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List of Basic Notations and Frequently Used Symbols

In this manuscript we use the standard notation.

In all what follows, N, Z, Q, R, C will denote the sets of all natural, integer,
rational, real and complex numbers, respectively.

Extended real number set R consists of R together with two symbols —oco and
400 equipped with the usual algebraic structure and topology. Remind only that
0-+o00 and +00 - 0 are taken as 0.

If X is a set, Z?(X) denotes the collection of all its subsets.

R"” stands for the Euclidean n-dimensional space under the usual Euclidean
norm |-| and the metric |« — y|, where x = [z1,...,2,].

Remember that when multiplied by a matrix (from the left), the vector z =
[1,...,%,] behaves like a “vertical vector”, i.e. like a matrix with one column

Z1

Tn

The horizontal notation is preferred for estetical and typographical reasons.

The standard (or canonical) basis of the space R™ is denoted by {eq,...,en},
the vector e; = [0,...,0,1,0,...,0] with 1 at the i*® place. The inner product in
R is denoted by x - y.

By U(x, r) we denote the open ball in a metric space (P, p) of radius r round the
x. The closed ball is denoted by B(xz,r). Thus U(z,r) = {y € P: p(x,y) < r},
B(z,r) = {y € P: p(z,y) < r}. For the diameter of a set we use the symbol
”diam” and for the distance of a pair of sets the symbol ”dist”.

If nothing else is specified, a function on a set X is a mapping of X into R. If
we want to emphasise that a function does not attain the values —oo and +oo,
we call it a real function.

Instead of the notation {x € X: f(x) > a} we often use the abbreviated version
{f >a}.

The symbol c4 denotes the indicator function of a set A C X, i.e. the function

(){1 forxe A,
A =0 for x € X \ A.

We use f; = f to denote the uniform convergence of a sequence of functions.



2 1. The Lebesgue Measure

A. Measures and Measurable Functions
1. THE LEBESGUE MEASURE

In the history, people were engaged in the problem of measuring lenghts, areas
and volumes. In mathematical formulation the task was, for a given set A, to
determine its size ("measure”) AA. It was required that the volume of a cube or
the area of a rectangle or a circle should agree with the well-known formulae. It
was also clear by intuition that this measure should be positive and additive, i.e.
it should satisfy the equality

A4 =) 24,

provided {4;} is a finite disjoint collection of sets. For a succesful development
of the theory a further condition was imposed: The above equality was claimed
to hold even for countable disjoint collections of sets. Moreover, the effort was
paid to assign a measure to as many sets as possible.

Now, we are going to show how to proceed on the real line. The same approach
will be used later in the Euclidean space R"™ where the proofs will be given.

1.1. Outer Lebesgue Measure. For an arbitrary set A C R, define

= inf{i(bi —a;) D (@i, b)) D A}
i=1 i=1

The value A*A (which can also be +00) is called the outer Lebesgue measure of a
set A.

1.2. Properties of the Outer Lebesgue Measure. One can see immediately
that A*A < A\*B if A C B and that the measure of a singleton is 0, and without
much effort it becomes clear that A*I is the length of I in case of I interval of any
type (see Exercise 1.6). Then it is relatively easy to prove that the outer Lebesgue
measure is translation invariant: If A C R and z € R, then \*A = X\*(x + A).
Another important property is the o-subadditivity:

In mathematical terminology, the prefix o usually relates to countable unions and ¢ to countable

?Cg

intersections.

The question of whether \* is an additive set function has a negative answer:
There are disjoint sets A, B with

AN (AUB) < \*A+ \*B

(cf. 1.8), and we need to find a family of sets (as large as possible) on which the
measure \* is additive. This task will be solved later in Chapter 4 in a much more
general case. Now we just briefly indicate one of its possible solutions in case of
the Lebesgue measure.
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1.3. Lebesgue Measurable Sets. Let A be a subset of a bounded interval 1.
Defining the “inner measure” A, A = A*I — X\*(I — A), it is natural to investigate
the collection of sets for which A\, A = A\*A (cf. Exercise 1.7). This leads to the
following definition.

We say that a set A C R is (Lebesgue) measurable if \*I = A*(ANI)+A*(I\ A)
for every bounded interval I C R. The collection of all measurable sets on
R will be denoted by 9. Not every set is measurable as will be seen in 1.8.
The set function M — A*M, M € 9 is denoted by A and called the Lebesgue
measure. Thus, on measurable sets, the set functions A\* and A coincide but for
nonmeasurable ones only \* is defined.

Another important property of the measure A is contained in the following
theorem which is now presented without proof.

1.4. Theorem. (a) If My, Ms,... are elements of M, then also My \ Mo,
N M, and |JM,, are elements of M. If, in addition, the sets M, are pairwise

disjoint, then
A(U Mn) =3 MM,

(b) Intervals of any type are in M.

1.5. Remark. The ingenuity of Lebesgue’s approach to the measure consists in considering
the countable covers of a set A with intervals. If in the definition of \* A we consider only finite
covers, we get the notion of so-called Jordan-Peano content. In modern analysis this notion is
far from being as important as the Lebesgue measure.

1.6. Exercise. If I C R is an interval (of any type), show that A*I is its length.
Hint. It is sufficient to consider the case I = [a,b]. Clearly A\*[a,b] < b — a (since [a,b] C

oo
(a —¢e,b+¢)). Suppose U (ai,b;) D [a,b]. A compactness argument yields the existence of an
i=1

1=

n
index n satisfying | (ai, b;) D [a,b]. Using induction (with respect to n) it can be shown that
i=1

n
b—a< 3 (b —ag).
i=1
1.7. Exercise. For every bounded set A C R, define
AA= A= XN (I\ A)

where I is a bounded interval containing A. Show that:
(a) the value of A« A does not depend on the choice of I;
(b) a bounded set A C R is measurable if and only if A\* A = A\ A;

(c) aset M C R is measurable if and only if its intersection with each bounded interval is

measurable.

In the next part of this chapter we introduce some significant sets on the real
line.
1.8. A Nonmeasurable Set. Now we prove the existence of a nonmeasurable subset of R
and consequently prove that the outer Lebesgue measure cannot be additive.

Set x ~ y if z — y is a rational number. It is easy to see that ~ is an equivalence relation
on R. Therefore R splits into an uncountable collection ¥ of pairwise disjoint classes. A set V'
belongs to this collection 7 if and only if V = z + Q for some x € R. By the axiom of choice,
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there exists a set E C (0,1) that shares exactly one point with each set V' € ¥. We show that
FE is not in 9.

Let {gn} be a sequence containing all rational numbers from the interval (—1,+1). It is not
very difficult to show that the sets E, := ¢, + E are pairwise disjoint and that

0,1) | JEn C (-1,2).

Assuming that E € 9, then also E, € 91 and Theorem 1.4 gives A|JE, = > AE,. Distin-
n n
guishing two cases Al = 0 and AE > 0 we easily obtain the contradiction.

1.9. Remarks. 1. The proof of the existence of a nonmeasurable set is not a constructive
one (it uses the axiom of choice for an uncountable collection of sets). We return to the topic
of nonmeasurable sets in Notes 1.22.

2. By a simple argument, an even stronger proposition can be proved: Any measurable set
M C R of a positive measure contains a nonmeasurable subset. It is sufficient to realize that
M = U,eq M N (E + q) where E is the nonmeasurable set from 1.8 and that any measurable
subset of F is of zero (Lebesgue) measure.

3. Van Vleck [1908] “constructed” a set E C [0,1] for which A*E =1 and A\.E = 0.

1.10. Exercise. Show that every countable set S is of measure zero.

S . .
Hint. Consider covers |J (rj —e277,r; +€277) where {r;} is a sequence of all elements of the
Jj=1
set S. The assertion also follows from Theorem 1.4 if you realize that singletons have measure
zero.

1.11. Examples of Sets of Measure Zero. (a) The set Q of all rational numbers is
countable, thus by Exercise 1.10 it has Lebesgue measure zero.

(b) It can be seen from the hint to the exercise that for every k € N there is an open set

oo
G such that Q C Gy and \*Gy, < 1/k. The set [\ Gj has also Lebesgue measure zero, it is
k=1
dense and uncountable (even residual).
1.12. Cantor Ternary Set. Consider the sequence {,} of finite collections of intervals
defined in the following way: ¥ = {[0,1]}, #1 = {[0, %], [%, 1]}. In each step we construct %4,
from %, 1 as the collection of all closed intervals which are the left or right third of an interval
from the collection .%#7,—1 (the middle thirds are omitted). Then ./, is a collection of 2" disjoint
closed intervals, each of them of length 3~". Let K, denote the union of the collection .#;,. The
Cantor ternary set' C is defined as [ Ky. It is not difficult to verify that C consists precisely
n

.5 .
of points of the form Y a;37* where each a; is 0 or 2. Roughly speaking, in the Cantor set
i=1
there are exactly those points of the interval [0, 1] whose ternary expansions do not contain the
digit 1. The Cantor set has the following properties:

(a) C is a compact set without isolated points;

(b) C is a nowhere dense (and totally disconnected) set;
(¢) C is an uncountable set;

(d) the Lebesgue measure of C is zero.

1.13 Discontinua of a Positive Measure. If we construct a set D C [0, 1] like the Cantor
set except that we always omit intervals of length e3™" where € € (0, 1) (note that their centres
are not the same as those in the construction of the Cantor set), we get a closed nowhere dense
set, for which AD = 1 — e. Sets having this property are called the discontinua of a positive
measure. Another construction: If G is an open subset of the interval (0,1), containing all
rational points of this interval and AG = & < 1 then [0, 1]\ G is a discontinuum of measure 1 —e¢.

Isometimes also called the Cantor discontinuum
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1.14. Exercise. Prove that there exists a non-Borel subset of the Cantor set and realize that
this set is Lebesgue measurable.

Hint. The cardinality argument shows that the set of all Borel subsets of the Cantor set has
cardinality of the continuum while the set of all its subsets has greater cardinality.
Instead of this, the following idea can be used. Define

k(t) :== inf{z € [0,1] : f(z) =t}

where f is the Cantor singular function from 23.1. Show that & is increasing on the interval [0, 1],
and therefore it is a Borel function. Suppose E is a nonmeasurable subset of [0,1], B := k(E).
Then B (as a subset of the Cantor set) is a measurable set. But since s 1(B) = E (and & is a
Borel function), B cannot be a Borel set.

1.15. Lebesgue Measure on R”. In the same way as for R, we introduce

the Lebesgue measure on R™. Recall that by an interval in R™ we understand

an arbitrary Cartesian product of n one-dimensional intervals. If I := (a1,b1) X
- X (an, by) is an open interval, we define its volume as

voll = (bl —a1)~...-(bn—an).

In the same way we define vol I for intervals of other types. Given an arbitrary
set A C R"™, define the outer Lebesgue measure of A as the quantity

oo oo
ANA = inf{z vol I : U I, D A, I} is an open interval}.
k=1 k=1

We say that a set A C R™ is measurable if \*T = N*(ANT)+ AN (A\T) for
every set T C R™. (By analogy with the one-dimensional case we should require
this equality to hold just for bounded intervals T. We have chosen the present
definition in order to apply the general approach of Chapter 4. Soon we show
that there is no difference between these two definitions.) The symbol 9t again
denotes the collection of all measurable subsets of R™. For M € 9t we denote by
AM = \*M the n-dimensional Lebesgue measure of a set M.

1.16. Theorem. If{A;} is a sequence of (arbitrary) sets of R", then

)\(G 4;) < iA*Aj.
j=1 j=1

Proof. The assertion follows from Theorem 4.3. m

1.17. Theorem. If My, Ms,... are elements of M, then also My \ Ma, (M,
and |y M,, are elements of M. If, in addition, the sets M, are pairwise disjoint,

then
A(U Mn) =3 MM,

Proof. The assertion follows from general Theorem 4.5. m

Compare the following theorem with Exercise 1.6.
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1.18. Theorem. IfI C R" is a bounded interval, I C |JQ; where {Q;} is a
J

sequence of open intervals, then

voll <) “volQ;.
J

Thus the n-dimensional Lebesque measure A\*I is equal to the volume vol I.

Proof. Suppose J is a compact interval contained in I. There exists a p such that
the intervals {Q1,...,Qp} cover J. The interval J can be now divided into a
finite number of non-overlapping n-dimensional intervals {J;} (distinct elements
of {J;} have disjoint interiors) in such a way that the interior of each interval J;
is contained in some of the intervals ¢);. Then

p [e%e}
volJ = ZvolJi < Zvole < ZVO]Q]'.
i j=1 j=1

Since the difference vol I — vol J can be arbitrarily small, the assertion follows. m

1.19. Theorem. (a) Any open subset of R™ is measurable.
(b) If \*A =0, then A is measurable.
Proof. The proof of part (b) is obvious; we will prove (a). First we prove that each
interval H which is a halfspace (e.g. of the form (—o0,c) x R"~!) is measurable.
Choose a “test” set T, \*T' < oo, and € > 0. There exist open intervals {Q;}
with

J@j>Tand > volI; < X*T +e.

J J
Now find open intervals I; and J; such that

I;UJ; = Qj, Q]‘ NHCIj, Qj \H C Jj and )\*Ij + )\*J] < )\*Q] +e277.
Then
AT +A(T\I) < volI; +> volJ; < X'T +e.
J J

We proved the measurability of all intervals H of the form of a halfspace. Now,
each open set can be expressed as a countable union of intervals and each interval
is a finite intersection of intervals which are halfspaces. m

1.20. Theorem. If A C R", then
A*A =inf {\G: G open, G D A}.

Proof. One inequality follows from the monotonicity of A*. Now if A*A < co and
€ > 0, then there exist open intervals I; C R" such that

AclJn and AL <D voll; < M A+e.
- : :

J J

The reader should compare the following theorem and Exercise 15.19.
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1.21. Theorem. Given a set M C R", the following are equivalent:

(i) M is measurable;
(i) for every bounded interval I, NX*I = N*(INM)+ N *(I\ M);
(iii) for every e > 0 there exists an open set G D M with \*(G\ M) < ¢;
(iv) there exists a Gs-set D D M such that \X*(D\ M) = 0;
(v) there exist an F,-set B; and a Gs-set B, such that B; C M C B. and
)‘*(Be \ Bz) =0

Proof. The implication (i) = (ii) is trivial. Assuming (ii), fix € > 0 and denote
I, = (—k,k)™. By Theorem 1.20 we can find open sets Gy and Hj, such that
I.NM C Gy, Ik\M C Hy, \Gj < )\*(IkﬂM)+2_k€ and \H; < )\*(Ik\M)+2_
We can assume that Gy, and Hy, are subsets of I,. Then we have G\M C GpNHj,.
Using (ii) and the measurability of open sets we obtain

M+M(GNHy) = AGr+AHg < X (LNM)+X" (I, \M)+27" e < Al+274 e,

Set G = |JGj. Then
k

A(G\M) <> NGy N Hy) < 2
k=1

so that (iii) holds. That (iii) implies (iv) is evident. It is not very difficult to
prove the implication (iv) = (v). If M satisfies (v), then M = B; U (M \ B;)
where the sets B; and M \ B; are measurable by Theorem 1.19 (each one for a
different reason), so that (v) = (i). m

1.22. Notes. Originally, H.Lebesgue defined the outer measure on the real line using
countable covers formed by intervals, exactly as explained in the text. He defined measurability
as in Exercise 1.7.

At the end of the last century, various attempts to define the length or area of geometrical
figures appear; in the works of G.Peano [1887] and C.Jordan [1892] even the “measures” of
more complicated sets are considered.

The existence of a Lebesgue nonmeasurable set is very closely connected to the axiom of
choice (for uncountable collections of sets) and the assertion that such sets exist was first proved
by G.Vitali [*1905]. Solovay’s result [1970] says that there exist models of the set theory (of
course not satisfying the axiom of choice) in which every subset of real numbers is Lebesgue mea-
surable. The existence of a nonmeasurable set can be proved (assuming various set conditions)
in other ways as well. Constructions of Bernstein’s sets (still assuming the axiom of choice) as
examples of nonmeasurable sets are also interesting. Another construction of a nonmeasurable
set (the axiom of choice again) based on results of the graph theory comes from R.Thomas
[1985]. Using nonstandard methods, it is possible to prove the existence of a nonmeasurable set
assuming the existence of ultrafilters (a weaker form of the axiom of choice; cf. M. Davis [¥1977]).
Recently, M. Foreman and F. Wehrung [1991] proved that the existence of a nonmeasurable set
follows from the Hahn-Banach Theorem (which is again a weaker assumption than the axiom
of choice).

Let us note that the Lebesgue measure can be extended to a “translation invariant” mea-
sure defined on a wider o-algebra than is the collection of all Lebesgue measurable sets. The
construction can be found e.g. in S. Kakutani and J.C. Oxtoby [1950]. However, the Lebesgue
measure cannot be extended in a reasonable way to the collection of all subsets of R".

It is interesting that in R or R? there exist finitely additive extensions of the Lebesgue
measure to the collection of all subsets which can also be invariant with respect to translations
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and rotations. This was first proved by S.Banach [1923]. However, this result cannot be
transferred to spaces of higher dimensions as follows from the famous result of S. Banach and
A. Tarski [1924]:

If U and V are arbitrary (!) bounded and open sets in the space R™, n > 3, then there exist
sets E1,...,Ey, and F1,...,F} such that E;NE; =0 =F,NF; fori#j, U=UE;, V=UF;
and E; are isometric copies of Fjj.

In this theorem, which is known as the Banach-Tarski paradox, in general all the sets E; and
F; cannot be measurable; realize that U, V can be of different measures. More information is
contained in S. Wagon [*1985].

2. ABSTRACT MEASURES

In this chapter we study an abstract notion of measure which stands as a basis
for modern integration theory. Also in probability theory, the notion of measure
(termed a “probability” there) plays a crucial role. Among many fields of analysis
which employ measures in an essential way, let us mention e.g. functional analysis,
theory of function spaces and theory of distributions, or mathematical modelling
of physical quantities.

So far we have the only nontrivial example of the Lebesgue measure. Further
important examples of measures will be introduced later.

Remember that the Lebesgue measure is not defined on the collection of all
subsets of R but on its subcollection which is closed under countable operations.
We start with the following definition.

2.1. o-algebras. A collection . of subsets of a given set X is called a o-algebra
if

(a) X € .7
(b) if A€.7, then X \ A € .,

(c) if A, € ., then | A, €.7.
n=1

The pair (X,.) is called a measurable space.

Clearly every o-algebra is also closed under countable intersections, under dif-
ferences and contains the empty set.

Not every collection of sets is a o-algebra. However, if .7 is an arbitrary family
of subsets of X, then there exists the smallest o-algebra o () which contains 7.
Such a o-algebra is simply the intersection of all o-algebras (in X) which contain
. It surely exists, since there is at least one such a c-algebra (the o-algebra
P(X) of all subsets of X) and the intersection of any collection of o-algebras is
again a o-algebra. The collection o(.7) is called the o-algebra generated by 7.
2.2. Examples. One of the most important examples is the o-algebra 91 of all Lebesgue

measurable sets on the real line. Another important class of examples yields Borel o-algebras
from 2.3. For illustration, we add a few simple examples. Suppose X is an arbitrary set. Then

(a) {0, X} is a o-algebra;
(b) the collection &(X) of all subsets of X is a o-algebra;
(¢) {A C X: Ais countable or X \ A is countable} is a o-algebra.

