begin to understand the random variable H(�) we’d like to know its expectation,
variance, and then perhaps higher moments.

We can write down the expectation:

E[H] =
X

�2⌦V

H(�)µG(�)

=
X

�2⌦V

H(�)
e��H(�)

ZG(�)

=

P
�2⌦V H(�)e��H(�)

ZG(�)

=
� @

@�ZG(�)

ZG(�)

= � @

@�
logZG(�) . (1.6)

In the case of the hard-core model (due to the slightly di↵erent form of the distribution),
we have

EG,�|I| =
X

I2I(G)

|I|µG,�(I)
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=
X

I2I(G)

|I| �|I|

ZG(�)

=
1

ZG(�)

X

I2I(G)

|I|�|I|

=
� @
@�ZG(�)

ZG(�)

= �
@

@�
logZG(�) . (1.7)

This is an important equation that we will use throughout this lecture series. We now
see the same fact in more generality.

For a random variable X, its moment generating function is MX(t) = EetX . Its cumulant
generating function is its logarithm of the moment generating function KX(t) = logEetX .
The cumulants of X are the coe�cients in the Taylor series around 0:

KX(t) =
1X

n=1

n(X)
tn

n!
. (1.8)

Or in other words, n(X) = K(n)
X (0).

Cumulants are related to moments but are often more convenient to work with in sta-
tistical physics. For example, the cumulants of a Gaussian N(µ,�2) are 1 = µ,2 = �2,
k = 0 for k � 3 (and the vanishing of the higher cumulants characterizes the Gaussian
distribution). The cumulants of a Poisson(�) random variable are all �.

The partition function (1.1) looks similar to a moment generating function, and in fact we
can write the moment generating function of the random variable H(�) as a ratio of partition
functions:

EetH(�) =
1

ZG(�)

X

�

etH(�)e��H(�)

=
ZG(� � t)

ZG(�)
, (1.9)

which gives

KH(t) = logZG(� � t)� logZG(�) . (1.10)

Thus taking derivatives of logZ(�) in � we obtain the cumulants of the random variable
H(�). Above we computed

d

d�
logZ(�) = �EH(�) = �1(H) .

We can do a similar calculation with the second derivative:

d2

d�2
logZ(�) =

d2

d�2Z(�)

Z(�)
�
 

d
d�Z(�)

Z(�)

!2
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= E[H(�)2]� (EH(�)2

= var(H(�))

= 2(G) .

The higher derivatives recover the higher cumulants of the energy:

dk

d�k
logZ(�) = (�1)kk(H) . (1.11)

1.4 Multivariate partition functions

It is often useful and interesting to generalize partition functions or graph polynomials from
a single variable to multiple variables (for a great discussion of this, see [57]).

The multivariate hard-core partition function (or multi-variate independence polynomial)
of a graph G is

ZG(�) =
X

I2I(G)

Y

v2I
�v , (1.12)

where � = (�v)v2V (G) is a vector of activities indexed by the vertices of G. This is a
generalization since we can obtain ZG(�) by taking � ⌘ �. ZG(�) is a multi-linear polynomial.

We can do the same for a general Gibbs measure. If our original model has partition
function

ZG(�) =
X

�2{±1}V
e��H(�)

we can add non-uniform external fields t = (tv)v2V (G) and set

ZG(�, t) =
X

�2{±1}V
e��H(�)

Y

v2V (G)

etv�v . (1.13)

We recover the original partition function by taking t ⌘ 0.

More generally if we have a q-spin model; that is, |⌦| = q, we can pick one distinguished
spin !, and put non-uniform external fields in the direction of !:

ZG(�, t) =
X

�2⌦V

e��H(�)
Y

v2V (G)

etv1�v=! . (1.14)

External fields introduce a bias in favor (or against if the external field is negative) of a
certain spin. The (log of the) fugacity � in the hard-core model is an external field favoring
(or penalizing) occupied vertices.

An external field is uniform if it is the same at every vertex. A non-uniform external field
is consistent if the sign of the external field is the same at every vertex.
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1.5 Marginals and correlations

Central to the statistical physics point of view is considering how correlations in a given
model behave and how this behavior depends on the parameters. All of the discussion below
pertains to general graphs, but for intuition it is helpful to keep in mind a graph like Z2 or
Zd with very natural geometry.

We will also focus here mostly on two-spin models, like Ising or hard-core where a prob-
ability distribution on the spin set ⌦ can be specified by its expectation.

