
12 + 22 + ⋯ + 𝑛2 =
𝑛(𝑛 + 1)(2𝑛 + 1)

6
 

12 =
1(1 + 1)(2 + 1)

6
 

1 = 1 

12 + 22 + ⋯ + 𝑛2 + (𝑛 + 1)2 =
(𝑛 + 1)(𝑛 + 2)(2𝑛 + 3)

6
 

𝑛(𝑛 + 1)(2𝑛 + 1)

6
+ (𝑛 + 1)2 =

(𝑛 + 1)(𝑛 + 2)(2𝑛 + 3)

6
 

2𝑛3 + 3𝑛2 + 𝑛 + 6𝑛2 + 12𝑛 + 6 = 2𝑛3 + 9𝑛2 + 13𝑛 + 6 
2𝑛3 + 13𝑛 + 9𝑛2 + 6 = 2𝑛3 + 9𝑛2 + 13𝑛 + 6 

 
13 + 23 + ⋯ + 𝑛3 = (1 + 2 + ⋯ + 𝑛)2 
13 = 12 
13 + 23 + ⋯ + 𝑛3 + (𝑛 + 1)3 = (1 + 2 + ⋯ + 𝑛 + 𝑛 + 1)2 
(1 + 2 + ⋯ + 𝑛)2 + (𝑛 + 1)3 = (1 + 2 + ⋯ + 𝑛 + 𝑛 + 1)2 

(
(1 + 𝑛)𝑛

2
)

2

+ (𝑛 + 1)3 = (
(1 + 𝑛 + 1)(𝑛 + 1)

2
)

2

 

(
𝑛 + 𝑛2

2
)

2

+ 𝑛3 + 3𝑛2 + 3𝑛 + 1 = (
𝑛2 + 3𝑛 + 2

2
)

2

 

𝑛2 + 𝑛4 + 2𝑛3 + 4𝑛3 + 12𝑛2 + 12𝑛 + 4 = 𝑛4 + 6𝑛3 + 13𝑛2 + 12𝑛 + 4 
 
 

∏(1 + 𝑥𝑖)

𝑛

𝑖=1

≥ 1 + ∑  𝑥𝑖

𝑛

𝑖=1

, 𝑥𝑖 ≥ −2, 𝑥𝑖 𝑚𝑎𝑗í 𝑠𝑡𝑒𝑗𝑛á 𝑧𝑛𝑎𝑚é𝑛𝑘𝑎 

1 + 𝑥1 ≥ 1 + 𝑥1 

∏(1 + 𝑥𝑖)

3

𝑖=1

≥ 1 + ∑  𝑥𝑖

3

𝑖=1

 

∏(1 + 𝑥𝑖)

𝑛

𝑖=1

(1 + 𝑥𝑖+1) ≥ 1 + ∑  𝑥𝑖

𝑛

𝑖=1

+ 𝑥𝑖+1 

∏(1 + 𝑥𝑖)

𝑛

𝑖=1

(1 + 𝑥𝑖+1) ≥ ∏(1 + 𝑥𝑖)

𝑛

𝑖=1

+ 𝑥𝑖+1 

∏(1 + 𝑥𝑖)

𝑛

𝑖=1

(1 + 𝑥𝑖+1) − ∏(1 + 𝑥𝑖)

𝑛

𝑖=1

≥ 𝑥𝑖+1 

∏(1 + 𝑥𝑖)

𝑛

𝑖=1

𝑥𝑖+1 ≥ 𝑥𝑖+1 

∏(1 + 𝑥𝑖)

𝑛

𝑖=1

≥ 1                          ∏(1 + 𝑥𝑖)

𝑛

𝑖=1

≤ 1 

  



(𝑎 + 𝑏)𝑛 = ∑ (
𝑛
𝑘

) 𝑎𝑛−𝑘𝑏𝑘

𝑛

𝑘=0

 

𝑎 + 𝑏 = 𝑎 + 𝑏 

(𝑎 + 𝑏)𝑛+1 = ∑ (
𝑛 + 1

𝑘
) 𝑎𝑛+1−𝑘𝑏𝑘

𝑛+1

𝑘=0

 

(𝑎 + 𝑏)𝑛(𝑎 + 𝑏) = ∑ (
𝑛 + 1

𝑘
) 𝑎𝑛+1−𝑘𝑏𝑘

𝑛+1

𝑘=0

 