2.3. Borel Sets. Let P be a topological space. The o-algebra Z(P) generated
by the family of all open subsets of P is called the Borel o-algebra of P; its
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elements are called Borel sets. The Borel o-algebra %(P) contains all closed
sets, all countable intersections of open sets (these sets are called Gs sets), all
countable unions of closed sets (F, sets), all countable unions of Gs sets (Gs,
sets), all countable intersections of F, sets (F,s) and so on. Let us note that for
the complete description of all possible “types” we would have to use (in nontrivial
cases) all countable ordinal numbers.

2.4. Measures. Let .# be a collection of subsets of a set X. A nonnegative set
function u : . — [0, 0] is called a measure if
(a) .77 is a o-algebra;
(b) ud = 0;
(c) for each sequence {A,} of pairwise disjoint sets from .7, u(JA,) =
> nAn.
The triplet (X, .7, u) is termed a measure space.
From (b) and (c) it immediately follows that each measure is monotone (if
A/ Be ¥, AC B,then uA < uB); the property (c) is also called the o-additivity
of a measure.

We say that a measure is finite if uX < 400, o-finite if there exist sets M,, € .7
such that uM, < +oo and X = |J M,,. If uX = 1, then we say that y is a
n=1
probability measure. A measure p is said to be complete if whenewer B € . is a
null set and A C B, then also A € . (and uA = 0).

If 11 is a measure on X and E € ., we define up A = u(ANE) for A € 7.
A related notion is the restriction u|s of a measure p to the set A € : If
we denote by #4 the o-algebra {M € ¥: M C A} of subsets of A, we define
wla(M) = p(M) for M € #4. Finally, if 7 C .7 is a o-algebra of subsets of X,
then the symbol u| s denotes the measure £ — uF, E € 7.

2.5. Examples. (a) The Lebesgue measure on the collection of all Lebesgue measurable sets
in R™. This measure is complete, o-finite, but not finite.

(b) Counting measure. Let X be an arbitrary set, . = Z2(X) the collection of all subsets
of X and

the number of elements of A if A is finite,
HA =
400 if A is infinite.

The counting measure is complete; it is o-finite if and only if X is countable, and finite just
when X is finite.

(c) The Dirac measure. Again, let X be an arbitrary set, z € X, ./ = & (X). We define

1, ifx e A,
A =
0, ifze X\ A

The measure p is called the Dirac measure at « and it is denoted by €;. The Dirac measure is
a complete probability measure.

(d) Trivial measures. If . is an arbitrary o-algebra of subsets of X and puA = 0 for all
A € 7, then pu is an example of a finite measure which is not complete provided .%¥ # Z(X).

2.6. Properties of Measures. Let (X,., ) be a measure space. Then the
the following propositions hold:

(a) if Ay, Ag,--- €S, Ay C Ay C ..., then u(JA,) =limpuA,;
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(b) if Ay, Ay,--- € S, A D Ay D ..., and pA; < oo, then p(A,) =
lim p A, ;
(C) ifAlv A27"' 65”, then:u(UAn) < Z“An

Proof. (a) Since Ay, Az \ Ay, A3\ Aa,... are pairwise disjoint, we get

M(GA ) —,U(AlU U Ang1\ Ay > ZMA1+i,u(An+1\An)

n=1 n=1

k-1
= liiﬂ (#Al + Z(MAnH \An)> = klillgo pA.

n=1

(b) By (a), we obtain

() ) (G0

n=1 n=1

=pA; — lim p(4;\ A4,) = lim pA,.
(c) It is sufficient to consider the sequence
By = Ai, By =A3\ A1, B3 = A3\ (A1UAy),...,

notice that |J B, = |J A, and that the sequence {B,,} is pairwise disjoint. m

2.7. Completion of Measures. Now we return to the notion of completeness
of a measure. We show that every measure space can be “extended” to a complete
measure space.

Let (X, ., 1) be a measure space and let .4 denote the collection of all sets
A C X for which there is a B € .7 such that uB = 0 and A C B. Further, let .7
denote the collection of all sets of the form M U N where M € .¥ and N € /.
We define a set function fi on .7 by

A(MUN) = puM, Me, NeN.

Clearly the value of ziE/ does not depend on the choice of M and N. The set
function @ on % is called the completion of pu.

2.8. Theorem. 7 is a o-algebra containing . and Ti is a complete measure
on . which coincides with p on 7.

Proof. Obviously, ./ C ?.ﬁSince both % and .4 are closed under countable
unions, the same is true for .. If £ € ¢, thereare M € ., N € 4 and B € .%
sothat N C B, uB=0and E = MUN. Then X\E = (X \ (M UB))U(B\N) €
7. Tt is easy to verify that T is a complete measure on .# and =i on .7. m
2.9. Remark. Note that there is a variety of extensions of a measure to a complete measure.

The completion described above is uniquely determined and in some sense minimal (cf. Exercise
2.13).
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2.10. Exercise. Let f be a nonnegative function on a set X and . a o-algebra on X. For
B € & we define

pB = f(z).

zEB

(Recall that by definition

S @) =sup ¢ 3 fla): K C B, K finite o)

zeEB zeK

Show that p is a measure on . (so-called weighted counting measure).
(a) In a particular case ¥ = Z(X) and f =1 on X we get the counting measure.
(b) If ¥ = P(X), z € X and f = c{,3, then p is the Dirac measure at z.

2.11. Exercise. (a) The trivial measure on ¥ = {0, R} is not complete. What is its
completion?

(b) The Lebesgue measure on R considered on the o-algebra of Borel sets (see Exercise
1.14.a) is not complete.

(c) Suppose X = {1,2,3,4}, ¥ = {0,{1,2},{3,4}, X}. Let w be a measure on F(X) such
that

w{l} =w{2} =0, w{3} =w{4} =1.

If 4 = w| o, then p is not complete. If
g =U{{1},{2},{1,3,4},{2,3,4}}, v=uw|g,

then v is complete. What is the completion of u?

2.12. Exercise. Prove that the completion of the Lebesgue measure considered on the
o-algebra of all Borel sets in R is the Lebesgue measure (on the collection of all Lebesgue
measurable sets; cf. Theorem 26.1).

2.13. Exercise. Suppose (X, J,v) is the completion of (X, ., ). If u1 is a complete measure
on a o-algebra .1 such that . C %1 and p = p1| ., show that . C &1 and v = p1| 5.

2.14. Exercise (Borel-Cantelli lemma). Let (X,.%, 1) be a measure space and A, € .&. If
o0 oo o0
> wAp < 400, then p(limsup A, ) = 0 (we define limsup A, := (| U Ag).

n=1 n=1k=n

2.15. Exercise (Darboux property). Let (X,.%,u) be a measure space. If u does not have
an atom, show that {uA: A € &} = [0,uX]. (A set A € . is called an atom if pA > 0 and for
each set B € ./, B C A, either uB =0 or u(A\ B) =0.)

Hint. Fix 0 < a < pX and set & = {A € &: pA > a}. There exists a set C € & such that
pA = pC for all A € o, A C C. In a similar way find D € %, D C C, puD < « with the
following property: puB = uD for each set B € % for which D C B C C and puB < a. Because
C'\ D cannot be an atom, it follows uC = uD = a.

2.16. Notes. In [1895] and [*1898], E. Borel extended the length of intervals to a set function
(measure) defined on the collection of all Borel sets. However, H. Lebesgue was the first who
created the theory of the integral with the help of this measure. J.Radon in [1913] defined a
general notion of (Borel) measures in Euclidean spaces. A.N.Kolmogorov introduced in [*1933]
the axiomatic theory of probability measures.

The Darboux property of real-valued measures is a special version of the general Lyapunov
theorem (A. Lyapunov [1940]) which says that the range of a finite-dimensional nonatomic vector
measure is a convex compact set.
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3. MEASURABLE FUNCTIONS

As mentioned in the first chapter, there are serious reasons why the Lebesgue
measure is not defined on the collection all subsets of R™. Likewise, one cannot
expect a reasonable theory of integration on the class of all functions; it will be
necessary to confine to some reasonable family of functions. This class of course
should contain the indicator functions of all measurable sets and should be closed
under all common (algebraic as well as limit) operations. As we will see, these
requirements are satisfied by the following natural definition.

In what follows, we assume that .% is a o-algebra of subsets of a given set X.
3.1. Measurable Functions. Suppose D € .7. A function f: D — R is said
to be .#-measurable on D if {z € D: f(x) > a} € . for each a € R.

A complex function on D is .#-measurable if its real and imaginary parts are
-measurable.

3.2. Examples. (a) If ./ is a o-algebra of all subsets of X, then every function on X is
“-measurable.

(b) Only the constant functions are .-measurable if ./ = {0, X }.

(c) If # is the o-algebra of all Borel sets of a topological space X, then %-measurable
functions are called shortly Borel functions on X.

3.3. Remark. Since any o-algebra is closed for complementation, a function f is .-
measurable if and only if {f < a} € . for each a € R. Because

o]

(f>a} = ﬂ{f>a—%},

n=1

it is possible to replace the condition {f > a} € ¥ by {f > a} € &) in the definition of
¥-measurability. Other equivalent conditions are stated in Exercise 3.6.

3.4. Theorem. Let f, g be .-measurable functions on X. Then
(a) {z e X: f(z) <g(x)} €75
(b) f71(+00), [Tl (~00) € 7.

Proof. Since

{f<gt=UJWf<rin{g>r}),

reQ

{zr e X: f(z) =400} = ﬂ{f>n},

the assertion easily follows. m

3.5. Properties of .¥-measurable Functions. Let f, g, f, be -measurable
functions (with possibly different domains in %), A € R and let ¢ be a continuous
function on an open set G C R. Then the following functions are .-measurable
where defined (and their definition domains are in .7 ):

(a) Af, f+g, max(f,g), min(f,g), |f], fg. f/g;
(b) sup fn, inf f,,, limsup f,, liminf f,, and lim f,;

(c) pof.
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Proof. We will just indicate the ideas of some of the proofs leaving the others as
an exercise for the reader. The assertion (c¢) is obvious.

(a) Suppose @ € R. Then {f + g > a} = {f > a — g} (and the function o — g
is .-measurable). The functions |f|, f2 and 1/g are .-measurable by (c). Then
we can use the formulae

max(f, g) = %(f +g+1f—al),

1
fo=35((f+9) = f* = 9.
(b) As a hint let us just note that
{sup fn, > a} = U{fn > a}.

3.6. Exercise. (a) Show that a real-valued function f is .-measurable if and only if
F~Y(G) € & for each open set G C R or, if and only if f~1(B) € % for each Borel set B C R.

Hint. Since each open set G C R can be expressed in the form G = |J(an,bn) (where (a,b) =
(—00,b) N (@, +00)), we can see that a function f is .#-measurable if and only if f~1(G) € %
for each open set G C R (note that {f > a} = f~!((a, +00))!). Then consider the collection

{B C R: B Borel, f~}(B) € &},
and show that it is a o-algebra containing all open sets.

(b) The characterization given in (a) cannot be used for functions having infinite values
unless we introduce the notions of open or Borel subsets of R.

3.7. Exercise. Let {f,} be a sequence of .”-measurable functions. Show that the sets

{z € X: lim fn(x) exists } and {x € X: lim f,(z) exists and is finite }
are in .
3.8. Simple Functions. By a simple function on X we understand a (finite)
linear combination of indicator functions of sets from .%. In other words, a real-
(or complex-)valued function f is simple if f is .#-measurable and f(X) is a finite

n
set. Thus every simple function is of the form > \;c4, where \; are numbers and
i=1
A; € .. Note that this expression is not uniquely determined!

3.9. Theorem. Let f > 0 be an .-measurable function on X. Then there
exists a sequence {f,} of nonnegative simple functions on X such that f, / f.

Proof. Forn € N and k=1,2,...,n2" set

Fnyk:{xeX:k_1<f(x)<k}

27’7, 2"7,

and define o1 .
o ifx e Eo ks

fn($>: n ifxEX\UFn,k-
k

It is easily seen that f,, are simple and f,, / f. m

3.10. Exercise. Suppose f, fn have the same meaning as in the previous theorem. Show
that f, =2 f on every set on which f is bounded.
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3.11. Exercise. If f is an %-measurable function, then there exists a sequence of simple
functions {fn} such that |f,| < |f| and fn — f on X.

Most frequently we meet the concept of measurability when additionally a
measure is in consideration on a given o-algebra. So suppose in what follows
that (X, .7, ) is a measure space. The following notion is of great importance in
Lebesgue’s integration theory, since usually the null sets are negligible.

3.12. Almost Everywhere. We say that a function h is defined p-almost
everywhere (briefly almost everywhere) on X if its domain D € . satisfies p(X \
D) = 0. Suppose f and g are functions defined almost everywhere on X. We say
that f(z) < g(x) for p-almost all x € X, or that f < g p-almost everywhere if
there exists a set N such that uN = 0 and for all x € X \ N we have f(z) < g(z).
Similarly we understand the expressions “almost everywhere” and “almost all” in
other contexts, e.g. when speaking about the equality of functions or about the
convergence almost everywhere.

3.13. pu-measurable functions. We say that a function f defined on D € .
is p-measurable on X if (X \ D) = 0 and f is .#p-measurable on D.

Let us emphasize that we distinguish strictly between “p-measurable functions”
(defined in general only almost everywhere) and “.¥-measurable functions on X”
(defined everywhere on X).

3.14. Equality almost everywhere. The relation “f = g almost everywhere”
is clearly an equivalence relation on the set of all functions (or all y-measurable
functions) on X. The following observations are quite useful.

(a) Let u be a measure on (X,.#) and f be a y-measurable function defined
on D € .. Then there exists an .’-measurable function g on X such that f =g
on D; in particular, we can take

[ onD,
9710 onx\D.

(b) If 1 is a complete measure on (X,.) and f is a p-measurable function,
then every function g which is equal to f almost everywhere is u-measurable.

3.15. Exercise. Find an example of a measure space on which there exists an .#-measurable
function f and an .-nonmeasurable function g such that f = g almost everywhere.

3.16. Exercises. Suppose (X,.#, i) is the completion of a measure space (X,.%, ).

(a) Show that an everywhere defined function f is .#-measurable if and only if there exist
.#-measurable functions g, h such that ¢ < f < h on X and g = h p-almost everywhere in X.

Hint. The proof of one implication is easy. Let f be .#-measurable. By Exercise 3.11 find
a sequence of simple (-measurable) functions {f,} such that f, — f on X. Then find .-
measurable functions gy, hyn such that g, < fn, < hy and gn = hp p-almost everywhere and
set

g :=limsup gn, h:=liminfh,.

(b) If f is an .#-measurable function on X, then there exists an .-measurable function g
such that f = g m-almost everywhere.

Hint. The assertion is obvious for indicator functions of sets from 7, and therefore also for
#-measurable simple functions. Then use Exercise 3.11.
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3.17. Exercise. Let {fn} be a sequence of .”’-measurable functions on X which converges to
a function f p-almost everywhere. Prove that

(a) if the measure p is complete, then also f is .%-measurable;

(b) if f is defined on X and is .¥-measurable, then there exists a sequence {f*} of .-
measurable functions such that f, = f;; p-almost everywhere and f;; — f everywhere on X;

(c) if the measure p is complete, then a function f is .-measurable if and only if there exists
a sequence of simple functions which converges to f p-almost everywhere.

3.18. Images and Preimages of Measurable Sets. We know that real-valued .#-
measurable functions are exactly those for which the preimages of Borel sets are in .. To
illustrate the situation, let us present the following example for the Lebesgue measure on R.

(a) Let g(z) = %(z + f(x)) where f is the Cantor singular function from 23.1. Then g is
a continuous and increasing function mapping the interval [0,1] on [0,1]. If C is the Cantor
set and ¢ is the inverse function to g on [0, 1], then ¢ ~1(C) is a (Lebesgue) measurable set of
positive measure. As remarked in 1.9.2 there exists a nonmeasurable set £ C ¢ ~!(C). Finally,
for M := p(E) we have M C C, so that M is measurable while ¢~1(M) = g(M) = E is a
nonmeasurable set. Let us note that this M is not even a Borel set (compare also with Exercise
1.14.a).

(b) Without presenting a proof, we mention that the continuous image of a Borel set on R
is always measurable but not necessarilly Borel.

4. CONSTRUCTION OF MEASURES FROM OUTER MEASURES

In this chapter, we will construct measures from the so-called outer measures.
This is a very useful method used already before when we introduced the Lebesgue
measure in R™. We also fulfil our promise to prove propositions from the first
chapter.

4.1. Outer Measure. By an outer measure on a set X we understand a set
function v which assigns to every set A C X a nonnegative number yA (real or
+00) such that the following conditions are satisfied:

(2) 0= 0;

(b) if A C B, then yA < vB;

(c) ¥(UAn) <X 7An.
The property (c) is called the o-subadditivity of an outer measure.
4.2. Examples of Outer Measures. (a) The outer Lebesgue measure in R"™.

(b) The Hausdorff outer measure from Chapter 36.

(¢) The counting measure.

(d) If (X,%,u) is a measure space, then the set function p*: A — inf{uM : M € ¥: M €
&, M D A} is an outer measure. See also Exercise 4.8.

An important example of creating an outer measure is contained in the follow-
ing theorem.

4.3. Theorem. Let ¥ be a collection of subsets of a set X containing 0, and
v: 9 — [0,400] be a set function on 4 with v = 0. For A C X set

7 A :inf{iz/Gn G e, O G D A}

n=1 n=1

(note that inf() = +00). Then © is an outer measure.
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Proof. We only have to verify that © is o-subadditive. So suppose A C |J 4y,
S A, < 4oco. Fix € > 0 and find GJ, € 4 so that

. — €
UG; D A, and ZI/G% <vA, + o
J J
Then
UGioAand > 94, >vA -
n,j n
|

4.4. ~-measurable Sets. A set M C X is said to be y-measurable (in the
sense of Carathéodory) if

VI =y(T'NM)+~(T\ M)

for each “test” set ' C X (in other words, if M splits additively each set in X).
The collection of all y-measurable sets will be denoted by (). To prove that a
set M is y-measurable, it is sufficient to verify the inequality

YT > (T NM)+~+(T\ M)

for any set T with vT' < 4oc.
4.5. Theorem. M(y) is a o-algebra and 7 is a complete measure on M(7y).

Proof will be divided into a few steps.

(a) It is straightforward to check that X € 9(y), that X \ M € M (y) provided
M € M(v), and that A € M(y) whenever YA = 0. Suppose M, N € M(y). We
would like to show that also M NN € (). So choose a test set 7' C X. Then

AT =~(TNM)+~(T\ M)

and
YT NM)=v(TNMNON)+~{(TNM)\N).

Now we use the test set 7'\ (M N N) and y-measurability of M to get
VTN (MAN)) =~(TNM)\N)+~(T\ M).
Thanks to last three equalities, it follows that
VT =~y(T N (MNN))+~(T\ (MNN)).