We will use the following notation: �v 2 ⌦ is the spin at vertex v in the configuration �.
For a subset of vertices S ✓ V (G), �S 2 ⌦S is the spin assignment to S given by � (in other
words it is the restriction of � to the coordinates given by S).

The marginal or occupation probability of a vertex v is µv = E[�v]; for instance, in the
hard-core model µv = P (v 2 I). (For a q-spin model like Potts the marginal would be
a probability distribution on ⌦ = [q], or we could specify a single spin ! and ask for the
marginal probability of !: P (�v = !)).

For a pair of vertices u, v, the joint marginal is µu,v = E[�u�v]. In the hard-core model,
this is µuv = PrG,�[u, v 2 I]. (For a q-spin model, the joint marginal would be described by
a q ⇥ q matrix).

For a subset S ✓ V , the joint marginal is µS = E[
Q

v2S �v]. If |S| = k, then µS is also
called the k-point correlation function.

We are often interested in how strong correlations between spins are, as a function of the
parameters of the model and the graph distance between vertices. A natural way to measure
the correlation between the spins at vertices u and v is to compute a covariance:

(u, v) = µuv � µuµv .

If �u and �v were independent then (u, v) would be 0; if (u, v) is small in absolute value
then we can say �u and �v are weakly correlated. The quantity (u, v) is called the truncated
2-point correlation function.

1.5.1 Exponential decay of correlations

In probability and combinatorics we are very happy to work with independent random vari-
ables. We can compute variances, prove Cherno↵ bounds, prove Central Limit Theorems. In
many or most interesting situations, however, we are not working with independent random
variables. Figuring out how to generalize tools from the independent case is an important
topic in probability theory. (For example, Martingales and Azuma’s inequality generalize
Cherno↵ bounds).

An important heuristic in statistical physics is that a weakly interacting system is well
approximated by a system of independent spins or particles. We will see several precise
characterizations of this heuristic, including several notions of ‘weakly interacting’ and several
notions of ‘well approximated by’.

One notion of weakly interacting is that of decay of correlations.
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Definition 1.5.1. Let G be a family of graphs. We say a family of Gibbs measures µG,
G 2 G, exhibits exponential decay of correlations if there exists constants A,B > 0 so that
for all G 2 G, and all u, v 2 V (G),

|(u, v)|  Ae�Bdist(u,v) , (1.15)

where dist(u, v) is the graph distance from u to v in G.

Note that exponential decay of correlations only makes sense for an infinite family of
graphs (or for an infinite graph G if we define an infinite volume Gibbs measure, see Sec-
tion 1.7). For any finite graph G (or any finite collection of finite graphs) we can always find
A,B satisfying (1.15); what is important in the definition is that these constants are uniform
over the collection of graphs G.
Exercise 1.1. Let Pn be the path graph on n vertices. Fix � > 0. Show that hard-core model
on the family of path graphs {Pn}n�1 exhibits exponential decay of correlations.

1.5.2 Joint cumulants and truncated k-point correlation functions

We can also define truncated k-point correlation functions. To do that it will be helpful to
define the joint cumulants of a collection of random variables.

The moment generating function for a collection of random variables ~X = (X1, . . . , Xk)
defined on the same probability space is

MX1,...,Xk(t) = Ee
Pk

j=1 tjXj ,

a function from Rk ! R. The joint cumulant generating function is

KX1,...,Xk(t) = logEe
Pk

j=1 tjXj .

The joint cumulants of ~X are the coe�cients of the multivariate Taylor series for KX1,...,Xk(t)
around t = ~0. More precisely, for non-negative integers `1, . . . , `k, we define the joint cumulant

(X(`1)
1

, . . . , X(`k)
k ) =

@
Pk

j=1 `j

Q
j @t

`j
j

KX1,...,Xk(t)
��
t=~0

.

Specializing to our multivariate spin model with partition function

ZG(�, t) =
X

�2⌦V

e��H(�)
Y

v2V (G)

etv�v ,

we can define the truncated k-point correlation function

(u1, . . . , uk) =
@k

@tu1 · · · @tuk

logZG(�, t)
��
t=~0

,

where u1, . . . , uk 2 V (G).

Exercise 1.2. Prove that

µv =
@

@tv
logZG(�, t)

��
t=~0

(1.16)

and

µuv � µuµv = (u, v) =
@k

@tu@tv
logZG(�, t)

��
t=~0

. (1.17)
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1.6 Dynamics

So far we have discussed the equilibrium measure µG. It is also very natural from several
di↵erent perspectives (physical, computational, mathematical) to consider dynamics on the
space of configurations ⌦V ; that is a stochastic process on ⌦V whose behavior at large time
scales looks like µG.