(∑ (
𝑛
𝑘

) 𝑎𝑛−𝑘𝑏𝑘

𝑛

𝑘=0

) (𝑎 + 𝑏) = ∑ (
𝑛
𝑘

) 𝑎𝑛+1−𝑘𝑏𝑘

𝑛

𝑘=0

+ ∑ (
𝑛
𝑘

) 𝑎𝑛−𝑘𝑏𝑘+1

𝑛

𝑘=0

 

∑ (
𝑛
i

) 𝑎𝑛+1−𝑖𝑏i

𝑛

i=0

+ ∑ (
𝑛
j ) 𝑎𝑛−j𝑏j+1

𝑛

𝑗=0

= 𝑎𝑛+1 + ∑ (
𝑛
i

) 𝑎𝑛+1−𝑖𝑏i

𝑛

i=1

+ ∑ (
𝑛
j ) 𝑎𝑛−j𝑏j+1

𝑛−1

𝑗=0

+ bn+1 

𝑎𝑛+1 + ∑ (
𝑛
k

) 𝑎𝑛+1−k𝑏k

𝑛

k=1

+ ∑ (
𝑛

k − 1
) 𝑎𝑛−k+1𝑏k

𝑛

𝑘=1

+ bn+1 = 𝑎𝑛+1 + ∑ (
𝑛 + 1

k
) 𝑎𝑛−k+1𝑏k

𝑛

𝑘=1

+ bn+1 

∑ (
𝑛 + 1

k
) 𝑎𝑛−k+1𝑏k

𝑛

𝑘=0

 

 

∑ (
𝑛
𝑘

) 1𝑘1𝑛−𝑘

𝑛

𝑘=0

= (1 + 1)𝑛 

∑ (
𝑛
𝑘

)

𝑛

𝑘=0

= 2𝑛  

 
 
Dokážu pro i = 1,2.  2n a n-1 

√𝑥1 ∙ … ∙ 𝑥𝑛
𝑛 ≤

1

𝑛
(𝑥1 + ⋯ + 𝑥𝑛), 𝑥𝑖 ≥ 0, 𝑖 = 1,2, … , 𝑛 

𝑥1 ≤ 𝑥1 

√𝑥1𝑥2 ≤
𝑥1 + 𝑥2

2
 

4𝑥1𝑥2 ≤ 𝑥1
2 + 2𝑥1𝑥2 + 𝑥2

2 
0 ≤ (𝑥1 − 𝑥2)2 
𝑎1 ≥ 𝑔1  ∩   𝑎2 ≥ 𝑔2 
𝑎1 + 𝑎2

2
≥

𝑔1 + 𝑔2

2
≥ √𝑔1𝑔2 

Důkaz pro 𝑛 − 1 zde chybí. Můžete si zkusit rozmyslet. Jedná se o trik kdy k nerovnosti o 𝑛 − 1 členech přidám člen 
který má hodnotu právě aritmetického průměru 
 
 
 

(2𝑛)! < 22𝑛(𝑛!)2 
2! < 2212 

(2𝑛 + 2)! < 22𝑛+2((𝑛 + 1)!)
2

 

(2𝑛 + 2)(2𝑛 + 1)(2𝑛)! < 22𝑛22(𝑛 + 1)2(𝑛!)2 
(2𝑛 + 2)(2𝑛 + 1)(2𝑛)! < (2𝑛)! 4(𝑛 + 1)2 
(2𝑛 + 2)(2𝑛 + 1) < 4(𝑛 + 1)(𝑛 + 1) 
4𝑛2 + 6𝑛 + 2 < 4𝑛2 + 8𝑛 + 4 
0 < 2𝑛 + 2 

 
 
 
 
 



 
 
 
 
 

𝑛! ≤ (
𝑛 + 1

2
)

𝑛

 

1! ≤ 11 

(𝑛 + 1)! ≤  (
𝑛 + 2

2
)

𝑛+1

 

(𝑛 + 1)𝑛! ≤  
𝑛 + 2

2

(𝑛 + 2)𝑛

2𝑛
 

(𝑛 + 1) (
𝑛 + 1

2
)