Since M(7) is closed under complements and finite intersections, it is closed also
under finite unions.
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(b) In order to show that ~ is o-additive on 9(7), choose M,, € M(~) pairwise
disjoint. Setting T = M; U M5 and using y-measurability of M; we obtain

(M1 U M) =y My + M.
Thus v is finitely additive. Further

oo

k k )
'yMn:limeyMn:Iim’y UM" <~ UM" ,
1 k n=1 k n=1

n= n=1

and since the reverse inequality always holds we reach the conclusion.

o0
(c) Let now M,, € M(v) be pairwise disjoint. Our aim is to show that |J M, €

n=1
M (7). Choosing a test set T C X, we have
k k oo k
V=~ (T\ M, | +7 (T M) 27 (T\ UM |+ A(TnM,)
n=1 n=1 n=1 n=1

for each k € N. Since vy is o-subadditive, it readily follows that

o0 o0
VI =y [T\ | Mo |+ (70 | M.,

n=1 n=1
which is what we wanted. m
4.6. Exercise. Let v be a nonnegative function on & (X), v0 = 0. Show that the collection
of all “y-measurable sets” forms a o-algebra and that ~ is additive on it.
Hint. It only needs to examine where monotonicity and o-subadditivity of the outer measure
in the proof of Theorem 4.5 is used.
4.7. Exercise. We say that an outer measure v is regular if for each set A C X there exists
M € M(v) such that A C M and vyA = yM.

(a) Let v be a regular outer measure and A1 C As C A2 C ... an increasing sequence of
sets. Show that v (|J An) = limyA,,.

(b) Show that the outer Lebesgue measure is regular.

(c) There exists a decreasing sequence {My} of subsets of [0, 1] such that A*M,, = 1 and
M, = 0 (compare with (a)).
n
4.8. Exercise. Let (X,.”, 1) be a measure space and A C X. Set

pw*A:=inf{uM: M € ¥, AC M}, pA:=sup{uM:M €. M C A}.
(a) Suppose p*A < co. Show that A € M(p*) if and only if p. A = p*A.
(b) Show that . C 9M(u*) and p = p* on <.

4.9. Notes. Carathéodory’s characterization of measurable sets appears first in [¥1918].
5. CLASSES OF SETS AND SET FUNCTIONS

This chapter will be devoted to a study of various classes of sets and set func-
tions from the point of view of measure theory. We prove theorems on extensions
of set functions to larger families of sets as important steps in constructing mea-
sures.
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5.1. Systems of sets. A family &/ of subsets of a set X containing () is called:
(a) a semiring if
(al) ANB € & foreach A, B € &7,
(a2) for A, B € &/, A C B, there exist pairwise disjoint sets C1,...,C, € o

such that B\ A= | Cj;
j=1

(b) a ring if given A, B € o/, then AUB, A\ B € & (so that also ANB € &);
(c) an algebra if it is a ring and X € &/
(d) a Dynkin class if

(dl) X € o,
(d2) A\ B e o foreach A,B € &/, B C A,

(d3) if A,, € o are pairwise disjoint, then |J A, € &

n=1
(e) a m-system if AN B € o for each A, B € &7
(f) a d-ring if <7 is a ring closed under countable intersections;
(g) a o-ring if & is a ring closed under countable unions.

5.2. Premeasure. A nonnegative set function y is called a premeasure on X if
1 is defined on a ring o of subsets of X and satisfies the following conditions:
(a) ub =0,
(b) if {A;} C & is a sequence of pairwise disjoint sets and | J A; € <7, then
n(UAy) =2 na;.

A premeasure is in fact a o-additive set function defined on a ring of sets. We
say that a premeasure p on X is o-finite if there exists a sequence X of sets from
«/ such that pX; < oo and X = JX;.

5.3. Examples. (a) Denote by .# the collection of all intervals on R including the degenerated
ones (i.e. the empty set and the singletons) and by .#® the collection of all bounded intervals

from #. Further, let %] be the collection of all intervals of the form [a,b) together with ), R
and the intervals of the form (—oo,b). Finally, let ,ﬁlb =.7;n 7",

(al) The collections .#, .#;, #°, J’lb form semirings which is not true for the collection of all
open (or closed) intervals.

(a2) Finite unions of sets from #b or Jlb form a ring. Finite unions of sets from .# or .%
form even an algebra @/ or /. The set function I +— volI can be (uniquely) extended to a
premeasure on & or &j.

(a3) Closing .# or .#; under countable unions, we do not get even a semiring: Substracting
a countable union of open intervals from [0,1] we get the Cantor set which is not a countable
union of intervals.

(b) If ¥ and . are semirings on X, then the collection of all sets of the form A X B where
A €. and B € 7 forms a semiring on X x X.

(c) Let 2 be a semiring. Then the set of all finite disjoint unions of elements from & is a
ring (in fact, the smallest ring containing Z).

(d) Consider the family . of all subsets of the set {1,2,...,20} with an even number of
elements and show that J# is a Dynkin class but not a semiring.

(e) The collection of all countable subsets of a set X is a o-ring which for is not a o-algebra
unless X is countable.
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(f) The collection of all Lebesgue measurable sets of finite measure forms a J-ring.

(g) Suppose that o/ is the collection of all unions of a finite number of intervals (including
the degenerated ones) and @’ = {ANQ: A € &}. Then &’ is an algebra of subsets of Q and
v: AN Q +— XA is a finitely additive set function which is not a premeasure.

(h) Let o be the algebra of all finite unions of intervals on (0,1). Define a set function v on
</ by the formula

(4) = 1 if A contains some interval of the form (0,¢), € > 0,
K "] 0 in other cases.

Then v is a finitely additive set function on & which is not a premeasure.

5.4. Theorem. Let ¥ be a ring of subsets of a set X and v a premeasure on
4. If U is the outer measure constructed from & and v as in Theorem 4.3, then
(a) V=v on¥;
(b) ¢ C M(D).

Proof. Obviously 7 < v. Suppose G € ¢4, vG < 400 and {G,} C ¥4, UG, D G.

Then
vG =v (U(Gn N G)) <Y w(GaNG) <Y Gy,
so that vG < DG.

Now suppose G € 4. Choose a test set T'C X, VT < 400 and € > 0. There exist

G, € ¢4 such that

TCUGn and Zan < VT +e.

n

Then

T +e>Y vGn=> (W(GNG)+ (G \G) =T NG)+ (T \G),

n

thus G € M(7). m

5.5. Hopf’s Extension Theorem. Let u be a premeasure on a ring <& of
subsets of a set X. Then there exists a measure i on o(<f) which equals u on < .
This extension of p is unique provided u is o-finite.

Proof. The existence of a measure [ is an immediate consequence of Theorems 4.3
and 5.4 (notice that o(</) C M(f1)). To prove uniqueness, under the o-finiteness
assumptions, let v be another measure on o(%), ¥ = p on &/. One can easily find
out (from the construction of the outer measure fi) that v < i on (/). Then
for A; € o/, A=|JA; we have

J

MA:lierny A;j :li;bn,u UAj = [A.

1 j=1

—-

J
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So if E € o(4), flE < oo, then for a given € > 0 there exist sets A; € <,
A=A, such that E C A and iA < iFE + €. Hence
J

GE < jA=vA=vE+v(A\E)<vE+ A\ E) <vE +e,

thus iE = vE. Finally suppose X = |J X, uX; < +00; one can assume that X

J
are pairwise disjoint. If E € o(/), then

LE =Y WENX;) =Y v(ENX;)=vE.
J J

5.6. Exercise. Let . be a family of subsets of a set X. Show that there exists the smallest
Dynkin class 2() containing 7.

5.7. Exercise. Show that every o-algebra is a Dynkin class. A Dynkin class is a o-algebra if
and only if it is a m-system.

5.8. Exercise. Prove that if o is a w-system, then 9(&) = o ().

5.9. Exercise. The assumptions of Hopf’s extension theorem can be weakened. Indeed, show
that the assertion of Theorem 5.4 is still true if we only assume that p is finitely additive and
o-subadditive on the semiring & and that u@ = 0.

Hint. First note that p is monotone. Then proceed as in Theorem 5.4 and show that o(%/) C
A (fi). In the essential step use the existence of sets Cy, € &/ with the property Gy, \ (GNGy) =

uci.
J

5.10. Exercise. Let .o/ be a m-system on X. Show that if p1, po are probability measures on
o(4?) which agree on &, then p1 = p2 on o().

Hint. Let 2 := {M € o(&): p1 (M) = p2(M)}. Show that Z is a Dynkin class and use Exercise
5.7.

5.11. Exercise. Consider

o = {[a,0) \ C: a,b € [0,1]},  v([a,0) \ C) := f(b) — f(a),

where C' is the Cantor set and f the Cantor function from 23.1.
Show that ./ is a semiring and that v is finitely additive but not o-additive on .o7.

5.12. Exercise. (a) Let X be an arbitrary set and n € N. Consider the set function v which
is restriction of the counting measure to the collection

“n == 0U{A C X: A has exactly n elements }

and construct the outer measure 7 as in Theorem 4.3. Investigate the relationship between the
collections %, and 9%(#) and compare with Theorem 5.4.

(b) Investigate the same problem in case of X = (0,1), ¢ = (X)) and

k
ﬂMZ(aJU@,DM
=1

(vA is the Jordan-Peano content of a set A).
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5.13. Exercise. Let p* be an outer measure on X constructed from the premeasure p on an
algebra by Theorem 4.3 such that pu*X < +o0o. For A C X set

peA = pt X — p" (X \ A).

Show that A € M(p*) if and only if pus A = p* A (compare also with Theorem 5.4).
5.14. Capacity on Compact Sets. Let X be a locally compact topological space. A
real-valued nonnegative function € defined on the collection JZ (X) of all compact subsets of X
is called a Choquet capacity if it satisfies the following conditions:

(a) if K1 C K2, then € (K1) < €(K2);

(b) if K1 D K2 D K3...,then ¥ ((Kn) =lm%(Kn);

(c) €(K1NK2)+ %€ (K1 UK>) < €(K1)+ % (K2) whenever K, € # (X) (so-called strong

subadditivity).
An important example is the Newtonian capacity in R™, n > 3. If we define the Newtonian

potential of a Radon measure p on R™ by

_ dp(t)
(/V#(x) = /];n |x—t|n72’

we can introduce the Newtonian capacity cap K of a compact set K C R" as
cap K := sup{uK: suptp C K, #/* <1onR"}.
The proof that this capacity satisfies the conditions (a), (b), (c) can be found for instance in
[KNV].
5.15. Outer Capacity. Let X be a topological space. A mapping ¢ : 2(X) — [0, +o0] is
called an outer capacity provided it satisfies:
(a) if A C B, then cA < ¢B;

(b) if Ay C A2 C A3 C ..., then c(|JAn) = supcApy;
(c¢) if K1 D K2 D K3 D ... and K, are compact, then ¢([| K») = inf ¢ K.

A set A C X is said to be c-capacitable if
cA =sup{cK: K C A, K compact}.
1. If € is a Choquet capacity on a locally compact space (Exercise 5.14) and
cA = inf{sup{¥¢(K): K C G, K compact}: G D A, G open},

prove that c is an outer capacity.

2. Suppose c is simultaneously an outer capacity and an outer measure. Investigate the relation-
ship between the notions of c-capacitability and c-measurability in the sense of Carathéodory.
Consider the cases:

(a) X is a two-points set equipped with the discrete topology and cA =1if A # 0, c) = 0;
(b) X is R with the Euclidean topology and c is the outer Lebesgue measure;
(c) X is R with the discrete topology and c is again the outer Lebesgue measure;

(d) c is the outer capacity derived from the Newtonian capacity. In this case a set A C R"
is c-measurable in the sense of Carathéodory if and only if cA = 0 or if ¢(R™ \ A) = 0 (this is
not quite easy, see M.M. Rao [¥1987]). On the other hand, Choquet’s deep result says that each
Borel set in R™ is c-capacitable.

5.16. Notes. “Hopf’s extension theorem” is usually attributed to H. Hahn or C. Carathéodory
but it is probably originated by M. Fréchet [1915]. The proof using Carathéodory’s theorem was
given independently by H. Hahn [*1924] and A.N. Kolmogorov [¥1933].

The notions of a m-system or of a Dynkin class were investigated by E. B. Dynkin in 1959 as
tools for the probability theory. However, families of similar properties were studied already by
W. Sierpinski [1928].
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An investigation of the theory of capacities in the classical potential theory during the period
1920-1950 is connected with the names of Ch. de la Vallée Poussin, N. Wiener, O. Frostman or
M. Brelot among others. These authors studied mainly the Newtonian capacity and examined
the role of sets of a “small” capacity. One could say that the capacity theory is a “younger
sister” of Lebesgue measure theory. In the 50’s the general capacity theory was developed and
G. Choquet proved his famous capacitability theorem. An interested reader is referred to a nice
article written by Choquet himself [1986] or [1989].

6. SIGNED AND COMPLEX MEASURES

In this chapter, we will investigate “measures” assuming also negative (or even
complex) values.

6.1. Signed Measures. Let .” be a o-algebra of subsets of X. A set function
w: & — R is said to be a signed measure on . if

(a) ) = 0;
o0 o0

(b) u U A, | = Z 1A,  whenever A, € .7 are pairwise disjoint.
n=1 n=1

6.2. Remarks. 1. A signed measure can assume at most one of the values +oo and
—oo. Indeed, if uE = 400 and pF = —oo for E, F € &, then u(E N F) is finite. Therefore
w(E\ F) = +oo,u(F \ E) = —oo and the equality (b) does not hold for (disjoint) sets E \ F
and F\ E.

2. If u(lJ An) is finite, then the series > pA, in the condition (b) converges absolutely (indeed,
this series converges — to the same value — when its terms are rearranged arbitrarily, which is
equivalent to the absolute convergence).

3. Some of basic properties of positive measures hold even for signed measures. Show that the
following assertions are true:

(a) if Ap € ., An /A, then pA, — pA,

(b) if Ap € S, An \\ A, |pA1]| < o0, then pA, — pA.
4. A signed measure p is not necessarily monotone: If A C B, we can no longer assert that
HA < pB.
6.3. Hahn Decomposition. We say that a set P € . is positive for a signed
measure p if pF > 0 for each set £ € ./, E C P. Analogously we define negative
sets for pu.

An ordered pair of sets (P, N) is called a Hahn decomposition of X for p if

(a) PUN=X,PNN =

(b) P is positive and N is negative (for u).
6.4. Examples. (a) The empty set is both positive and negative for any signed measure. The
pair (X, 0) is a Hahn decomposition for p if and only if p is positive.

(b) The pairs (R,0) , (R\ Q,Q) , (R\ {5},{5}) are Hahn decompositions of R for the
Lebesgue measure.

(c) If a measure 5 has a density f with respect to uu (i.e. if uyA = [, fdp where f € £*(u)
— cf. 8.19), then the set P := {f > 0} is positive for puy and ({f > 0},{f < 0}) is a Hahn
decomposition for .

6.5. Hahn Decomposition Theorem. For every signed measure p there
exists a Hahn decomposition. This decomposition is unique in the following sense:
If (P1, N1) and (P2, N2) are two such decompositions, then

p(PrNE)=p(P2NE), p(NiNE)=pN2NE)
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for each set E € .&.

Proof. We start with proof of the uniqueness assertion. Suppose that (Py, Ny)
and (Ps, No) are Hahn decompositions of X for p. Then evidently

and, in the same way, u(Ny N E) = u(Na N E).

To prove the existence of the decomposition, assume that S < +oo for all
S € .. We proceed via the following steps.
STEP 1: If A € ., uA > —oco and & > 0, then there exists a set B C A such that
uB > A and B is positive. The set B will be constructed as the intersection of
a finite or infinite nested sequence {A, } of subsets of A. We start with A; = A.
In the n-th step, if A, is not positive, we can set

1
k, = min{k € N: there exists E C A4,, with u(E) < —%}

o0
and find A, 41 C A, such that pu(4, \ 4Ant1) < —ki. Then we set B = [ An.
" 1

n=

The sets A, \ A,+1 are pairwise disjoint and their union is A\ B. Thus

Foo > u(B) = u(A) = 32 p(A\ Anet) = p(4) + Y

n=1 n=1

It follows that p(B) > u(A) and k,, — co. If E C B is a measurable subset, then
for each n € N we have E C A,,, and thus u(F) > —ﬁ. Hence B is positive.
STEP 2: To complete the proof, set s = sup{uAd: A € ¥}. Since ) € .¥, we have
s > 0. There exists a sequence { P, } C .¥ such that uP, — s. In light of the first
step we can assume P; C P, C ... (the union of two positive sets is a positive
set!). If P:=|JP,, then P C A and pP = limuP, = s < +oo. Moreover, P is
positive. Indeed, if E C P, then ENP, /" E and u(ENP,) > 0. Lastly, to show
that the set N := X \ P is negative we notice that u(E U P) = pE + pP > s for
any set £ C N with uEf > 0. m

6.6. Variation of a Measure. Let (P, N) be a Hahn decomposition of X for
a signed measure p. Define

pWE=wENP), p E=-p(ENN), |p(BE)=p " E+u E

for every set £ € .. By the previous theorem, u™F and p~E do not depend
on the choice of the Hahn decomposition (which is not unique!). It is simply
checked that the set functions u™, = and |u| are positive measures on .. They
are called the positive, negative and total variations of a signed measure u. Let
us summarize our results in the following theorem.
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6.7. Theorem (The Jordan decomposition of a signed measure). Let p be a
signed measure on (X,.#). The functions u™, u~ and |u| are positive measures
on . and p = pt — p~. If also p = vy — vy where vy, Vo are positive measures,
then vy > ut, vo > ™.

Proof. 1t is enough to prove the last part of the theorem. But for each F € .,
one has

ptE=u(ENP)=1v(ENP)—1n(ENP)<u(ENP)<ikE.

An important characterization of the total variation of a signed measure, often used as its
definition, is contained in the following theorem.

6.9. Theorem. Let i1 be a signed measure on (X,.) and E € .. Then

|l (E) = sup {Z |pAg| : A € 7 pairwise disjoint, U Ay = E} ,
k=1 k=1

Proof. 1t is straightforward to check that
Z \nAx| = Z |t Ap — = Ag| < Z(M+Ak +pu"Ay) = Z |l (Ak) = |ul (E).
k k k k

On the other hand, if (P, N) is a Hahn decomposition of X for p, set A1 = ENP,
As = EN N and find out that the supremum is even attained.

6.10. Complex Measures. A complex measure on (X,.”) is a o-additive

set function p: . — C for which u) = 0. By o-additivity we understand that
o0 o0

1 ( U Ak> = Y pAyg whenever { Ay} is a sequence of pairwise disjoint sets from
k=1 k=1

. Let us note that, as in Remark 6.2.2, the appearing series must converge

absolutely or definitely diverge.

Each complex measure p can be expressed uniquely in the form p = p, + ip;
where 1, and p; are (finite!) signed measures on (X,.7). In particular, each finite
signed measure can be understood as a complex measure.

If 11 is a complex measure, we define its total variation |u| by

|| (E) = sup {Z |nwAk| + A € . pairwise disjoint, U Ap = E} .

k=1 k=1

An appeal to Theorem 6.9 reveals that this definition agrees with the previous
one for signed measures.

