
Exercises

1. Prove that the occupancy fraction of the hard-core model on any non-empty graph G
is a strictly increasing function of �.

2. Prove that for the hard-core model on Z, the truncated two-point correlation function
decays exponentially fast in the distance, for any � � 0.

3. Consider a tree T and a vertex v 2 V (T ) with neighbors u1, . . . , ud. Write a formula for
the marginal µv,� of the hard-core model at fugacity � in terms of � and the marginals
µu1,�, . . . , µud,� of the neighbors of v.

4. Consider a triangle-free graph G and a vertex v 2 V (G) with neighbors u1, . . . , ud.
Write a formula for the marginal µv,� of the hard-core model at fugacity � in terms of
� and the joint marginal µu1,u2,...ud,� of the neighbors.

5. Derive a formula for the three-point truncated correlation function for vertices u, v, w
in a 2-spin model on a graph in terms of marginals and joint marginals.

6. Show that the hard-core model on a graph G can be obtained as a limit of anti-
ferromagnetic Ising models (with external fields) on the same graph

7. Let Gn be the set of all (labeled) graphs on n vertices. For m 2 (0,
�n
2

�
), determine

the maximum entropy probability distribution on Gn with mean number of edges m.
(Recall that the entropy of a probability distribution µ on a finite set ⌦ is H(µ) =
�
P

x2⌦ µ(x) logµ(x) with the convention that 0 log 0 = 0).

8. Let Kd be the complete graph (clique) on d vertices.

(a) Compute the hard-core partition function ZKd(�).

(b) For u, v 2 Kd compute the truncated two-point correlation function.

9. Let G = G1 [G2, the disjoint union of two graphs G1, G2. Prove that

ZG(�) = ZG1(�)ZG2(�) .

10. Let Kd,d be the complete d-regular bipartite graph (two sets of d vertices L,R) with all
d2 edges between L and R present and no others).

(a) Compute ZKd,d(�).
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(b) Compute EKd,d,�|I|, the expected size of an independent set I drawn from the
hard-core model on Kd,d at fugacity �.

11. Prove that the following probability distribution on independent sets of G is the hard-
core model on G at fugacity �. Pick a subset S ✓ V (G) by including each vertex
independently with probability �

1+� and condition on the event that S is an independent
set.

12. Consider the hard-core model on a graph G and let F be the set of vertices that are not
in the independent set and have no neighbor in the independent set (they are free to
be added to the independent set). Calculate E[|F |] in terms of derivatives of logZG(�).

13. Let ik(G) be the number of independent sets of size k in a graph G.

(a) Give a probabilistic interpretation (as, say, and expectation) for the quantity
ik+1(G)

ik(G)
in terms of the uniform distribution over independent sets of size k in

G.

(b) Prove that for all G of maximum degree � on n vertices,

ik+1(G)

ik(G)
� n� (�+ 1)k

k + 1
,

and find a family of graphs for which the inequality is tight.

(c) Use the above to prove that for all G of maximum degree � on n vertices,

1

n
logZG(�) �

1

�+ 1
log(1 + (�+ 1)�) ,

and show that the inequality is tight. (Hint: recall that partition functions are
multiplicative over disjoint graphs and that ZG(�) is a polynomial).

14. Let Gn be a sequence of balanced bipartite graphs on n vertices (that is, Gn has a
bipartition (L,R) with |L| = |R| = n/2).

(a) Prove that lim infn!1
1

n logZGn(�) � 1

2
log(1 + �) and show that this is tight.

(b) Prove that lim supn!1
1

n logZGn(�)  log(1 + �) and show that this is tight.

(c) If we also assume that Gn is �-regular for some fixed �, can you improve either
of these bounds?

15. Let Kd,d be the complete d-regular bipartite graph (on 2d vertices). Let #C4(G) be
the number of copies of the 4-cycle C4 in a graph G (not necessarily induced copies).
Prove that for all d-regular triangle-free graphs G on n vertices

#C4(G)

n


#C4(Kd,d)

2d
.