In this course we will study Markov chains on ⌦V whose stationary distribution is µG.
A complete study of Markov chains is beyond the scope of this course; for reference see [44].
We recall a few important definitions here.

Definition 1.6.1. A discrete-time, discrete space Markov chain on a finite or countable set
⌃ is a stochastic process X0, X1, X2, . . . that satisfies the Markov property: the distribution
of Xt conditioned on X0, . . . , Xt�1 equals the distribution of Xt conditioned on Xt�1.

This means we can describe a Markov chain by the distribution ⌫0 of the initial state X0

and the transition matrix P (·, ·), defined by P (x, y) = P (Xn+1 = y|Xn = x). We can also
define the t-step transition probabilities: P t(x, y) = P (Xn+t = y|Xn = x)

Definition 1.6.2. A Markov chain is irreducible if for every x, y 2 ⌃ there exists t so that
P t(x, y) > 0. A Markov chain is aperiodic if for every x 2 ⌃ the gcd of the set {t � 1 :
P t(x, x) > 0} is 1.

For example, the simple random walk on a connected graph is irreducible, but on a
disconnected graph it is not. The simple random walk on a bipartite graph is not aperiodic.
We can make any periodic Markov chain aperiodic by making it ‘lazy’: at each step, with
probability 1/2 (or some other positive constant) stay in the current state and with probability
1/2 follow the law of the Markov chain.

Definition 1.6.3. A probability distribution ⇡ on ⌃ is a stationary distribution for the
Markov chain defined by P if for all x 2 ⌃,

⇡(X) =
X

y2⌃
⇡(y)P (y, x) .

In particular, if ⇡ is a stationary distribution and X0 is distributed according to ⇡0 = ⇡
then Xk is distributed according to ⇡ for all k � 0.

How can we find a stationary distribution? There is a useful technique for a special class
of Markov chains. A Markov chain P is reversible with respect to ⇡ if for all x, y 2 ⌃,

⇡(x)P (x, y) = ⇡(y)P (y, x) . (1.18)

This is called the detailed balance equation.

If P is reversible with respect to ⇡ then ⇡ is a stationary distribution for P . While most
(or perhaps all) the Markov chains we will study in this class are reversible,

A fundamental result on Markov chains states that if a Markov chain is irreducible and
aperiodic then there exists a unique probability distribution µ on ⌃ so that ⇡n ! ⇡ as n ! 1,
where ⇡n is the distribution of Xn.
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1.6.1 Markov chains for spin models

We now specialize to Markov chains for spin models on graphs (for a short introduction to
the topic see [52]).

Here the state space will be the set of all possible configurations, ⌦V , or in the case of
models with hard constraints, the set of all allowed configurations (I(G) in the case of the
hard-core model on a graph G).

Our goal will be to find a Markov chain on ⌦V with stationary distribution µG, the Gibbs
measure. There are many such Markov chains but for now we will be most interested in local
Markov chains: Markov chains in which at most one (or at most a bounded number of) spins
are changed in each step. This is for two reasons: such Markov chains may in some sense
capture the way a physical system evolves over time and these Markov chains are often easy
to implement computationally.

The Glauber dynamics

Given a configuration Xt 2 ⌦V we obtain Xt+1 as follows:

1. Pick v 2 V uniformly at random.

2. Resample the spin at v from the Gibbs measure µG conditioned on the spins at the
other vertices.

If µG is a Gibbs measure with pairwise interactions across edges, the second step is
equivalent to resampling conditioned on the spins of the neighbors of v.

Exercise 1.3. 1. Show that the Glauber dynamics are reversible with respect to the Gibbs
measure µG.

2. Show that the Glauber dynamics are irreducible and aperiodic. (Assume that H(�) 2
[0,1) for all �, or prove for the hard-core model).

Exercise 1.4. Let ⌃q(G) be the set of all proper q-colorings of G and suppose |⌃q| > 0. Let
µG,q denote the uniform distribution on ⌃q(G).

1. Give an example of graph G so that for some q � 2, ⌃q(G) is disconnected under moves
that change the color of one vertex at a time.

2. Give conditions in terms of q and the maximum degree of � to ensure that ⌃q(G) is
connected under single spin updates (changing the color of one vertex at a time).