6.11. Theorem. Let u be a complex measure on (X,.#). Then the total
variation |p| is a finite positive measure on (X, 7).
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Proof. Apparently, |u| () = 0 and it is simply to verify that |/ is finitely additive.
If w = p1 — po +1i(us — pia) where pg — o is the Jordan decomposition of p,. and
ps — pa is the Jordan decomposition of y; (i.e. p; are positive finite measures),
then

| (A) S p1 A+ pg A+ pz A+ pg A,

so that |u|(A) < +oo. If A, € 7, A, \, 0, then limu; A, = 0 for each
j=1,2,3,4, and therefore |u|(A4,) — 0. A routine argument now shows that u
is o-additive. m

6.12. Remark. Note that the range of any complex measure is always a bounded subset of
the complex plane C.

6.13. Exercise. Let u be a signed measure on (X,.¥) and E € .. Show that utE =
sup{uB: B € %, B C E}.

6.14. Exercise. Let u be a complex measure on (X,.%) and E € .%. Prove that |u|(E) =

o0 o0
sup{ ST pAg| s A € & pairwise disjoint, |J Ag = E}
k=1 k=1

6.15. Exercise. Let p be a complex measure on (X,.%). Prove that |u| is the smallest
positive measure v satisfying vA > |u| A for all A € ..

6.16 Exercise. Investigate whether |p| = || + ||, or |u| = 4/ |pr]® + 1)

6.17. Exercise. We denote by M(.%) the set of all finite signed or complex measures on
(X,). If p € M(F), let ||n]| = |p| (X). Show that (M(”), ||-||) is a Banach space (i.e. M(%*)
is a linear space, ||| becomes a norm and M(.%) is complete with respect to it).

Hint. Only the completeness requires a proof. But if |un|| is a Cauchy sequence in M(.¥), then
there exists lim py, A for each A € .. Defining pA = lim p, A, it is not hard to show that p is
o-additive and ||pun — p|| — 0.

6.18. Exercise. Suppose that p, pun € M(), ||tn — || — 0. Prove that pnA — pA for
every set A € ..
6.19. Exercise. Show that the set M(.%) of all signed measures on (X,.%) equipped with
the order

u<v if uA < vA for each A € .

is a lattice (i.e. for any p,v € M(5”) there exist sup(u,v) and inf(u,v) in M(.%)). Notice that
sup(u, v) does not necessarily mean the set function A — sup(u(A),v(A)) — such function, in
general, is not a measure!.

Hint. Show that %(u + v+ |v—pl) is sup(p, v) and %(u +v—|v—pl|)isinf(u,v).
6.20. Finitely Additive Measures — Charges. A real-valued set function v on an algebra
of sets o is called a charge if

(a) vD = 0;

(b) v(AUB) =vA+ vB whenever A,B€ ., ANB =.
If v is a charge, define vt A = sup{vF: F € o, F C A}, v~ A = —inf{vF: F € o, f C A},
V| (A) =vTA+v~ A

6.21. Exercise. Show that the set functions v+, v~ and |v| are positive finitely additive
measures on & .

6.22. Exercise. Suppose X = [0,1). Let &/ be the collection of all finite unions of intervals
[a,b) C [0,1). Verify that &/ is an algebra. Set

B % for z € (0,1),
flz) = { 0

for x = 0.
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n
If A= U [ai,b;i), define vA = > (f(b;) — f(a;)). Show that neither the “Jordan decomposition
i=1
theorem”, nor the “Hahn decomposition theorem” do hold for v. Proceed via the following
steps:
(a) the definition of ¥A does not depend on the particular representation of A as (J[as, b;);
(b) v is a charge on &
(¢) vA<O0 for A C (0,1);
(d) v([0,1)) =1
(e) v*([0,1)) = v~ ([0,1)) = +o0.
6.23. Exercise. Let v be a charge on &/. Show that v = v+ — v~ if and only if v is bounded
(i.e. if sup{|vA|: A € &7} < +00).
6.24. Notes. Signed measures were investigated by H.Lebesgue already in [1910]; he was
concerned mostly with measures given by a density (see 8.19).
The existence of a Hahn decomposition of the space and the Jordan decomposition of signed
measures were first established in a full generality by Hahn [¥1921].

The monograph by K.P.S. Bhaskar Rao and M. Bhaskar Rao [*¥1983] is devoted to the theory
of charges.
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B. The Abstract Lebesgue Integral
7. INTEGRATION ON R

7.1. Newton Integral. Let f be a real-valued function on an interval (a,b).
A function F' on (a,bd) is called an antiderivative to f if F'(z) = f(x) for all
x € (a,b). A real number A is called the Newton integral of f over (a,b) if there
is an antiderivative F' of f on (a,b) such that A = lim F(z) — zliI}zlJr F(x). The

r—b
value of the Newton integral of f on (a,b) does not depend on the choice of F
because the difference between any two antiderivatives is a constant. The Newton

integral is denoted by N f: f.

7.2. Riemann Integral. Let f be a bounded function on a bounded interval
(a,b). fa=¢& <& <+ <&y, =0bis a (finite) sequence of points in [a,b] (so
called partition of the interval [a, b]), and aq, ..., a;, a sequence of real numbers,

then the value ) a;(& —&;—1) is called an upper Riemann sum of f if o; > f
j=1
on every interval (§;_1,&;), and a lower Riemann sum of f if a; < f on every
(5]—155]) Set
Z*f =inf{A : Ais an upper Riemann sum of f},

Z.f =sup{A : A is alower Riemann sum of f}.

A function f is Riemann integrable on (a,b) provided Z* f = Z.f; the common
value is then called the Riemann integral of f over (a,b) and it is denoted by

b
R[ [
7.3. Theorem. Let f be a continuous function on an interval [a,b]. Then both
the Newton integral and the Riemann integral of f on (a,b) exist and are equal.

Proof. Since f is uniformly continuous, we easily obtain that R f; f exists for all

x € (a,b). A short reflection shows that « — R f; f is an antiderivative of f and
this implies the existence of the Newton integral and the required equality. m

7.4. Remark. Each Riemann integrable function f is absolutely Riemann integrable, i.e. | f|
is Riemann integrable as well. This assertion is no longer true for the Newton integral (consider
the integration of the function x — sinz/x over (1,400); the change of variables ¢ = 1/z yields
an example on a bounded interval).

7.5. Dirichlet Function. The Dirichlet function D is defined as the indicator function of
the set of all rational numbers. Observe that D = 0 almost everywhere. The Dirichlet function
is nowhere continuous, it has neither an antiderivative (it does not have the Darboux property)
nor the Riemann integral over (0,1) (Z*D =1, %D = 0).

7.6. Riemann function. The Riemann function R is zero on the set of all irrational numbers.
If r = p/q is a rational number, p and ¢ are relatively prime and ¢ > 0, then R(r) is defined as
1/q (zero is supposed to be 0/1, so R(0) = 1). The Riemann function is continuous at z if and
only if x is irrational. The Riemann function serves as an example of a “pathological” function
which is Riemann but not Newton integrable (it has no antiderivative) on bounded intervals.

7.7. Various Examples. The indicator function of the Cantor ternary set is Riemann
integrable. The indicator function of any discontinuum of a positive measure fails to be Riemann
integrable. An unbounded Newton integrable function cannot be Riemann integrable. There
are examples of bounded Newton integrable functions which are not Riemann integrable (cf.
7.9.1).
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7.8. Chebyshev’s Inequality for the Riemann Integral. If f is a nonnegative bounded
function on (a,b), e > Z*f and 7 > 0, then the set {f > 7} can be covered by a union of a
finite number of intervals, the sum of whose lengths is less than /7 (so \*{f > 7} < ¢/7).

Hint. Find a partition a = § < & < -+ < &n = b and numbers ¢; such that ¢; > f on
(&5-1,¢;) and % cj(§j —&j—1) < e. Then the sum of lengths of those intervals (§;_1,&;) for
which ¢; > 7 isjfelss than /7.

7.9. Riemann Integrable Functions. Lebesgue measure theory allows a deeper study of
the class of Riemann integrable functions.

(a) For any bounded function f on an interval (a,b) we have

b
Frf= inf{/ g : g piecewise constant, g > f},
a
b
R f = Sup{/ g : g piecewise constant, g < f}.
a

(A function f is said to be piecewise constant on [a,b] if there exist £; such that a = &0 < &1 <
-+ < &mn =band f is constant on each interval (§;-1,&;).)

(b) If f is a bounded function on an interval (a,b), then the function
f*:=inf{g: g > f, g continuous}

is called the upper Baire function of f. The definition of the lower Baire function fx of f is
analogous.

Show that the function f* is upper semi-continuous and that f is continuous at a point = if
and only if f*(z) = f«(x).
(c) Show that

b
Ff = inf{R/ g: g > f, g continuous }.
a

(d) Let f be a bounded function on an interval (a,b). Show that the following conditions are
equivalent:

(i) f is Riemann integrable;
(ii) for each £ > 0 there exist continuous functions ¢, s such that t < f < sand R f: (s—t) <

&
(iii) f« = f* almost everywhere;
(iv) there exist functions u, v; u upper semi-continuous, v lower semi-continuous such that
v < f <wand u = v almost everywhere;
(v) the set of all points where f is discontinuous is of Lebesgue measure zero.
Hint. Use (b) and (c). For (ii) = (iii), according to 7.8, \*{f* — fu« > 1/k} < M {s—1t¢ >
1/k} < ke for each k € N and € > 0.

(e) Show that any Riemann integrable function is measurable.

Hint. Any semi-continuous function is measurable. Now use (d) and Theorem 3.14.b.

(f) The above condition (v) permits to construct bounded Newton integrable functions which
are not Riemann integrable. An example of Volterra type functions constructed with the aid of
closed nowhere dense sets of positive measure (Example 1.13) can be found in A.M. Bruckner
[*1978].

7.10. Notes. The origins of the integral calculus are connected with the names of I. Newton
and G.W.Leibniz. The modern integration theory has been developed from the beginning of
the 19t century by A.L.Cauchy, L.Dirichlet, B. Riemann, C.Jordan, E.Borel, H.Lebesgue,
G. Vitali and others. Some historical treatments on integration are mentioned in 8.25.
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8. THE ABSTRACT LEBESGUE INTEGRAL

Elementary expositions of the integration theory in usual textbooks of calculus
employ Riemann’s or Newton’s constructions. However, the examples given in
Chapter 7 show that these integrals provide rather small classes of integrable
functions. In deeper applications, we need completeness of normed linear spaces
of integrable functions, which is achieved with the aid of Lebesgue’s integration.
A further anvantage of Lebesgue’s approach consists in the possibility to integrate
over more general domains than intervals.

In the sequel, (X,.7, u) will be a measure space.

The Riemann integral of the indicator function of any interval is its length.
Accordingly, developing the notion of an integral on X, the requirement that
fX cadpy = pA for any A € ¥ is quite natural. Further, it is reasonable to
impose conditions on additivity and monotonicity of the integral and to ask the
family of all integrable functions to be as large as possible.

We introduce the concept of the abstract Lebesgue integral in several steps.
First we define [, f dyu in a natural way for nonnegative simple functions and then
we extend it to nonnegative p-measurable functions using their approximation by
simple functions. The general case will be completed using the decomposition of
a function into its positive and negative parts. Building up this theory, we must
be careful in order to legitimate these steps. For instance, we have to show that
the definition of | « sdu in the case of simple functions does not depend on their
representation which is not unique. Likewise, we have to deal with problems when
infinite values or “indefinite expressions” appear.

The reader may find it instructive to remember the most important example
of the n-dimensional Lebesgue measure in R". For integration with respect to
the Lebesgue measure A we use a traditional notation

/Efdx::/EfdA,/abfda::: (a’b)fd/\.

8.1. Simple Functions. Recall that a simple function is a real .”-measurable
function s on X having a finite range. Any simple function s can be expressed as

n
s = E Bjcs; s
=1

where By,..., B, € .% are pairwise disjoint sets and (1,...,8, € R. Of course,
this representation of s is not unique.

Remember again that as a matter of convenience we set 0- 0o =00 -0 = 0.
8.2. Lemma. Let Ay,...,A,, € % and By,...,B, € .% be pairwise disjoint
m n
sets and let o; and (3; be nonnegative real numbers. If 3 a;ca, < ) Bjcp;,
i=1 j=1

then . .
> aipAi < BiuB;.
i=1 j=1
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m

Proof. To simplify the proof define g = By = 0, 49 = X \ |J 4; and By =
i=1

X \ U B, (then the collections {4;}, {B;} form “partitions” of X). For i €
j=1
{0,...,m} and j € {0,...,n} either A;NB; =0 or a; < ;. Thus

ZCVZ/J,A <ZZO[2/LA N Bj) i . w(A; N Bj) <ZﬁjuB-.
=0 5=0 1=0j =0

8.3. Abstract Lebesgue Integral. If D € . and s is a nonnegative simple

function expressed as s = Zl BjcB,, where B; are pairwise disjoint sets and [3; are
j=

n
nonnegative coefficients, define [}, sdp := Y B;u(D N B;). The previous lemma
j=1

shows that this value does not depend on the particular representation of s. Next,
define

/fd,u::sup{/ sdp : OgsgfonD,ssimple}
D D

if f > 0is a p-measurable function on D € .. Lemma 8.2 again ensures that the
“new” definition and the “old” one agree in case when f is a simple function.

For a ./p-measurable function f on D we define [, fdu = [, fHdp —
f p J~ du provided at least one of these integrals is finite. Remember that fr=

max(f, 0)7 f7 = max(—f, 0)
If f is a function on X and M € .¥, then apparently

/MfdMZ/Xf'CMdM

and [, fdu = [,, fdv where v = p5; is the restriction of y to the o-algebra
Sy ={A €. : AC M} of subsets of M.

Therefore, it is no loss of generality to restrict our attention to the integration
over the whole space X.

It is useful to define the abstract Lebesgue integral even for functions defined
only p-almost everywhere. In this case, if f is defined on D € . and u(X\D) = 0,

set
/deu ::/Dfdu

if the integral on the right side is defined. It is immediate that this value does
not depend on the choice of D.

The symbol £* or £*(u) denotes the family of all p-measurable functions
defined p-almost everywhere on X for which the abstract Lebesgue integral is
defined.
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Further denote
L= L) = {fe,i”* /fd,uER}

If f e LY (u), we say that f is u-integrable.

8.4. Lebesgue Integrable Functions on R. (a) Every bounded p-measurable function on
a bounded interval (and so every Riemann integrable function) is Lebesgue integrable. Thus,
the functions from Examples 7.5 — 7.6 are Lebesgue integrable as well.

(b) If f is a Riemann integrable function on [a,b], then fab fAAN < F*f = % f < f: fd\, so
that the Lebesgue and the Riemann integrals of f coincide.

(c) If a function has both the Newton and the Lebesgue integrals, they are equal. Proof of this
is not easy. We will prove it using the Henstock-Kurzweil integral in Chapter 25.

(d) If f is Newton integrable, then f is u-measurable since it can be expressed as the limit of a
sequence {fn} of continuous functions, in essence, fn(z) = n(F(z + %) — F(z)), where F' is an
antiderivative to f. It can happen that f is not Lebesgue integrable, but this is only the case if
f is not absolutely Newton integrable.

(e) Since nonmeasurable functions are rather rare, the question whether or not f is Lebesgue
integrable can be reduced to the question whether the integrals ff fTdz and f; f~ dx are finite

or infinite. For instance, the function f : x — 2P is integrable on (0,1) if and only if p > —1.

The key result is the following monotone convergence theorem (sometimes
called Levi’s theorem or the Lebesgue monotone convergence theorem) for non-
negative functions.

8.5. Theorem. If f, > 0 are pu-measurable functions on X, f, / f, then
fxfnd,u*) fxfd:u’

Proof. Tt is clear that the sequence { / < fn dﬂ} is nondecreasing, and therefore
there exists o := lim [y f, dp. Since f, < f, we have o < [ fdu and the
assertion is obvious for a = +o00. Assume a < +o00, fix a simple function s,
0 < s < f, and prove that fX sdp < a. The proof will be given in several steps:

(a) Let 7 € (0 1). Define E, = {z € X : f,(x) > 7s(z)}. Then E, € &, E,, C
E,11 and U E, = X (if f(z) = 0, then z € Ey; if f(x) > 0, then 7s(z) <
lim f,,(z)). Thus w(E, N A) — pA for every set A € 7.

(b) Let s = Z Bjca,;, where A; are pairwise disjoint. Then
j=1

/ frodp > / fodu > / Tsdu:T/ Z/BJCA du7725]u (AjNE,).
X E, E, En j=1
(c) Passing to limits in (b) (using (a)), we get
k
a>T ,BjuAj:T/ sdp.

Since 7 € (0,1) is arbitrary, we get a > fX sdpu, as needed. m
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8.6. Theorem. Let g€ £* and f be a u-measurable function, f = g almost
everywhere. Then f € Z* and [, fdp= [y gdpu.

Proof. Obvious. m

8.7. Remark. For any nonnegative py-measurable function f on X there exists a sequence
of simple functions s, > 0 such that s, / f. From Theorem 8.5 we know that fX fdu =
lim fX sn dp. As is often the case, this observation becomes the basis for a definition of the
integral of nonnegative pu-measurable functions. Of course, starting with such a definition, it is

necessary to prove the independence of fX f du on the choice of the sequence {sy}.

8.8. Theorem. If fi, fo are nonnegative p-measurable functions, then

/X(f1+fz)du:/xf1du+/xf2du.

Proof. Tt might be assumed that both f; and f; are defined everywhere on X.
First suppose that fi and fy are even simple. Following the same line of proof as

in Lemma 8.2, we can find pairwise disjoint .¥’-measurable sets Ag, ..., A,, and
By,...,B, and nonnegatlve real numbers ao, ...,y and By, ..., 0, such that
X = U A, = U Bj, fi= Z ajca, and fo = Z Bjcp,. Then

7=0 i=0 =0

/X(flJrfz dp = Zzaﬂrﬂ] (A; N Bj) :Z%‘ﬂAHrZﬁj,qu
i=0 =0

=0 j=0

:/Xfldu—k/szd,u.

For the general case, find sequences {s}} and {s2} of simple functions with
st/ fi and use the first part and Theorem 8.5. m

8.9. Theorem (properties of £1(u)). The following propositions hold:

(a) If f € L1, then f is finite almost everywhere.

(d) If f,g € £, a,8 € R, then af + Bg € L' and [(af + Bg)du =
afy fdu+ B [y gdu (an appeal to (a) reveals that oof + Bg is defined
almost everywhere).

(c) If f € LY, then |f| € £ and |[ fdu| < [ |f] du (i.e. the integral is
“absolutely convergent”).

(d) £* is a lattice (if f,g € £*, then max(f,g), min(f,g) € £*).

(e) If f is pu-measurable, g € L1, |f| < g, then f € L.

Proof. (a) Suppose that f € £, A:={z € X : f(x) = co}. Then A is measurable
and 0 < nca < fT for every n € N. Thus 0 < [, neadp < [ fT dp and we get
pA < L[ ffdp < oo for every n € N. Hence uA = 0.

- n
(b) It is plain to see that [y afdp = a [ fdu for f € £ and o € R. Let
f,g€ L and write f = ft—f~,g=g" —g~ and h = f+g (by (a), h is defined
almost everywhere). Then

ht—h™=f"—f+g" -9,
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and in light of Theorem 8.8,

/h+du+/f‘du—k/g_d,u:/f+du+/g+du+/h_du.
X X X X X X

The assertion now follows if we observe that the integrals [, h™ dp and [ A~ dp
are finite. But this is true as

0<ht=(F+9"<fr+g"
(c) If f € LY, then |f| = f+ + f~ € £ by (b), and we have

[orau =\ [ rrau= [ rmau < | [rranl | [ ran] -
:/Xf+du+/Xf‘du=/X|f| dy.

