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1. Prove that the following are equivalent (by providing polynomial-time reductions):

• There is an FPRAS for ZG(λ) for the class of max degree ∆ graphs.

• There is a polynomial-time approximate sampling algorithm for µG,λ for the class
of max degree ∆ graphs.

2. Prove that if there is a polynomial-time approximate sampling algorithm for µG,λ for
some class of graphs G and all 0 < λ < λ0 then there is an FPRAS for ZG(λ) for G and
and all 0 < λ < λ0.

3. The lazy random walk on a graph is the following Markov chain: starting at a vertex
v, with probability 1/2 stay at v and with probability 1/2 move to a uniformly random
neighbor of v.

(a) SupposeG is regular and connected. Prove that the lazy random walk is irreducible
and aperiodic (look up these terms on google if needed!). What is the stationary
distribution?

(b) If G is connected and regular on n vertices, what is the order of the best and worst
possible mixing times of the lazy random walk? (I.e. find good and bad graphs
for this Markov chain). What if G is ∆-regular for ∆ constant? What’s the best
mixing time you can expect?

4. (Coupling). Consider the lazy random walk on the hypercube Qd = {0, 1}d. Start two
copies of this Markov chain from different states X0, Y0 ∈ Qd. Find a coupling of the
two processes Xn, Yn so the expected number of steps until they coincide (Xn = Yn) is
as small as possible.

5. (Total variation distance) For m ≥ n consider the following distributions of configu-
rations of m balls in n labeled bins: 1) place each of the m balls independently in
uniformly chosen random bins; 2) start with one ball in each bin and place the re-
maining m − n balls independently in uniformly chosen random bins. Call the two
distribution µ1, µ2 respectively (both depend on n and m).

(a) Find good strategy for the following game: I pick µ1 or µ2 with probability 1/2
each and show you one sample from the given distribution; from the sample you
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have to guess which distribution it came from. For what m = m(n) can you win
this game with probability 1− o(1)?

(b) What does the strategy and probability of winning have to do with ‖µ1 − µ2‖TV ?

(c) Can you find the optimal threshold in m = m(n) for ‖µ1 − µ2‖TV → 0?
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