3. Describe precisely a single spin update Markov chain for sampling from µG,q (i.e.
Glauber dynamics).

1.6.2 Mixing times

Markov chains are widely used to sample from probability distributions on large sets ⌃. If we
want to sample from µG by running a Markov chain X1, X2, . . . with stationary distribution
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µG, an important question is how long we need to run the chain to get an approximately
correct sample from µG.

To answer this we need a good measure of ‘approximately correct’.

Definition 1.6.4. Let µ1 and µ2 be two probability measures on the same sample space ⌃
with the same sigma-field F . Then the total variation distance between µ1 and µ2 is

kµ1 � µ2kTV = sup
A2F

|µ1(A)� µ2(A)| .

For a discrete probability space, we have

kµ1 � µ2kTV =
1

2

X

�2⌃
|µ1(�)� µ2(�)|

=
X

A✓⌃:µ1(A)>µ2(A)

µ1(A)� µ2(A) .

With this definition we can define the Mixing time of a Markov chain.

Definition 1.6.5. The "-mixing time ⌧mix(") of a Markov chain with stationary distribution
⇡ on ⌃ is

sup
⇡02P(⌃)

min{t � 0 : k⇡t � ⇡kTV < "},

where ⇡t is the distribution of Xt given that X0 has distribution ⇡0.

We write ⌧mix for ⌧mix(1/4). This is because for any irreducible, aperiodic Markov chain
with stationary distribution ⇡, there are constants C > 0 and ↵ 2 (0, 1) so that

sup
⇡0

k⇡t � ⇡kTV  C↵t .

This means that ⌧mix(") = O(log("�1)) · ⌧mix.

For a Gibbs measure µG on a graph G on n vertices we say a Markov chain is fast-mixing
or mixes rapidly if ⌧mix is bounded by a polynomial in n; that is, poly-logarithmic in the size
of the state space ⌦V . We say the Markov chain is slow mixing or torpidly mixing if ⌧mix is
superpolynomial in n (often exponential in some power of n).

Keep in mind that the size of the state space of a spin model on G is exponentially large in
n. So in the context of random walks on graphs, a random walk that mixes in time O(log n)
is fast mixing while a random walk with mixing time ⌦(nc) for some c > 0 is slow mixing.
Random walks on expander graphs are fast mixing, while a random walk on a cycle, for
instance, is slow mixing.

1.7 Phase transitions

A central concept in statistical physics is that of a phase transition.
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1.7.1 Boundary conditions

It will be very useful to impose boundary conditions on a Gibbs measure: that is, fixing the
spins on a subsets of vertices (the boundary) and studying the resulting conditional Gibbs
measure. We will define and study the notion of boundary conditions for arbitrary graphs
(with arbitrary boundaries) but it is useful to keep in mind a box in Zd with its natural
geometric boundary.

Specify a spin model with spin set ⌦ and energy function H(·). Let G = (V,E) be a graph
and let S ✓ V be a specified set of boundary vertices. Let ⌧S 2 ⌦S be a fixed assignment
of spins to the vertices in S. Then the Gibbs measure with boundary conditions ⌧S is the
probability distribution µ�S

G on ⌦V defined by

µ⌧S
G (�) =

e��H(�)
1�S=⌧S

Z⌧S
G (�)

where
Z⌧S
G (�) =

X

�2⌦V

e��H(�)
1�S=⌧S .

In words, µ⌧S
G is the distribution of µG conditioned on the event {�S = ⌧S}.

In the case of the hard-core model, boundary conditions take a particularly simple form.
If we specify that a vertex u is not in I, then this is the same as removing u from V (G). If
we specify that u is in I, then this is the same as removing N(u) from V (G) and keeping u
as an occupied isolated vertex (which will have no e↵ect on the other vertices of G).

1.7.2 Infinite volume limits

How can we define a Gibbs measure on an infinite graph like Zd or the infinite �-regular
tree? We cannot define it via (1.1) and (1.2) since the number of vertices is infinite.

One approach to make sense of a Gibbs measure on an infinite graph is that of Dobrushin,
Lanford, and Ruelle.

Under very general conditions, there always exists an infinite volume Gibbs measure with
a given specification on an infinite graph G. The main question is whether there is only one:
is the infinite volume Gibbs measure unique or not?

1.7.3 Notions of phase transition

1. Uniqueness / non-uniqueness. We say a phase transition occurs at �c if for all " small
enough there exists a unique infinite volume Gibbs measure for � = �c�" and multiple
infinite volume Gibbs measures for � = �c + ".