(d) The assertion follows immediately from (b) and (c) using

max(f,g) = %(f +g+If+gl)-

(e) If f is a u-measurable function, f* is y-measurable as well and

os/fﬂmg/gw<m
X X

(0 < ft < |f] < g), thus f+ € £ Analogously f~ € !, and finally f =
ff—fes n

8.10. Remarks. 1. Proposition (b) of the previous theorem shows that #! satisfies almost
all axioms for a linear space but it is not a true linear space. To get a linear space, the set of

all finite everywhere defined functions from #! or the space L' (which will be introduced in
Chapter 10) is to be considered.

2. The sum of an absolutely convergent series Z]‘ a; is the integral of the function j — a;
over the set N with respect to the counting measure. On the other hand, the abstract integration
theory cannot describe sums of nonabsolutely convergent series. This observation should not be
understood as an insufficiency of Lebesgue’s theory. The abstract Lebesgue integral described
in 8.3 provides the best approach in the general framework of measure spaces. Let us consider
a simple experiment: A rearangement of N can change the sum of a nonabsolutely convergent
series while “measures of sets” remain invariant. The sum depends on an additional structure
on N, namely, on its ordering. Analogously, taking into account the ordering of the real line (in
addition to its measure properties), various kinds of nonabsolutely convergent integrals may be
introduced. Let us mention Newton integration on an elementary level and Perron or Henstock-
Kurzweil integration on an advanced level (see Section 25). It is instructive to compare the

expressions
0O o b o
sin x . sin x
/ dxr = lim dx
1 x b—oo 1 €T

(where the integral is understood as Newtonian) and

>, sink sin k

k=1 =1

In the theory of Lebesgue integration, limit theorems play a crucial role. They
concern either monotone convergence or dominated convergence.
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8.11. Levi’s theorem. Let {f,} be a sequence of u-measurable functions,
fn /[ almost everywhere and let [ fidp > —oo. Then [y fdp =lim [ f, dpu.

Proof. We have already proved the theorem when f,, are nonnegative and f,, /" f
everywhere. The general case can easily be reduced to Theorem 8.5. First we
redefine f and f, on sets of measure zero in such a way that f,, ' f everywhere.
It would be clearly sufficient to assume that f, € ! for all n. If g, = f, + f1
(notice that f; € £1), then g, are nonnegative p-measurable functions and
9n /" [+ fi . Now, Theorem 8.5 ensures that [y g, dp — [ (f + f; ) dp. Since
Jx fadp= [y gndp— [ fi du, the assertion easily follows. m

8.12. Levi’s theorem for series. If f,, are nonnegative u-measurable func-
tions on X, then [ > fadp =23 [y fadp.

Proof. Use Theorems 8.5 and 8.8. m

8.13. Lebesgue dominated convergence theorem. Let {f,} be a sequence

of u-measurable functions, f, — f almost everywhere. If there exists a function
h € £t such that |f.| < h almost everywhere for all n, then f € ' and

fod,u = lime fndp.
Proof. The proof may be easily reduced to Levi’s theorem by considering f =

limsup f, = liminf f,. Set s, = sup{fn, fot+1,---}, tn = Wf{fp, fos1,...}.
Then —h <t, < fn <8, <h, s, \\ [, tn / [ almost everywhere and

—oo</ —hdug/tldug/ sld,ug/ hdp < 4o0.
X X X X

By Levi’s theorem, [, fdu = lim [y t,dp = lim [y s, dp. Since [y t,du <
Jx fndp < [y sndp, the assertion follows. m

8.14. Dominated convergence theorem for series. Let {h,} be a sequence
of p-measurable functions on X and g € L. Suppose that

>
j=1

<g almost everywhere

[e.e]
for alln € N and that the series ) h; converges almost everywhere. Then
j=1

/X;hjduz;/xhjdu.

Proof. The theorem follows immediately from the previous one. m

8.15. Fatou’s lemma. Let {f,} be a sequence of p-measurable functions and
g € LY. If f, > g almost everywhere for all n € N, then

/ liminf f, dp < liminf/ fndp.
X X

Proof. Set g, = inf{f, : k < n}. Then g  liminf f,, and infer on Levi’s
theorem again. m
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8.16. Theorem. Let f > 0 be a u-measurable function. If fX fdu =0, then
f =0 almost everywhere.

Proof. Denote A, = {x € X : g(z) > 1}. Then | A, ={z € X : f(z) > 0}
n=1

and the inequality 0 < ¢4, < nf yields p(A,) =0. m

8.17. Theorem. Let f € L', If fEfdu = 0 for any measurable set E, then

f =0 almost everywhere.

Proof. If E :={f > 0}, then [, fdu = [, f* du = 0 and using the previous the-
orem we get fT = 0 almost everywhere. Analogously f~ = 0 almost everywhere.
]

8.18. Corollary. Let f,g € L. If

/EfdMS[Egdu

for every measurable set E, then f < g almost everywhere.

Proof. Set h = (f —g)*. Then h>0and 0 < [, hdu = fEm{h>0}(f_g>d“ <o0.
Thanks to Theorem 8.17, (f — g)™ = 0 almost everywhere. m

8.19. Indefinite Lebesgue integral. Let f € £*. For F € . set

urE) = [ rau.

The set function ¢ is called the indefinite Lebesgue integral of f.

8.20. Theorem. Let f € £*. Then uy is a signed measure on X. Moreover,
wr(E) =0 for every set E € . with nE = 0.

Proof. 1t is enough to prove that pf is a measure provided f is nonnegative. In
this case, notice that fca =" fca, if A=[JA, with A;NA; =0 for i # j, and
n n

cite Theorem 8.12. m

8.21. Remark. A question arises whether or not for any pair of measures on ., say p and
v, there is always a nonnegative p-measurable function f on X such that v = puy, i.e.

VE:/Efdp

for all £ € . Of course, the answer is negative; if such a function exists, then necessarily
vE = 0 whenever uF = 0. But if p and v obey this condition (we say that v is absolutely
continuous with respect to p), then there is a function f with the ascribed property (at least
for o-finite measures). This will be the subject of the chapter concerning the Radon-Nikodym
theorem.

8.22. Exercises. Let f € 1. Prove that
(a) py is a finite signed measure on %#;
(b) for every £ > 0 there is a § > 0 such that | (E)| < e whenever puE < 6.

Hint. (a) To verify the equality pg(A) = > pus(An) (An € & pairwise disjoint) use Theorem
8.14 for hy, = fca,,-

(b) Suppose there exists an ¢ > 0 and a sequence { E, } such that pE, < 27" and [ |f| > e.

oo oo
Set E= (| U Eg. Then pE =0 and [ fdu > ¢, which is a contradiction.

n=1k=n
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8.23. Image of a Measure. Let (X,.%, 1) be a measure space, (Y, .7) be a measurable space
and f: X — Y a measurable mapping (i.e. f~1(E) € ¥ whenever E € ). The set function

Ewp(f~H(E), EeJ,

is called the image of the measure p under the mapping f and it is denoted by f(u).
(a) Show that f(u) is a measure on (Y, 7).
(b) Let g : Y — R be a J-measurable function. Show that g is f(u)-integrable if and only

if go f €. £ In this case
/gdf(u):/ go fdpu.
Y X

Hint. First consider simple functions and then pass to limits.

8.24. Exercise. Let f be an increasing differentiable function on R, lirf f(x) = £oo. Let
xr— oo

1 be a measure on (R, (R)) defined by

nE :/ £ dx.
E

Show that f(u) = A.

8.25. Notes. The modern integration theory starts with Lebesgue’s doctoral thesis [1902]
following a short paper [1901]. His definition uses constructed Lebesgue measure on R. The
idea of using simple functions (not equal to those introduced here) when defining the integral
(still on the real line) comes from F.Riesz ([1912], [1920]).

Further details can be found in historical notes by T. Hawkins [*1970] or by F.A. Medvedev
[1975], R. Henstock [1988], T.H. Hildebrandt [1953]. It is clear that H. Lebesgue followed investi-
gations of his predecessors (B. Riemann, C. Jordan, G. Peano, E. Borel and others). Less known
is the fact that (roughly) at the same time G. Vitali and W.H. Young published similar results
independently.

Theorem 8.11 (concerning the monotone convergence) was proved by Beppo Levi [1906],
Lemma 8.15 by P.J.L. Fatou [1906] and Theorem 8.13. by H. Lebesgue [1910].

One more remark: H.Lebesgue developed his theory of integration mainly for the case of
“Lebesgue measures” on R™. Later J. Radon [1913] considered more general measures in R™
(nowadays called the Radon measures). A general theory of measures on arbitrary o-algebras was
given by M. Fréchet [1915]. Since that time, many results on this subject have been published;
the monograph [*1950] by P.R. Halmos is one of the most quoted.

9. INTEGRALS DEPENDING ON A PARAMETER

The Lebesgue dominated convergence theorem has simple but very important
consequences on continuity and differentiation of integrals depending on a param-
eter.

9.1. Theorem. Let (X,.”, 1) be a measure space, P a metric space and U a
neighbourhood of a point a € P. Suppose that a function F : U x X — R has the
following properties:

(a) there exists a set N C X of measure zero such that for each x € X \ N
the function F(-,x) is continuous at a;

(b) for each t € U, the function F(t,-) is p-measurable;

(c) there exists a function g € £*(X) such that |F(t,-)| < g almost every-
where for allt € U.
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Then for each t € U, F(t,-) € £Y(X) and the function

f:t»—>/XF(t,-)du

is continuous at a.

Proof. The proof that

lim [ F(t,-)dp = / F(a,-)dp
X X

t—a

is achieved by showing that

lijr_n/XF(tj,~)du:/XF(a,~)du

for each sequence t; — a, t; € U. To prove the last assertion it suffices to use the
Lebesgue dominated convergence theorem. m

9.2. Theorem. Let (X,.”,u) be a measure space, N C X a set of measure
zero and I C R an open interval. Suppose that a function F : I x X — R has the
following properties:

(a) For each x € X \ N, F(-,x) is differentiable on I;

(b) for eacht € I, F(t,-) is p-measurable;

dF(tmc)

(c) there exists a function g € £1(X) such that T

€ X\N andtel;
(d) there is a to € I such that F(ty,-) € £L(X).

Then F(t, ) € ZY(X) for allt € I, the function

< g(z) for each

fiom [ Pt du
X
is differentiable on I and

= [ Gresn

o dt

Proof. Suppose a,b € I, b # a, + € X \ N. By the mean value theorem there
exists a £ between a and b such that

d

= &F(f, Ji)

‘F(b, z) — F(a, )
b—a

<g(x).

For a = tq it follows that the function

F(b,z) — F(a,x)

€T —
b—a
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is integrable, thus F'(b,-) is integrable. Choose a € I again. By the Lebesgue
dominated convergence theorem,

[ FU,)-Fa) A
llnyadu—/ F(t,-)du

t; x dt

for each sequence t; — a of points of I \ {a}, which yields

d F(t,") — F(a,- d
= | F(a,))dp = lim Mdﬂ:/ = F(a,-)dp.
dt b'e t—a b'e t—a th

9.3 Remarks. 1. Notice that in the proofs of the last theorems we made heavy use of the
Lebesgue dominated convergence theorem. Of course we could state analogous results based on
Levi’s theorem.

2. Since the notions of continuity and derivative are local, it suffices to verify the assumption (c)
only locally.

3. A number of exercises and clarifying examples can be found in [L-Pf].
10. THE LP SPACES

The Lebesgue spaces LP are important means linking measure theory and func-
tional analysis, and they are essential tools in differential equations theory, prob-
ability theory and other branches of modern analysis.

In this chapter, (X,.#, 1) denotes a fixed measure space and p a number from
the interval [1, oo].

10.1. The Set £?. (a) Suppose p < co. We denote by £ = £P(X,., 1) the
set of all y-measurable functions on X such that

/ |fI” dp < oo
X

1/p
1£ll, = ( S du)

is called the LP-norm of a function f € £7. We will show soon that ||-||, has all
important properties of a norm.

(b) We denote by £ = £*°(X,.7, u) the set of all p-measurable functions
f on X such that |f| < M p-almost everywhere for some constant M. The least
constant M having this property is called the L*°-norm of f and is denoted by
| fll..- Roughly speaking, the difference between || ||, and supy |f| is that || f||
omits values of f on null sets.

The value

Sometimes it is useful to emphasize the measure or the space X. In this case,
abbreviated symbols .Z?(X) or £ (u) will be used as well.
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10.2. Young’s inequality. Letp,q € (1,00),
numbers, then

%—i—% = 1. Ifa, b are nonnegative

aP  b?
ab < — + —.
p q

Proof. We can assume ab > 0. Making use of concavity of the function In,

a? bl 1 1
In{—+— | >-In(a”)+ -In(b?) =lna + lnb = In(ab)
p q p q

holds, and we easily establish the required inequality. m

10.3. Holder’s inequality. Suppose that f € £P and g € L1, where p, q €
(1,00), ]%—f— % =1. Then fg € £ and

’/X fgdu‘ < </X|f” du)l/p (/X lg]? du>1/q-

Proof. Denote

1/p 1/q
— P q — | .
s (/lel u) ; t </X|g| u)

We may assume that st > 0. Thanks to Young’s inequality (a = f(z)/s, b =
g(z)/t) we have

f@g(@) _ [f@lg@)] _ [f@F | lg@)*
st - st ~  psP qt4

for each x € X. Thus

1 Pd 7d 1 1
/fgdu<fx|f| M+fx‘g‘ Hﬁf—l—f:l
st Jx psP qtd q

3

which is what we wanted to prove. m

10.4. Minkowski’s inequality. Letp € [1,00] and f,g € £LP. Then f+ g €
£LP and

Proof. Tt is not hard to verify that ||f + g|; < [|f]l; + llgll;-

If p = oo, then |f| < s p-almost everywhere and |g| < t p-almost everywhere,
which implies |f + g| < s + ¢ p-almost everywhere. Therefore ||f + g[|, < s+,
and consequently

If+9llee < 1l + N9l -
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With these trivial cases out of the way, there remains the case 1 < p < oo.
Holder’s inequality yields

/ I+ gl du
X

1/p . 1/q
< (Lo an) (1o an)
X X
1/p 1-1/p
(/ fl”du) (/ |f+g|”du) .
X X
Analogously

. 1/p 1-1/p
/ lgl |f + 9" du < (/ il du) (/ |f+gl” du) ~
X X X

This entails

/|f+9|” dué/ L1+ g du+/ ol 1f + P du
X X X
1/p 1/p 1-1/p
p P pd .
s((/xu) (L) ) ([ 17+t an)
| |

10.5. The L? Spaces. The behavior of the function f +— | f[|, on .-Z7, where
p € [1, 0], resembles axioms of a norm. However, in general, .Z? is not a linear
space and a nonzero function may have zero norm. To apply the theory of normed
linear spaces, we identify functions which are equal almost everywhere. Formally,
we assign to every function f € ZP the class of functions

[f]={g € £": g = f p-almost everywhere on X}

and define
1P = IP(X,. 7 ) = {f]: | € 27},

Then LP is a linear space equipped with operations

[f1+1gl:=1f+4g], alfl:=[af] (aeR),

and with the (true) norm

AT, = AL,

It can easily be seen that these definitions do not depend on the choice of repre-
sentatives.

It is customary not to distinguish between functions and classes, often even
between the spaces .£? and LP. For instance, we say that {f;} is a Cauchy
sequence in LP while the meaning is that f; are functions and {[f;]} is a Cauchy
sequence in LP.
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10.6. Completeness of LP. Let {f;} be a Cauchy sequence in LP. Then {f;}
is convergent in LP, i.e. there exists an f € £P such that

/ = £ du— 0.
X

Proof. The easy case p = 0o is left to the reader. Suppose p < co. First we choose
a subsequence {g;} of {f;} such that

o0
S:=>lgj = gjsl, < oo.
j=1
o0
Denote h = )" |gj — gj+1|. Then by Levi’s Theorem 8.12 and Minkowski’s in-
j=1

equality

P
o k
/ AP dp = / Z lgj — gj+1l | dp= klim / Z l9; — gi+1l
X x \j3a TUX \=

p

p

k
3 . P
< lim. Z;Hgg ginll, | <87 <oo.
j:

By Theorem 8.9.a there exists a set M C X such that u(X \ M) =0and h < o0
on M. We can also assume that |g1| < co on M. For each z € M, {g;(z)} is a
Cauchy sequence in R, and therefore it is convergent. Thus we can define

f(z) = lim g;(x)
p-almost everywhere. We prove that f € £7 and [|f — f;l|, — 0. The sequence
{lg;]"} tends to {|f|"} w-almost everywhere and

lg;" < (lg; — g1l + 1g1D)? < (A4 |g1])?

for all £ € N. An appeal to the Lebesgue dominated convergence theorem 8.13
with dominating function (h + |g1])? yields

/|f|p dp = ‘lim/ lg;I” dxg/(h+gl)pdu<oo.
X j—oo Jx X

We see that f is an element of #P. In a similar way by Lebesgue’s theorem
(dominating function h?)

15 =95l = [ 1f =95t du 0.

X

Since the sequence {f;} is Cauchy in L?, we get lim || f; fgj||p = 0. Thus
J—00

Jlggo 15 = f”p =0 and f is a limit of the sequence {f;} in L. m

10.7. Remarks. 1. In the language of functional analysis we have just proved that LP

are Banach spaces. The characterization of their duals, which is significant for the theory, is
postponed to Exercise 13.17.
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2. For a counting measure p on a set X we write [P(X) := LP(X, &(X),u). In particular, for
X = N we get well known spaces of sequences:

1/p
— the space £P, 1 < p < oo of all sequences & = {x} such that ||z||, := (Z |:cn|p> <
00, "

— the space £ of all bounded sequences « = {xn} with the norm ||z|| := sup,, |zn|.
10.8. Exercise. Suppose fn, f € £°°. Show that ||fn — f||.o — 0 if and only if there exists
aset E €%, uE =0, such that f, = fon X\ E.
10.9. Exercise. Let p € [1,400) and {fn} be a Cauchy sequence in £?. A close inspection of
the proof of 10.6 shows that there is a subsequence of {f,} that converges u-almost everywhere
in X. Compare with Theorem 12.4.

10.10. Exercise. (a) Suppose that p € [1,+00). Show that the set
F = {Zﬁjch :Bj €., uBj < oo}
J

of simple functions is dense in .£P.

Hint. Apparently, ¢ C Z£P. Choose f € £P. Since f is finite y-almost everywhere, Exercise
3.11 provides a sequence {fn} of simple functions such that |fn| < |f| and f, — f almost
everywhere. Clearly f, € _# and by Lebesgue’s theorem with dominating function 27 |f|?,

1 = fIl, — 0.
(b) Show that the set of all simple functions is dense in Z°°.
10.11. Exercise. Consider p € (0,1). Define ||.||,, and the spaces £P, LP in the same way as
in the beginning of this chapter. Show that:
(a) LP is a linear space.
(b) The triangle inequality for ||.||,, does not hold.
Hint. Employ the indicator functions of two disjoint sets of a positive measure.
(c) The distance function dp(f,g) = [|f —g|P du is a metric on LP and (LP,dp) is a
complete metric linear space.