𝑛

≤  
𝑛 + 2

2

(𝑛 + 2)𝑛

2𝑛
 

(𝑛 + 1)
(𝑛 + 1)𝑛

2𝑛
≤  

𝑛 + 2

2

(𝑛 + 2)𝑛

2𝑛
 

2(𝑛 + 1)𝑛+1 ≤  (𝑛 + 2)𝑛+1 

2 ≤
(𝑛 + 2)𝑛+1

(𝑛 + 1)𝑛+1
 

2 ≤ (
𝑛 + 2

𝑛 + 1
)

𝑛+1

 

2 ≤ (1 +
1

𝑛 + 1
)

𝑛+1

 

2 ≤ ∑ (
𝑛 + 1

𝑖
) (

1

𝑛 + 1
)

𝑖𝑛+1

𝑖=0

 

2 ≤ 1 +
𝑛 + 1

𝑛 + 1
+ ∑ (

𝑛 + 1
𝑖

) (
1

𝑛 + 1
)

𝑖𝑛+1

𝑖=2

 

2 ≤ 2 + ∑ (
𝑛 + 1

𝑖
) (

1

𝑛 + 1
)

𝑖𝑛+1

𝑖=2

 

 
 
 

 

|sin (∑ 𝑥𝑘

𝑛

𝑘=1

)| ≤ ∑ sin 𝑥𝑘

𝑛

𝑘=1

 , 𝑥𝑘 ∈ [0, 𝜋], 𝑘 = 1,2 … , 𝑛 

|sin 𝑥| ≤ sin 𝑥 

|sin (∑ 𝑥𝑘

𝑛

𝑘=1

+ 𝑥𝑘+1)| ≤ ∑ sin 𝑥𝑘

𝑛

𝑘=1

+ sin 𝑥𝑘+1 

|sin (∑ 𝑥𝑘

𝑛

𝑘=1

) cos 𝑥𝑘+1 + cos (∑ 𝑥𝑘

𝑛

𝑘=1

) sin 𝑥𝑘+1| ≤ ∑ sin 𝑥𝑘

𝑛

𝑘=1

+ sin 𝑥𝑘+1 

|sin (∑ 𝑥𝑘

𝑛−1

𝑘=1

) cos(𝑥𝑘 + 𝑥𝑘+1) + cos (∑ 𝑥𝑘

𝑛−1

𝑘=1

) sin(𝑥𝑘 + 𝑥𝑘+1)|

≤ |sin (∑ 𝑥𝑘

𝑛−1

𝑘=1

) cos 𝑥𝑘+1 + cos (∑ 𝑥𝑘

𝑛−1

𝑘=1

) sin 𝑥𝑘+1| + sin 𝑥𝑘+1  

  



 

∏
2𝑖 − 1

2𝑖

𝑛

𝑖=1

<
1

√2𝑛 + 1
 

1

2
<

1

√3
 

∏
2𝑖 − 1

2𝑖

𝑛

𝑖=1

∙
2𝑛 + 1

2𝑛 + 2
<

1

√2𝑛 + 3
 

1

√2𝑛 + 1

2𝑛 + 1

2𝑛 + 2
<

1

√2𝑛 + 3
 

2𝑛 + 1

2𝑛 + 2
<

√2𝑛 + 1

√2𝑛 + 3
 

(2𝑛 + 1)(2𝑛 + 3) < (2𝑛 + 2)2 
4𝑛2 + 8𝑛 + 3 < 4𝑛2 + 8𝑛 + 4 

 
 
 

𝑛𝑛+1 > (𝑛 + 1)𝑛 
𝑛𝑛𝑛 > (𝑛 + 1)𝑛 

𝑛 >
(𝑛 + 1)𝑛

𝑛𝑛
 

𝑛 > (
𝑛 + 1

𝑛
)

𝑛

 

𝑛 > (1 +
1

𝑛
)

𝑛

 

34 > 43 
(𝑛 + 1)𝑛+2 > (𝑛 + 2)𝑛+1 
(𝑛 + 1)(𝑛 + 1)𝑛+1 > (𝑛 + 2)𝑛+1 

𝑛 + 1 >
(𝑛 + 2)𝑛+1

(𝑛 + 1)𝑛+1
 

𝑛 + 1 > (1 +
1

𝑛 + 1
)

𝑛+1

 

 
 
 