2. Analyticity. We say a phase transition occurs at �c if the infinite-volume pressure p(�)
is non-analytic at �c.

3. Correlation decay. We say a phase transition occurs at �c if for all " small enough
correlations decay exponentially fast when � = �c � " and do not decay exponentially
fast when � = �c + ".
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1.7.4 Uniqueness methods

Here we outline some approaches to proving absence of phase transition or uniqueness of
Gibbs measure for a given specification.

• Cluster expansion

• Disagreement percolation

• Markov chain mixing

• Computational trees

1.7.5 Phase coexistence methods

1.8 Exercises and examples

1.8.1 Solved examples

1. Let ZG(�) be the hard-core partition function on a graph G. Let I be a random
independent set from G distributed as µG,�, the hard-core model at fugacity �. Let
↵G(�) = E|I|.

(a) Write an expression for ↵G(�) in terms of logZG(�).

(b) Prove that ↵G(�) is strictly increasing as a function of � (assume the graph G has
at least one vertex).

(c) Write an expression for the number of maximum independent sets of G in terms
of a limit involving logZG(�).

(d) Suppose G has n vertices and maximum degree �. Show that

var(|I|) � cn

where c is a constant that depends on � and �. Hint(s): use the law of total
variance; use the fact that G has an independent set of size at least n/(�+ 1).

Solution:

(a) We can write

↵G(�) =
X

I2I(G)

|I|µG(I)

=

P
I2I(G)

|I|�|I|

ZG(�)

= �

P
I2I(G)

|I|�|I|�1

ZG(�)
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= �
Z 0
G(�)

ZG(�)

= �(logZG(�))
0 .

(b) We take the derivative of ↵G(�) with respect to �:

↵0
G(�) =

�ZG(�)Z 00
G(�) + ZG(�)Z 0

G(�)� �(Z 0
G(�))

2

ZG(�)2

=
var(|I|

�
> 0

since {|I| = 0} and {|I| = 1} both have positive probability when � > 0.

(c) For � � 2n, ZG(�) ⇡ i↵(G)�
↵(G); in particular,

1  ZG(�)

i↵(G)�↵(G)
 1 +

2n

�
.

We can recover ↵(G):

↵(G) = lim
�!1

logZG(�)

log �
.

Then once we know ↵(G) we can recover i↵(G):

i↵(G) = lim
�!1

ZG(�)

�↵(G)
.

(d) Let J 2 I(G) be an independent set of size at least n/(� + 1). Let X = |I|. Let
Y be the number of vertices of J ‘unblocked’ by I; that is,

Y = |{x 2 J : N(x) \ I = ;}| .

The Law of Total Variance says

var(X) = E[var(X|I \ Jc)] + var[E(X|I \ Jc)] .

By the spatial Markov property, given I\Jc, the unblocked vertices of J appear in
I independently with probability �/(1+�), and so var(X|I\ Jc) = �

(1+�)2 ·Y . On

the other hand, any vertex in a max-degree � graph is unblocked with probability
at least 1

(1+�)�
and so

EY � |J | 1

(1 + �)�
� n

(�+ 1)(1 + �)�
.

Putting this together gives

var(X) � n · �

(�+ 1)(1 + �)�+2
.
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2. Let G be a graph and A ⇢ V (G) be a set of d vertices. Suppose you know that
µG,�(I \ A = ;) = p. Form the graph G0 by adding a single vertex v to V (G) and
connecting v to each of the vertices of A.

(a) Compute logZG0(�)� logZG(�).

(b) Compute µG0,v,� (the occupation probability of v in the hard-core model on G0 at
fugacity �).

(This is a baby version of the ‘cavity method’)

Solution:

(a) Independent sets of G0 can be divided in two sets: those that contain v and those
that do not. Independent sets that do not contain v are exactly the independent
sets of G. Independent sets that contain v are independent sets of G that contain
no neighbor of v, plus v. We can then write

ZG0(�) = ZG(�) + �
X

I2I:I\N(n)=;
�|I| .

Since

p = µG,�(I \A = ;) =
P

I2I:I\N(n)=; �
|I|

ZG(�)

we have

ZG0(�)

ZG(�)
= 1 + �p

and so logZG0(�)� logZG(�) = log(1 + �p).

(b) By a similar calculation,

µG0,v,� =
�
P

I2I:I\N(n)=; �
|I|

ZG0(�)

=
�pZG(�)

(1 + �p)ZG(�)

=
�p

1 + �p
.

(As a check, imagine v has no neighbors in G0; then this formula reduces to
�/(1 + �), the probability an isolated vertex is occupied).