10.12. Notes. The Holder inequality was first proved by A.L.Cauchy [*1821] in the case of
p = 2 for finite sums (so, in fact, for the counting measure on a finite set). V.Y.Bunyakowski
[1859] proved it (still for p = 2) for Riemann integrable functions and the same result was
obtained by H.A.Schwarz [1885]. For general p but still for finite sums, the inequality was
proved by L.J. Rogers [1888] and by O.Holder [1889]. The definitive form given in 10.3 comes
from F.Riesz [1910], where Minkowski’s inequality is proved as well. The original result for
finite sums is due to H. Minkowski [1907].

The theory of LP-spaces was originated by F.Riesz [1906] who defined the L2-metric and
E. Fischer [1907] who proved the completeness of L2. F.Riesz then defined LP for other values
of p as well and proved their completeness. The notion of a Banach space has its roots in papers
by S.Banach [1922] and N. Wiener [1922]. This period culminated when Banach’s fundamental
monograph [¥1932] appeared.

11. PrRoODUCT MEASURES AND THE FUBINI THEOREM

In this chapter, we will consider the following problem: Given two measure
spaces (X,., ) and (Y,.7,v), we wish to define a product measure 7 on an
appropriate o-algebra % of subsets of the Cartesian product X xY. If M = SxT
where S € ¥, T € 7 (such sets are called measurable rectangles), we require

™™ = pS - vT.

An important example is that of Lebesgue measure in R? which should arise as
the product of one-dimensional Lebesgue measures.



B. The Abstract Lebesgue Integral 43

11.1. Product c-algebra. First we introduce the notion of the product o-
algebra. If ¥ and .7 are some o-algebras, the product o-algebra . @ 7 is the
o-algebra generated by the collection of all measurable rectangles. Thus, . ® .7
is the smallest o-algebra which contains all sets of the form S x T where S € .%
and T € 7.

For MCc X xY,xze X, let
M*:={yeY :|z,y e M}.
The set M?* is called the z-section of M. Analogously, define the y-section
My={ze X :|z,y € M}
foryeY.
11.2. Lemma. IfM € ¥ ® 7 and x € X, then M* € 7 (and, of course,
similarly M, € & fory €Y ).

Proof. Denote & = {E€.® 7 :E*c J}. A moment’s reflection shows
that &/ contains all measurable rectangles. A routine argument yields that
(X xY\E)" =Y\ E* and (UE,)® = JEZ. We see that & is a o-algebra,
and therefore & =.® 7. m '
11.3 Monotone Classes. A family .# of subsets of a set Z is a monotone class
if it obeys the following conditions:

(a)if My C My C MsC ..., M, € A, then J M, € A,

(b)if My DMy D M3z D ..., M, € #,then M, € #.

Every monotone class which is simultaneously an algebra forms a o-algebra.

The following idea, used already in the proof of the previous lemma, will repeat
in the proofs of subsequent theorems:

If &7 is the family of sets from . ® .7 for which a certain proposition holds
and if &/ contains all measurable rectangles, then & = . ® .7 provided «/ is a
o-algebra. It is not always so easy to verify that &/ a o-algebra. Often it is easier
to prove that 7 is only a monotone class and an algebra (mostly using Levi’s
theorem). But even in this case & = ¥ ® J as follows from the next theorem.

11.4. Theorem. If Z is an algebra of sets, then the smallest monotone class
containing X is o (#).

Proof. Let .# denote the smallest monotone class containing Z (it does exist!).
It is sufficient to show that .# is an algebra. To this end, it is enough to prove
that # C #g :={B: E\B, B\ E, BUE € .#} for each E € .#. We fix a set
F and proceed in the following steps:

(a) #F is a monotone class;

(b) Z C HF for F € %,

(¢c) A C Ky for F € X%,

(d)if E e A, then Z C #g. (Let F € #Z; by (c), E € X, and so F € Ag.)
Therefore Z C M4 C g by the definition of .Z. m

The basis for a definition of the product measure is in the following proposition.
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11.5. Lemma. Let (X,.,u) and (Y, 7,v) be o-finite measure spaces, E €
S ® 7. Then the function © — v(E®) is . -measurable (E* € T by the previous
lemma), the function y — p(Ey) is 7 -measurable and

[ e au@) = | uE,)avto),
X Y
Proof. Let o7 be the collection of all sets £ € .¥ ® 7 such that all assertions
hold for E. If # denotes the family of all finite disjoint unions of measurable
rectangles, it is straightforward to check that & is an algebra. The assertion will
follow from the preceding theorem, provided we can prove that <7 is a monotone
class containing %Z. We merely outline the main steps and invite the reader to fill
in the details.

(a) o contains all measurable rectangles.

(b) Z C < (it suffices to show that |J E; € & whenever E; € &/ are pairwise

j=1

disjoint).

(c)If E, € &/, Ey C E3 C ..., then |JE, € & (use Levi’s theorem and
properties of sections).

() E, e, E1 DFEyD...,then (| E, € & (counsider first the case when p
and v are finite measures and proceed as in (c)). m

11.6. Product Measure. Let (X,.%, ) and (Y,.7,v) be o-finite measure
spaces. A measure 7 on .¥ ®  is called a product measure of p and v (denoted
by p® v) if

7T(Ax B)=puA-vB
whenever A € ./, B € 7. Based on the following main theorem, we can claim
that the product operation ® is properly defined.

11.7. Theorem. Let (X, %, u) and (Y, 7 ,v) be again o-finite measure spaces.
Then there exists a unique measure 7 on . ® 7 such that

7(Ax B)=puA-vB
whenever A € . and B € 7.

Proof. Uniqueness is almost obvious. Indeed, if 71 and 75 are measures on . ® .7
satisfying requirements of the theorem, then the family ¥ = {F € S ®.9 : nE =
ToE} contains all measurable rectangles, is closed under finite disjoint unions and
is a monotone class. Therefore I = . ® .7 and we see that 71 = » on .¥ ® 7.

To prove the existence of a product measure, define
TE = / vE®* du
X
for E € .7 ® 7. We know that 7E = [, uFE, dv according to Lemma 11.5.

A routine argument shows that 7 is a measure on .®.7 and 7(Ax B) = pA-vB
for all measurable rectangles A x B. m
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11.8. Lemma. Let (X, ), (Y, 7,v) be o-finite measure spaces and [ a
S ® T -measurable function on X XY . Then the function f(z,-) is 7 -measurable
onY for each x € X.

Proof. Select a € R, x € X and observe that

{yeY: flz,y)>al ={(t,y) ez xY: f(t,y) > a}”.

11.9. Fubini’s Theorem. Let (X,., u), (Y, 7,v) be o-finite measure spaces,
and h € Z*(n®v). Then

/Xxyhdu@@z/:/X(/Y}z(x,y)du)) d“:/y</xh(x’y)d“) dv .

Proof. Tt is no restriction to assume that h > 0, for we can use the decomposition
h = ht — h™. The assertion holds whenever h = c4 is the indicator function of
aset A€ . ® 7 (seethe proof of Theorem 11.7), and therefore for nonnegative
simple functions as well. If h > 0 is an arbitrary . ® .7 -measurable function, there
is a sequence {h,} of nonnegative simple functions, h,, , h (cf. Theorem 3.9).
Then [y yhndp®v — [y hdp®v. On the other hand, hy(z,y) / h(z,y)
and since the assertion holds for simple functions h,,, by using Levi’s theorem
(twice) we easily finish the proof. m

11.10. Remarks. 1. The Lebesgue measure in R®tF is the completion of the product of
Lebesgue measures in R™ and R*. We refer to Chapter 26 for a detailed study of this important
example.

2. Suppose T is the product of o-finite measures p and v. Then the measure 7 is not necessarily
complete, even if p and v are complete. (Indeed, the set {(z,z): z € M} is measurable with
respect to the product of Lebesgue measures on R if and only if M C R is Lebesgue measurable.
On the other hand, all subsets of the diagonal {(z,z): * € R} are measurable with respect to
the completion of A ® A\.) However, for the completed product measure the following variant of
Fubini’s theorem holds.

11.11. Theorem. Let (X, ), (Y, 7 ,v) be complete o-finite measure spaces,
T the product of i and v and T the completion of 7. Let h € £*(T). Then the
function h(x,-) is v-measurable for p-almost all x € X, h(-,y) is u-measurable
for v-almost all y € Y, and

/Xxyth:/X</Yh(:v,y)du> d'u:/y</xh(x»y)d/i) dv .

Proof. As usual, it is sufficient to prove the theorem for indicator functions. Let
M be a set of the form AUN, where A€ ¥ ® .7 and NC Bfor Be Y ® 7,
7B = 0. By Fubini’s theorem

/YcB(x, J)dv =0
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for p-almost all x € X. Therefore also

/YcN(x, J)dv =0

for p-almost all x € X. Hence we obtain
/ crr d?:/ (/ ev(z,y) dl/) dpu.
XxY x \Jy

11.12. Exercise. Show that every Dynkin class is a monotone class and find a counterexample
that the reverse is not true.

11.13. Notes. The product measures and the reduction of multi-dimensional integration to
one-dimensional one were originally studied in case of the Lebesgue measure in R? and appear
already in H.Lebesgue [¥1904]. G.Fubini [1907] claims that the order of integration may be
reversed. A complete proof was done by L. Tonelli [1909]. Approximately in the 30’s a number
of works concerning the abstract product measure theory appeared. The method explained in
this chapter is due to H. Hahn [1933].

Let us point out that there are theories concerning products of measures which are not
necessarily o-finite. The theory of infinite products of measures (we understand the infinite
number of factors) is also very important.

12. SEQUENCES OF MEASURABLE FUNCTIONS

In this section we will study the relationship among various kinds of conver-
gences of sequences of measurable functions on a measure space (X,.7, u). We
will consider

(a) the convergence almost everywhere;

(b) the convergence in the norm of LP spaces;
(c) the convergence in measure;

(d) the p-uniform convergence.

Two last mentioned notions will now be defined.

12.1 Convergence in Measure. Let f, f,, be y-measurable, almost everywhere
finite functions on X. We say that a sequence {f,} converges in measure to f if

limp{z € X :|f(z) = fu(2)] = €} =0

for each € > 0.

12.2. p~uniform Convergence. Let f, f, be almost everywhere finite func-
tions on X. We say that {f,,} converges to f u-uniformly if for every € > 0 there
is M € % such that u(X \ M) < ¢ and the convergence f,, — f is uniform on M.

The limit function of a sequence converging in measure (or p-uniformly) is
unique except for a null set and is finite p-almost everywhere.
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12.3. Theorem. Let1l < p < oo and {f,} be a sequence of p-measurable,
almost everywhere finite functions on X. If f, € ZP and ||fn — f, — 0, then
fn converge to f in measure.

Proof. Choose ¢ > 0 and denote E, = {z € X : |f(z) — f(zn)] > €}. Then

ePpBn < [ |f — ful” dp < ||f = full}, which implies the proposition. m

12.4. Riesz Theorem. Let {f,} be a sequence of u-measurable, almost every-
where finite functions on X. If f, converge to f in measure, then there exists a
subsequence {fn, } such that f,, — f almost everywhere.

Proof. Suppose f, converge to f in measure. There is a sequence n; < ng < ng <

. such that 1

pla € X 5 |f(@) = £, (@)] 2 5 < 35

oo 1 o0
If Aj = U{z € X : |f(z) — fo.(2)] > %} and B := ()] Aj, then 4; D A3 D
=5 =1

k=j J=

1
A3 D ..., pA; <> — < +0o0, and consequently

. B S |
pB = lim pA; Shm;ﬁ_ = lim 571 =0
=j

(notice the connection with Borel-Cantelli’s lemma 2.14). Now it is sufficient
to prove that f,, (r) — f(z) for x € X \ B. To this end let z € X \ B and

€ > 0 be given. Then there is a j = j(z) such that z € X \ 4; = N{y e X :

k=j
1 .
1F() = fu )l < £} I ko > max(j(x), 1), then | f(x) — fo, (z)| < § < & for all
k > kg, as needed. m

12.5. Egorov’s Theorem. Let uX < +oo and f, f, be u-measurable, almost
everywhere finite functions on X. Then f, — f almost everywhere if and only if
fn — [ p-uniformly.

Proof. Assume that f,, — f almost everywhere. Denote
E:={zx e X: f(z), fo(z) are finite and f,(r) — f(x)}.

Obviously u(X\ E) = 0 and it does no harm to assume that £ = X. Choose € > 0.
Writing Ern = U {z € X: |fu(z) — f(z)| > £}, we have Ej1 D Ej2 D ...

n>m

and pFEr 1 < pX < 4o0o. For fixed k € N, lim puF), ,,, = 0, and we easily find a
m

sequence {my} such that ,u(U Ekﬂ'nk) <e. Set
k

M = X\|JExm,-
k

Then we have |f,(z) — f(z)| < % for each z € M and n > my, so that f, — f
uniformly on M.
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The reverse implication is obvious. m

12.6. Remark. If f and f5, are p-measurable, almost everywhere finite functions on X
and fn, — f p-uniformly, then f, — f in measure. Indeed, a routine argument shows that
lim p{|fn — f| > €} = 0 for any € > 0. Combining aforementioned results we can state the
following Lebesgue’s theorem:

If uX < 400, f, fn are p-measurable, almost everywhere finite functions on X, and if
fn — f almost everywhere, then f, — f in measure.

12.7. Exercise. Suppose puX < oco. If f, f, are pu-measurable, almost everywhere finite
functions on X, then f, — f in measure if and only if for any subsequence {fn, } there exists
its subsequence { fy, . } which converges to f almost everywhere.

J

Hint. For one of the implications use Theorem 12.4. If {f,} satisfies the “subsequences condi-
tion” and does not converge in measure, then there exists an € > 0 and a subsequence {gn} of
{fn} such that p{|gn — f| > €} > ¢ for all n and gn — f almost everywhere. By Lebesgue’s
theorem of 12.6 we obtain a contradiction.

12.8. Exercise. Let (X,.#,u) be a measure space, ¢ an increasing, bounded and continuous
function on [0, 00|, ¢¥(0) = 0, and ¢(s+1t) < p(s) +¢(t) for all s,t > 0 (for instance the function
t—t/(141t)). Define

(oo}
p(f:9) = 27 o(u{|f — gl = 1/5}).
j=1
Show that
(a) p is a pseudometric on the space of all the p-measurable functions on X;
(b) fn converge to f in measure if and only if p(f, fn) — 0.

12.9. Exercise (Vitali’s theorem). Let 1 < p < 4o0. If f,, € £P, fn — f almost everywhere
and || fnll,, = [Ifll,, then [|fn — f||, — 0.

Hint. Let pp, = 2P71(|fu|? + |fIP) — |fn — fIP. Then ¢, — 2P |f|P almost everywhere. Since
[ — £1P < (1fal 4 177 < 22-L(1fal? + 17P), we have gm € £1, pn > 0. By Fatows lomma

2p/ |f|p§liminf/ Lpn:2p/ \f|pflimsup/ [fn— fIP.
X X X X

Hence lim sup fX |fn — f|P = 0, finishing the proof.

12.10. Exercise. (a) (Egorov) Let p be a o-finite measure on (X,.”), fn p-measurable
functions on X and f, — f almost everywhere (fn, f almost everywhere finite). Show that

(e @)
there exist Ejy € . of finite measure such that u(X \ U Ex) =0 and fn, = f on every E.
k=1

(b) Show that the assumption of o-finiteness of the measure p in (a) cannot be dropped.

Hint. Let X be the set of all convergent sequences © = {z } of real numbers and p the counting
measure on X. Define a sequence {f,} of functions on X by fn(z) = z,. Choose a sequence
{E;} of subsets of X on which {f,} converges uniformly and find a convergent sequence {yj}
which does not belong to any of the sets E; (because it converges more slowly than all sequences
from Ej).

(c) Show that the p-uniform convergence implies convergence almost everywhere, or conver-
gence in measure, without the assumption that uX < co.

12.11. Exercise. Find a sequence {fn} of functions on [0,1] which converges to zero in
(Lebesgue) measure whereas the sequence {fy(z)} fails to converge for any z € [0, 1].

Hint. Consider the indicator functions of intervals %, %] ordered into a suitable sequence.
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12.12. Weak Convergence in L?. Let 1 < p < +oo and ¢ = # (g =40 ifp=1).
Suppose f, f; € £P. We say that a sequence {f;} converges weakly to f in LP (denoted
f=w-lim f;) if [y fjgdp — [5 fgdp for every function g € £9.

(a) If f =w-lim f;, g = w-lim f;, then g = f almost everywhere.

() If ||f — fj||p — 0, then f = w-lim f;.

(c) Suppose f, fj € ZP. Let & be a set of £P-functions, the linear span of which is dense
in L9. Then the following assertions are equivalent:

(1) f = w-lim fj;
(ii) the sequence {||f]||p} is bounded and [y gf;dp — [y gf dp for every g € F.

Hint. A typical application of the Banach-Steinhaus theorem from functional analysis.

(d) We can take as % the set of all indicator functions of sets from . in case p = 1, or the
set of all indicator functions of sets from . of finite measure if p > 1; in the special case of the
Lebesgue measure, other possibilities are shown in Theorem 31.4.

(e) If p > 1, then any norm-bounded sequence of functions from £ has a weakly convergent
subsequence.

Hint. If the space LP is separable, proceed in a similar way as in the proof of Theorem 17.10.
The nonseparable case is more difficult. The idea is that for 1 < p < co the space LP? is reflexive

and reflexive spaces are characterized by this property, cf. for instance L. Misik [¥1989], Theorem
33.4 or R.B. Holmes [*1975], p.149.

(f) Let p > 1. If f; — f almost everywhere and if {Hfj||p} is a bounded sequence, then
f = w-lim f;. The proposition holds also if the assumption f; — f almost everywhere is
replaced by f; — f in measure.

(g) The Radon-Riesz theorem. Let p > 1, f = w-lim f; and | f[|, = 1im||fj||p. Then
IIf— fj”p — 0. (What proposition do we obtain by sticking (f) and (g) together?)
Hint. The proof makes substantial use of uniform convexity of LP spaces for 1 < p < oo, see
M.M. Rao [*1987], Proposition 5.5.3.

(h) The sequence f; : « — sin jz converges weakly to zero for any p on each bounded interval.
None of its subsequences is convergent almost everywhere.

(i) Suppose f; = j*/? on (0,1/4) and fj(x) = 0 on (1/4,1). The sequence {f;} is bounded
in the norm of LP(0,1) and tends to zero almost everywhere. If p = 1, then it is not weakly
convergent (nor any of its subsequences). If p > 1, then it converges weakly but not in norm.
12.13. Weak* Convergence. Assume p is a o-finite measure on X and f, f; € L°°. We say
that a sequence {f;} converges weakly* to f (denoted f = w"-lim f;) if Ix figdp — [x fgdu
for each function g € £,

(a) If f = w"-lim firg= w”-lim fj, then g = f almost everywhere.

(b) If || f — fill, — O, then f = w™-lim f;.

(c) Suppose f, f;j € £°°. Let .# be a set of £1_functions, the linear span of which is dense
in L1. Then the following are equivalent:

(i) f=w"-lim fis
(ii) the sequence {||f;||,} is bounded and [y gfj du — [ gf du for each function g € .

(d) If f; — f almost everywhere and if the sequence || ;|| is bounded, then f = w'-lim f;.

(e) Any norm-bounded sequence {fn} of #°°-functions contains a weakly* convergent sub-
sequence.

Hint. Write X = |J Xy, where X1 C X2 C ... and uXy < co. Suppose {fn} is a norm-bounded
sequence of functions from L°° and

f.‘ _ f’n on Xk:v
“ET 00 on X\ X
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Then {fn,k}n is bounded even in the L2-norm and there exists its subsequence {fnl,k}n which
converges weakly in L2 to a function f;. But this means that lim fX fnjudp = fX frudy for
1

each function u € L? vanishing on the complement of X;. The diagonal method (cf. 17.10)
provides a subsequence {h,} of {fn} and a limit function f such that [y hpudy — [y fudp
for each function u € L? vanishing on the complement of some of the sets X}. Since the set of
all such functions u is dense in L', in light of (c) we conclude that f = w-lim f,.

(f) The sequence f; : ® — sinjx converges weakly* to zero (cite the Riemann-Lebesgue
lemma 31.10).

(g) Define f; = 0 on (0,1/4) and fj(z) = 1 on (1/4,1). The sequence {f;} is bounded in
L -norm and converges both almost everywhere and weakly* to the constant function 1. We
have |[lim f; |, = lim || f;|, = 1 but lim [[f — fj[[, # 0.
12.14. Remarks. It may be worth while to take for the interested reader a slightly deeper
look from the point of view of functional analysis (see also [Zap]).

(1) Let X is a Banach space with (topological) dual X*, zp,z € X, F\,, F € X*. We say
that

(a) {zn} converges weakly to = if F(x,) — F(z) for any functional F' € X*;

(b) {Fn} converges weakly* to F if Fy,(z) — F(z) for any z € X.

Taking into account 13.17, the previous definitions of the weak and weak* convergence in
the LP spaces now are easier to understand (at least if 1 < p < oo or if u is o-finite).

2. We say that a Banach space is uniformly convez if for any € > 0 there is a § > 0 such that,

. 1
2,5 € X, ol = Iyl =1 and |3 +)

‘>1—6, then [ly —zf| <e.

Each uniformly convex Banach space is locally uniformly rotund which means that if ||zn| =
|zl = 1 and H%(xn—i—x)n — 1, then ||z, — | — 0. The LP spaces are uniformly convex
for 1 < p < oo (it follows from the Clarkson’s inequalities, see, for instance, E.Hewitt and
K. Stromberg [*1965]).

3. A Banach space X is said to have the Kadec-Klee property if ||z, — x| — 0, whenever a
sequence {zn} C X converges weakly to x and ||zn|| — ||z|l. All locally uniformly rotund
Banach spaces (in particular LP spaces, 1 < p < oo) have the Kadec-Klee property. Indeed,
if {zn} is a sequence which does not converge to a point z and for which ||z,|| = ||z|| = 1,
local uniform rotundity ensures the existence of its subsequence, call it {z,} again, and an
€ € (0,1) such that || %(mn + z)|| < 1—e. Using the Hahn-Banach theorem find a F' € X* with
|[F|| =1 = F(x). Now, it is clear that the sequence {F(z5)} cannot converge to F(z).

4. In interesting cases, the L! spaces are not (locally) uniformly convex, nor do they need satisfy
a proposition analogous to 12.12.f. Nevertheless, if f, € L1, f, — f almost everywhere or in
measure and || fn| — ||f]|, then ||fn — f|| — 0 (cf. 12.9).

12.15. Exercise. Let uX <ooand 1 <p <r < +oo. If {||f;|l,.}; is a bounded sequence and
f; — [ almost everywhere (or, in measure), then ||f — fj”p — 0. Show that the assertion does
not continue to hold for r = p.

12.16. Notes. The notion of convergence in measure was introduced by F.Riesz [1909a]
where also Theorem 12.4 was proved. Egorov’s theorem was proved for case of the Lebesgue
measure by H. Lebesgue [1903] and by D. Egorov [1911].

13. THE RADON-NIKODYM THEOREM AND THE LEBESGUE DECOMPOSITION

13.1. Radon-Nikodym Derivative and Absolute Continuity of Mea-
sures. Let (X,.”, ) be a measure space and f € £ (1) a nonnegative function
on X. In Chapter 8 we defined the measure py on (X,.#) as

wlB)= [ fau  Ees.
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Now, if © and v are measures on .¥, one might ask whether there is a nonnegative
function f € Z*(u) such that v = py. Immediately we see that such a function in
general does not exist. Indeed, every measure of the form py satisfies ps(E) =0,
provided p(E) = 0. However, we show that if vE = 0 whenever uE = 0, and
1 and v are o-finite, then a desired function f, called the density or the Radon-
Nikodym derivative of v with respect to u, can be found. Then the density of v

with respect to p is unique except for a null set and it is sometimes denoted by
dv

@.
We say that a measure v on . is absolutely continuous with respect to u, and
write v < p, if vE =0 for every E € . with uF = 0.

There are several methods how to prove the existence of Radon-Nikodym derivatives. Our
proof is based on the following “variational” approach. Assuming that such a function f exists
and is in #2, consider the functional

Joige [ o= A1 du
X

on the space L2(u1). The function f evidently represents the only element of the space L?(u) at
which Jo attains its minimum. For all g € L2(u)

Jo(g)=J(g)+/Xf2du

where

J(g):/X(QQ*Qfg)dM=/ngdu72/ngy.

Since the functionals J and Jp differ only by a constant, J attains its minimum at f. This is
also the idea of our proof of the following lemma.

13.2. Lemma. Let v, o be finite measures on (X,.) such that vA < oA for
each A € 7. Then there exists a nonnegative function f € £?*(c) such that

VA:/Afda

for any A e .
Proof. For g € £?(o) denote

J(g):/dea—Q/gdz/.
X X

c:=inf{J(g): g€ L*(0)}.

Since vA < 0 A for each A € ., we have

Let

J(g) > /X (¢ —2]g]) do = /X (lg] - 1)* do — o(X) > —o(X),



52 13. The Radon-Nikodym Theorem and the Lebesgue Decomposition

for g € £%(0), so that ¢ € R. Hence, there is a sequence {f;} of functions from
#?%(0) such that J(f;) — c. Since for g, h € £?(o) the “parallelogram law”

)+ 00 =27 (3a+1)) = 3 llg -1l

holds, we have

%/mefkf do < J(f;) + J(fi) — 2¢ — 0

as j,k — oco. Consequently, {f;} is a Cauchy sequence, and therefore there is a
limit f of this sequence in L?(c). Obviously, J(f) = c¢. Choose A € .. Since

J(f) < J(f +tea)

for all t € R, we get

OSQt/ fCAdU+t2/C?4dU—2t/ cAdV:2t</ fda—VA>+t20A.
X X X X

The last shows that
’ / fdo — I/A‘

(note that ¢ can be positive as well as negative). By letting ¢ — 0 we establish
the assertion. m

t]- oA

l\DM—~

13.3. Remark. Proof of the preceding lemma becomes more comprehensible if it is based on
the knowledge of the theory of Hilbert spaces. Considering the functional

F(g):/ngV7 gELz(J).

By the Riesz representation theorem on continuous linear functionals on Hilbert spaces there is
an element f € L?(o) such that
~ [ s9as
X

for each g € L?(o). Now it is enough to apply the last equality to g = ca, where A runs over
8

13.4. Radon-Nikodym Theorem. Let u, v be finite measures on (X,.7),
v < p. Then there exists a nonnegative function h € £ (u) such that

VA:/ hdp
A

for all A € . This function h is unique up to p-almost everywhere equality.
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Proof. The uniqueness can be achieved by Theorem 8.17, and we proceed to

establish the existence of h. Set ¢ = u + v. By the previous lemma there exists
a function f € #?(o) such that

VA :/ fdo
A
for all A € .. Since

O§VA:/fda§UA:/1da,
A A

an appeal to Corollary 8.18 reveals that 0 < f < 1 g-almost everywhere. We
claim that f < 1 o-almost everywhere. Let E := {f = 1}. Then

VE:/de'ZO'E,
E

thus uFE = 0. By assumptions we get vE = 0 and therefore o £ = 0. Hence, it is
no restriction to assume that 0 < f < 1 everywhere. For each set A € . we have

/XcAfdu:/XcA(l—f)dy.

We see (for simple functions using linearity, then passing to limits) that

/ngdu=/Xg(1—f)dv

for every nonnegative .’-measurable function g on X. For A € ., put g = fj‘f.
Then
f

7~cAd,u:/ cqdv
x1-f X

1
h._ﬁ

has all required properties. Notice that h € £ (u)) as [ hdp = v(X) < +oo. m

and the function

13.5. Theorem. Let p and v be finite measures on (X,.). Then the following
conditions are equivalent:

(1) v<uy
(ii) there is a monnegative function f € £(u) such that
vE :/ fdu
E
forall E € .¥;

(iii) for any e > 0 there is a § > 0 such that vE < € whenever E € ./ and
uE < 6.
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Proof. The implication (i) = (ii) was established in Theorem 13.4, (ii) = (iii)
follows by Exercise 8.22.b and (iii) = (i) is obvious. m

13.6. Remarks. 1. The Radon-Nikodym theorem can be generalized, its variants hold even
for signed or complex measures. Let us state the version for o-finite measures:

Let p, v be o-finite measures on (X,.), v < u. Then there is a nonnegative .%-measurable
function h (not necessarily from £*(u)) such that

VAZ/ hdu
A

for all A € #. This function is unique except on a null set.

Indeed, we find sequences {An},{Bn} C % of pairwise disjoint sets such that pA, < 4oo,
vBy < 400, |JAn = U Bn = X. Applying Theorem 13.4 for restrictions of u and v to A, N By,
we obtain the assertion.

2. We proved the Radon-Nikodym theorem and the Hahn decomposition theorem independently.
The reader should find it easy to derive the Radon-Nikodym theorem from the Hahn theorem
or vice versa. Both possibilities will be indicated.

Let p, v be finite measures on (X,.¥), v < pu. We would like to prove the existence of a
Radon-Nikodym derivative. For a € Q find a Hahn decomposition X = P, U N, such that
v — ay is a nonnegative measure on P, and —(v — pa) is a nonnegative measure on N,. For
a=0set Pp =X, No =0. Then we find dv/du in the form

f(z) =sup{a € QN [0,4+00): z € Pa}.
aut

d|ul

(P, N) is a Hahn decomposition of X with respect to p.

On the other hand, if u is a signed measure, f = and P = {f =1}, N = X \ P, then

13.7. Integration with Respect to Signed or Complex Measures. Suppose pu is a
signed or complex measure on (X,.%). Then we define

/deu=/xafd|u|

where a = dp/d |p|. (Show that |a| = 1 almost everywhere.)

13.8. Singular and Absolutely Continuous Measures. Suppose that p
and v are positive, signed, or complex measures on the measurable space (X, .7).

We say that p and v are (mutually) singular, which is denoted by pLlv, if
there is a M € . with |u| (M) = |v| (X \ M) = 0. Obviously, this relation is
symmetric.

A measure v is absolutely continuous with respect to p if vE = 0, whenever
E €. and |u|(E) =0.

13.9. Examples. (a) Let p be a signed measure. Using a Hahn decomposition of X for p,
we see immediately that ut and g~ are mutually singular.

(b) The Dirac measure at 0 and the Lebesgue measure are relatively singular on (R, #(R)).

(c) If n is the Lebesgue-Stieltjes measure determined by the Cantor singular function (see
Example 23.1 and Exercise 24.8.) and A the Lebesgue measure, then nL\ on (R, Z(R)).

13.10. Lebesgue Decomposition Theorem. Let 1 be a (positive) measure
on (X,.) and v a o-finite or complex measure on (X,.?). Then there exists a
unique decomposition v = v, + vy where v, < i and vslpu.
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Proof. (See also Exercise 13.12.) We first reduce the general case to the case
when v is a finite positive measure. There are B; € ¥ such that uB; = 0 and
limvB; =sup{vB: B €., uB =0}. If M =|J Bj, then uM = 0 and for the
measures

VoA :i=v(A\ M), vsA:=v(ANM)

the equality v = v, + v5 holds. Clearly vy Lu. If now pB = 0, then v,(B) =
v(B\ M) = 0. This is so because vB’ = 0 for each set B’ € ., B’ C X \ M with
uB’ = 0. (Otherwise (M U B’) =0 and v(B'UM) > vM.) If X = J X}, where
v Xy < 400, find sets My C X in the same way as in the first part of the proof
and set

M =My, vaA=v(A\M), v,A=v(ANM).

Having the proof for positive measures, the general case easily follows.

Uniqueness remains. Suppose that v = v/, 4+ v/ is another decomposition with
the required properties. Then there is a set M’ € . for which uM’ = 0 and
Vi(X\M')=0. Fix A€ . and denote C = AN(MUM'), D=A\ (MUM").
We have uC < pM + pM’' = 0, so v,C = v,C = 0 and v,C = v.C. Further,
vsD = v.D = 0 and therefore v,D = v, D. Since A=CUD and C N D = (), we
get v;A=viAand v, A=V, A m

13.11. Lebesgue Decomposition. The decomposition v = v, + v; is called
the Lebesgue decomposition of v relatively to u, and the measures v, and v are
called the absolutely continuous part and the singular part of v. Notice that there
exists a set M € . such that vy = vpy and v, = vx\ -

13.12. Exercise. Give the details of an alternative proof of the Lebesgue decomposition

theorem: Existence (assuming o-finitness of both measures) using the Radon-Nikodym theorem
and uniqueness from the following exercise (part (c)).

Hint. (a) Existence: Suppose p, v are positive and set A = p + v, f = du/dX\. Then the
Lebesgue decomposition has the form vs = var, va = vx\ s, Where M = {f =0}

(b) Uniqueness: If v = vq + vs = v, + v, then vq — v, = vs — v, is at the same time
absolutely continuous and singular.

13.13. Exercise. Let p and v be positive, signed or complex measures on a measurable space
(X,.9)).
(a) Prove that the following are equivalent:
(1) ply;
(i) [pl Llvl;
(i) () L) ™, (i)™ L) ™5 (ui) L), ()™ L)
(b) If v1 Ly, volp, then v 4+ volp.
(¢) fvlp, v< p, then v =0.

13.14. Exercise. Suppose S C R is countable, f > 0 and u = > f(s)es (es are the Dirac
seS
measures, cf. Exercise 2.10). Describe the Lebesgue decomposition of p with respect to the

Lebesgue measure.

13.15. Exercise. Suppose p € M(X) (see Exercise 6.17), V = {v € M(X) : vLu}. Show
that V' is a closed linear subspace of the Banach space M(X).

13.16. Exercise. Let u, v be finite (positive) measures on (X,.). Let sup and inf be defined
as in Exercise 6.19 and let o = p + v.
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(a) Show that the following statements are equivalent:

(i) ply;
(i) inf(,v) = 05
(iii) sup(p,v) = p+v.
(b) Prove that d sup(p, v) = max(d—u7 %)
do do do
13.17. Duality of L? Spaces. Suppose p,q € [1,+0o0], % + % = 1. Consider spaces LP and

L7 determined by a o-finite measure p on (X,.%).
(a) If v € L9, then the mapping u +— fX uvdp is a continuous linear functional on LP.

(b) Suppose p < 0o and f is a continuous linear functional on LP. Then there exists a v € L9
such that f(u) = [y wvdp for all u € LP. Moreover lvll, = £l (here, [[f]| = sup{f(u): u €
LP, flullp, <1}).

Hint. By the Radon-Nikodym theorem there exists a py-measurable finite function v such that
f(cg) = [guvdp for each set E € . Thus, f(u) = [y uvdu for each u € LP. It remains to
show that v € L? and |[lv[|, = ||f||. There is an increasing sequence {£;} of sets from . of

finite measures such that v is bounded on each E; and |J E; is X. Set u; = v|9—2 veg,;. Then
uj € LP and |lu; |7 = [y ujodp = f(u;) < [|f] l|lu;]l, and therefore fE]- [v]9dp = [y lus|Pdp <

q
(||uJ~H§_1> < |IflI?. An appeal to Levi’s theorem reveals that v € L? and [jv||, < ||f|. The

reverse inequality is as easy consequence of Holder’s inequality.

13.18. Remark. The previous theorem which describes duals of LP for 1 < p < oo was
proved using the Radon-Nikodym theorem, so that we had to confine ourselves to the case of
o-finite measures. However, the theorem holds for arbitrary measures.

In a similar way, it can be proved that any element of L°° represents a continuous linear
functional on L! (by the same formula as in 13.17), but not every element of the dual space
to L' is of this form. In order to be able to characterize elements of the dual space to L! by
elements of L°°, it is necessary to confine ourselves, e.g. to the case of o-finite measures. One
possible description of the dual space of L'(u) in the case of arbitrary measure y can be found
in J. Schwartz [1951].

The assumptions imposed on measures in the Radon-Nikodym theorem can be weakened to
the case of so called localizable measures. This notion, containing o-finite case as well as the
case of Radon measures, was introduced by I.E. Segal in [1954]. For more information we refer
to M.M. Rao [*1987].

Let us remark that the dual spaces of L> can be described using (bounded) finitely additive
measures, cf. E. Hewitt and K. Stromberg [*1965].

13.19. Notes. The Radon-Nikodym theorem was first proved by H.Lebesgue [1910] for
measures which are absolutely continuous with respect to the Lebesgue measure. Later, it was
generalized by M.J.Radon [1913] to Radon measures and by O.Nikodym [1930] to measures
on abstract spaces. The Lebesgue decomposition in the case of arbitrary measures is in Saks’
monograph [¥1937]. There are different proofs of the Radon-Nikodym theorem. One of them is
based on the Hahn decomposition and a newer one, using the Riesz theorem of representation
of functionals on Hilbert spaces, comes from J.von Neumann. Our proof uses the variational
principle and is near to von Neumann’s.

In the classical case of the Lebesgue measure, the characterization of dual spaces of LP spaces
is due to F.Riesz [1910] for p > 1 and to H. Steinhaus [1919] for p = 1.
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C. Radon Integral and Measure

14. RADON INTEGRAL

14.1. Radon Integral. Throughout this chapter P, will denote a locally
compact topological space. The most important examples of locally compact
spaces are open and closed subsets of R"™.

The support of a function f is the closure of the set {x € P: f(x) # 0}. It is
denoted by supt f.

If K C P is a compact set, the symbol € (P) stands for the linear space of
all continuous functions on P whose support is contained in K. By %.(P) we
denote the set of all continuous functions on P whose support is compact, i.e.
Ce(P) = U{€x(P): K C P is compact }. If the space P is compact, then €.(P)
and the space @ (P) of all continuous functions on P coincide.

A functional A on €.(P) is positive if Af > 0 whenever f > 0, and monotone
if Af < Ag whenever f < g. A linear functional is positive if and only if it is
monotone (for nonlinear functionals, these two notions are different).

A Radon integral on P is any positive linear functional on the space €.(P).
14.2. Examples. (a) Fix a point a € P. It is simply to verify that the mapping

gat [ fla), fe€E€(P)
is a Radon integral on P. This functional is called the Dirac integral at a.

(b) The functional
b
Af = / f
a

is a Radon integral on [a, b]. Since f is continuous, the integral fab f always exists in Newton’s
or Riemann’s sense.

(c) The previous example can be generalized. If ¢ is a nondecreasing function on R and
[a,b] C R, we define

b n
Apf =(RS) [ Fdp = inf {3 eilp(a) — ploi-1)):

=1

a=z0<x1 <--<Tp=">, ¢; > fon [ri_1,x;]}

for each f € €([a,b]). The functional A, is again a Radon integral and it is called the Riemann-
Stieltjes integral. If o(x) = x, it is the Riemann integral.

(d) The Riemann integral or the Riemann-Stieltjes integral can be defined for functions from
%-(R). Indeed, observe that f: fde = fcd f de whenever f € €.(R) and supt f C [a,b] N [c,d].
Thus, if f € €:(R), set Apf = f:fdgo where [a,b] is an arbitrary interval containing the
support of f. The functional A, is then a Radon integral on R.

(e) Another example of a Radon integral is the functional
e [ (rov)e,
G

where g is a continuous nonnegative function on an open set G C R¥ and ¢ : G — P is a
continuous mapping. In this way, the following important examples (f) and (g) can be expressed
as well.
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(f) Suppose G C R¥ is an open set and % : G — R" is a diffecomorphism. Then the Radon
integral

fH/ £ o 6/AK((V) V)
G

is in fact the (k-dimensional) surface integral of f over ¥(G).
(g) Let P = {z € R?: |z| = 1}. If f is a continuous function on P and = = (r cosw, rsinw),
lz| < 1, set

dt;
1—2rcos(t —w) +12

2m —12) f(cost,sin
asta) = & [ Umritntsing

T oor

this integral is called the Poisson integral. It is not too hard to see that the mapping
= Af(z)

is a Radon integral on P.

The Poisson integral is used when solving the Laplace (partial differential) equation Ah = 0.
Indeed, given a continuous function f on P, the function h: z — Af(z) is harmonic in the unit
disc U := {x € R?: |z| < 1} (i.e. h is a solution to the Laplace equation) and

lim  h(z) = f(2)

zeU,x—z
for each z € P.
An important property of Radon integrals is described in the following theorem.

14.3. Theorem (Daniell’s property). Let A be a Radon integral on P, f, €
%.(P), fn \.0. Then Af, — 0.

Proof. There is a limit b := lim Af, > 0. By Dini’s theorem f, = 0 on P
(consider the sequence {f,} on the support of f1), and therefore there exists a
sequence {ny} so that |f,,| < 7 for each k € N. Thus the series }_ f,,, converges
uniformly on P and if f:= )" f,,, then f € €.(P). Then for each k,

k k
i=1

i=1
and hence b=0. m

14.4. Semicontinuous Functions. Remember that a function f : P — R is
said to be lower semicontinuous if {x € P : f(x) > ¢} is open for each ¢ € R.
Upper semicontinuous functions are defined in a similar way.

Denote by C](P) the set of all lower semicontinuous functions on P which are

nonnegative outside a compact set and do not attain the value —oo. Analogously
we define C!(P).

14.5. Extension of a Radon Integral. Let A be a Radon integral on P. We
extend A for larger classes of functions in the following steps.

1. For f € €.(P) let [ f=Af.
2. If f € CI(P), then we define [ f =sup{[g: g € 6.(P),g < f}.
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3. Lastly, for an arbitrary function f on P we define upper and lower integrals as

[ r=wtt[uwecipruzn. [i1=-[n.

4. We say that a function f on P is A-integrable if [ f = f* f and this common
value, which is denoted by [ f, is finite.

14.6. Properties of Extended Radon Integrals. The procedure of extension
of Radon integrals requires to prove in each step that the “new integral” agrees
with the “old” one for functions which are already integrable with respect to
previous definitions. It is also needed to show that

(a) [, f < [" f for every function f on P;

(b) the set of all finite A-integrable functions on P is a linear space and [ is a
nonnegative linear functional on it.

14.7. Measures induced by Radon Integrals. The mapping p%y : E +— f* CE
is an outer measure on P. Define 9(A) as the o-algebra of all p*-measurable
subsets of P in the sense of Carathéodory (see 4.4.) and p4 as the restriction of
wh to M(A). Then py is a measure on M(A). Furthermore, the set of all A-
integrable functions on P coincides with the set of all u4-integrable functions on
P. For every such a function f the equality f f= f p Jdua holds. The measure
14 is complete and possesses the following properties:

(a) the domain 9M(A) of pa contains all Borel subsets of P;

(b) paK < oo for every compact K C P;

(¢) paG =sup{usK: K C G, K compact } for every open set G C P;

(d) paM =inf{usG: G D M,G open } for every M € M(A).

14.8. Examples. (a) If z € P and A: f — f(z) is the Dirac integral at z, then p4 is the
Dirac measure at z (note that the Dirac measure is defined on the o-algebra of all subsets of P).

(b) If A, is the Riemann-Stieltjes integral determined on R by a nondecreasing function ¢,
then the associated measure A, := p4,, is called the Lebesgue-Stieltjes measure. Show that the
Lebesgue measure corresponds to ¢(z) = z.

(c) The Radon measure corresponding to the Poisson integral (Example 14.2.g) is called the
harmonic measure at x.

14.9. Remark. The explanation in 14.5 — 14.7 would be much longer if all proclaimed
propositions were proved. In this manuscript, we choose another approach. We will prove
the existence of pa (the so called Riesz representation theorem) as directly as possible and
the extension of a Radon integral to the collection of all A-integrable functions we obtain as

f=fpfdua.

Although there are several approaches with different proofs, their most difficult parts are
based on similar ideas.
14.10. Signed and Complex Radon Integrals. A linear functional A on
the space €.(P) is called a signed Radon integral on P if for any compact set K
there exists a constant ax such that |A(f)| < ax supg |f| whenever f € € (P).
Analogously we define complex Radon integrals on P. (They are functionals on the
space €.(P,C) of all complex valued continuous functions on P with a compact
support.)

Any difference of positive Radon integrals serves as an example of a signed
Radon integral. Soon we show that all signed Radon integrals are of this form.
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14.11. Variation of Signed and Complex Radon Integrals. Let A be
a signed or complex Radon integral on P. The wvariation of A is the (positive)
Radon integral |A| defined in the following steps:

1. If f € €.(P) is a nonnegative function, define

|A(f) = sup{Ag: g € 6.(P), |9 < [}

Apparently, 0 < |A| (f) < +oo. If f1, fo € €.(P) are nonnegative, then |A| (f; +
f2) > 14| (f1) + |A| (f2)- To prove the reverse inequality we use the Riesz decom-
position lemma: Given g € €.(P), |g| < f1 + f2 there exist g1, g2 € €.(P) such
that g = g1 + g2, [g|; < f; for j = 1,2. (It is not hard to see that the functions
g = fig(fi+ f2)"' on G := {f1 + f2 > 0} and zero on P\ G have all the desired
properties.) Thus |A| (f1) + |A] (f2) > Ag1 + Aga, and taking sup over all g, we
obtain [A[ (f1 + f2) < |A|(f1) + Al (f2)-

2. If f € 6.(P) is arbitrary, define

[A[(f) = A (f7) = A (f 7).

To prove the additivity of | A|, note that f;7+f5 +(fi+fo)™ = fi +f5 +(fi+f2)*
and use the previous step. Since |A|(vf) = v|A| (f) for every f € €.(P) and
every v € R, the functional |A] is linear.

14.12. Decomposition of Signed and Complex Radon Integrals. Every
complex Radon integral can be decomposed into its real and imaginary part which
are signed Radon integrals. If A is a signed Radon integral, then A can be
expressed in the form A = A" — A~ where AT := 1(|A| + A) (the positive
variation) and A~ := 1(]A| — A) (the negative variation) are positive Radon
integrals. The representation of a signed Radon integral as a difference of positive
Radon integrals is not unique; however, the decomposition to the positive and
negative parts is “minimal” in a similar sense as the Jordan decomposition of a
measure.

14.13. Exercise (product of Radon integrals). Let A1, A2 be Radon integrals on locally
compact spaces Pi, P>. Show that there exists exactly one Radon integral A on P; x P such
that

Af=A1f1-Azfo

whenever f1 € €c(P1), fa € €c(P2) and f(z1,72) = fi(z1)f2(x2), 1 € P1, x2 € P2. Prove the
similar assertion also for signed and complex Radon integrals.

Hint. According to the Stone-Weierstrass theorem, the set of all linear combinations of functions
of the form f1(z) - f2(y), where f; € €.(P;), is dense in €.(P1 X P»).

14.14. Notes. When building up the integration theory, some authors do not start from
the original notion of a measure; they consider linear functionals on spaces of functions defined
on an arbitrary set and then they extend these functionals to larger collections of functions.
More precisely, it is possible to start with a Riesz lattice % of functions on a set X (which is
a linear space of functions closed under formations of finite maxima and minima) and with a
positive linear functional on &% which satisfies “Daniell’s condition”. As in 14.5, this functional
is extended, a measure is defined in a natural way and its properties are derived. This method
was worked out by P.J.Daniell [1918] (for the extension he used sequences of functions) and
M.H. Stone in the series of articles [1948] and [1949] (using generalized sequences). Let us note
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that many authors use different forms of a similar approach (W.H. Young [1904], H.H. Golstine
[1941], J. Mafik [1952] and others).

The idea of extending the Radon integral is also due to many authors. However, it seems
that Bourbaki’s group was the first who worked it out for general locally compact spaces.

Also many authors confine themselves to the integration theory on locally compact spaces.
Kakutani’s representation theorem (S.Kakutani [1941]) says that any “abstract” functional A
on a Riesz lattice &# can be represented as a Radon integral A on a locally compact space Px
so that the corresponding spaces of “integrable” functions are isomorphic. However, Kakutani’s
representation also has some disadvantages — when changing the original functional, the space P
changes as well and if the original space is locally compact, Kakutani’s representation can lead to
a different space. Supposing that the Riesz lattice % satisfies Stone’s condition (min(1, f) € #
if f € #), H. Bauer in [1957] constructed a different representation of (Pg, Ap) which removes
mentioned disadvantages; the space Pg does not depend on A and if &% is the space of all
continuous functions with a compact support on a locally compact space P, Pg can be identified
with P, 6.(Pp) with # and Ap with A.

Of course, no such representation can save the topology on the original space if it is not
locally compact.

Many works are also concerned with integration theories in topological spaces without the
assumption of local compactness (for instance in separable metric spaces) but in this case the
correspondence between measure and the topological structure is not so fruitful.

15. RADON MEASURES

15.1. Radon Measures. Properties of the measure p from the previous
chapter (14.7) lead to the following definition.

Let P be a locally compact space and %(P) the o-algebra of all Borel subsets
of P. We say that y is a Radon measure on (P,.) if

(a) .7 is a o-algebra containing Z(P);

(b) pK < oo for every compact set K C P;

(c) [LG =sup{pK: K C G, K compact } for every open set G C P;
(d) uA =inf{uG: G>D A, G open } for every A € .&.

15.2. Remarks. 1. There is a one-to-one correspondence between Radon integrals on P
and Radon measures on Z(P). To each Radon integral, we can assign a Radon measure p4.
(See 14.7.; an alternative, more precisely developed approach will be used in 16.4.) Then we
can restrict pg to %(P). On the other hand, if p is a Radon measure on %B(P), then p = pg
on %(P), where A is the Radon integral f — fP fdu. Therefore, to give examples of Radon
measures it is enough to list examples of Radon integrals.

2. In order to describe the structure of the system of all Radon measures on P, we define an
equivalence relation: Radon measures p1 on (P,.%1) and p2 on (P,.#2) are said to be equivalent
(at least for the purpose of this remark) if g1 = p2 on %(P). Then, of course, u1 = p2 on
1 N .. In each equivalence class we can find two special representatives: the “minimal”
one which is defined on %(P) and the “maximal” one which is complete. However, not every
complete Radon measure is “maximal”. See also Exercise 15.20. The Borel o-algebra plays
the unifying role, all “minimal” Radon measures are defined on it while domains of “maximal”
Radon measures can be different (for instance, there are Lebesgue nonmeasurable sets while
every set is measurable with respect to the complete Dirac measure mentioned in Example
14.8.a).

3. It is worthwhile to mention that definitions of Radon measures may vary from one author to
another. We have seen that to each Radon integral we can assign an outer Radon measure and
the whole scale of equivalent Radon measures. There is no general agreement which of these
objects should be called a Radon measure. Some authors even use the term Radon measure for a
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measure which is inner regular (i.e. uE = sup{uK: K C E, K compact } for every A € ). In
more general spaces than the o-compact ones this leads to a different concept than our definition
which requires outer regularity. Also the terms regular Borel measure or Borel regular measure
are frequently and ambiguously used for Radon measures or similar objects.

4. Suppose that P is separable, metrizable and that . = Z(P). Then the property (b) of 15.1
implies both (c) and (d). Indeed, as every open set is a countable union of compact sets, we get
(c). If & is the collection of all Borel sets A satisfying

wANU) =inf{uG: GDANU,G open }

for every open set U, then & is a o-algebra containing all open sets. Therefore (d) holds as
well.

Throughout, p is a Radon measure on (P,.7).
15.3. Lemma. IfE e€.”, uE < oo, then

uwE =sup{uK: K C E, K compact }.
Proof. Given £ > 0, there exist an open set G O E and a compact set K C G
such that u(G\ F) < € and uK > puG —e. Let V be an open set containing G\ E
with uV < e. If H:= K\ V, then H is compact,
E\HC(ENK\H)U(EF\K)CVU(G\K)
and pH > uFE —2¢. m
15.4. Lemma. Let f > 0 be a p-integrable function on P. Then

(a) /Pfdu=inf{/Pgdu:g€Clvng};

(b) /Pfdu:sup{/Phdu:heC’Cl,Oghgf}.

Proof. (a) Choose € > 0 and find a sequence {sy} of simple functions, 0 < s;
f. Since f = s1 4+ > (s — Sg—1), there exist A; € . and «; > 0 so that
E=2

[ =2 ajca;. As [ is p-integrable, we have uA; < oo for all j and we can find
j=1

. 00
open sets G; D Aj so that u(G; \ A;) < 277e. The function g := ) ajcg, is

=1
nonnegative, lower semicontinuous and satisfies

/gduﬁ/fdu+€-
P P

(b) To prove the asssertion it suffices to show it for simple functions. Let
n

[ = > ajcu; be a p-integrable function (ai,...,a, >0, My,..., M, € . and
j=1
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puM; < 00). Choose again an € > 0. By virtue of Lemma 15.3 there are compact
sets K; (j=1,...,n) such that K; C M; and

3
pE; 2 pMj — ——.
J

n
Then h := ) ajc Kk, is an upper semicontinuous function with a compact support,
i=1

/hduz/fdu—a
P P

15.5. Theorem. Let y be a complete Radon measure on P. A function f on
P is p-integrable if and only if for every € > 0 there exist integrable functions
SGCCT ancltEC’Cl such thatt < f < s and

/P(s—t)du<s.

Proof. First assume that f € Z(u). Let € > 0 be given. Cite Lemma 15.4 to
get nonnegative functions g € C!, h € C} such that g > f¥, h < f~ and

/gduS/quJr& /hduZ/f’du—a
P P P P

Then s :=g—h e CJl, s> f and

/sd,ug/fdu-l—%.
P

In a similar way, we manufacture a t € C! such that t < f and

/tduz/fd,u—Qg.
P

This establishes the necessity.
For the converse, suppose that for every k € N there exist integrable functions
sk € Ol and t, € C} such that t; < f < s;, and

1
/(Sk 7tk)d,u < E
P

No generality is lost with the assumption that the sequence {sy} is nonincreasing,
for we may replace it by the sequence {s1, min(sy, $2), min(ss, sq, $3),...}, and
that the sequence {¢} is nondecreasing. By the Lebesgue dominated convergence
theorem

J=
0<h<fand

/ lim(sg — tx) dp = 0.
P

Thanks to Theorem 8.16, lim(syx — ¢x) = 0 p-almost everywhere. Thus lim s, = f
p-almost everywhere and by the Lebesgue theorem with the dominating function
|s1| + |t1] we get that f is p-integrable. m
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15.6. Corollary. Let f be a u-integrable function on P. Then

/fd,u:inf{/ sdu: s € €,s> f}.
P P

15.7. Exercise. Show that a finite positive measure p on (P,.¥) is Radon if and only if for
every E € .% and for every € > 0 there exist a compact set K and an open set U such that
KCECUand p(U\K) <e.
15.8. Signed and Complex Radon Measures. A signed measure on (P,.%) is said to be
Radon if its positive and negative variations are Radon measures. A complexr measure on . is
Radon if its real and imaginary parts are signed Radon measures.
Prove the following proposition: For a locally compact space P and a complex measure p on
(P,.#), the following assertions are equivalent:
(i) p is Radon;
(ii) |p| is Radon;
(iii) if E € . and € > 0, then there exist a compact set K and an open set U so that
K C E CU and |pA| < € for each .-measurable set A C U \ K.

Hint. Use the inequality

lu| (U\ K) <4sup{pA: Aec ./, ACU\K}.
To prove this inequality, use the decomposition as in the proof of Theorem 6.11.
15.9. Exercise. Let pu be a Radon measure on P. Prove that the union G of an arbitrary
collection Z of u-null open sets is again a p-null open set.
Hint. Suppose K C G is compact. Then K can be covered by a finite union of sets from 4,
whence K = 0. Now, the definition of a Radon measure (property (c)) shows that uG = 0.
15.10. Support of a Radon Measure. Let p be a Radon measure on P. Define the support
of u as

supt u = P\ U{G: G open, pG = 0}.

In other words, supt p is the smallest closed set whose complement si of measure zero. According

to the previous exercise, such a set always exists. If y is a signed or complex measure, its support
is defined as the support of its total variation |u|.

(a) Let p be a positive measure. Show that z € supt p if and only if fP fdp > 0 for every
nonnegative function f € %.(P) with f(z) > 0, which happens if and only if uU > 0 for every
open neighbourhood U of z.

(b) If p1, p2 are Radon measures on P, then supt(pi + p2) C supt pr U supt pe with the
equality if ;1 and po are positive.
15.11. Exercise. Let p be a Radon measure and E a Borel set. If E is open or of finite
measure, then pp (see 2.4) is a Radon measure.

15.12. Exercise. Let p be a Radon measure and f a nonnegative p-measurable function on
P. Show that ps (see 8.19) is a Radon measure in the following cases:

(a) f is a Borel function and p is finite on compact sets;

(b) f is continuous on P.
Hint. Use the part (a).
15.13. Exercise. Suppose that p is a Radon measure and f € L'(u). Show that py is a
signed Radon measure.

15.14. Exercise. Let po be a o-finite Radon measure and p = pq + ps the Lebesgue
decomposition of a finite (signed or complex) Radon measure p with respect to pp. Show that
e and ps are Radon measures.

Hint. Use Exercise 15.11.
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15.15. Exercise. (a) Show that the assertion of Lemma 15.3 continues to hold, provided E
is a countable union of sets of finite measures.

(b) If a Radon measure  is o-finite, then
uFE =sup{uK: K C E, K compact}

for every F € ./, in particular for every Borel set £ C P. (Recall that on o-compact spaces
Radon measures are o-finite. Every locally compact space with a countable base of open sets is
metrizable and o-compact.)

(c) Let P be the Cartesian product R x R4 where Ry is R equipped with the discrete
topology. Show that P is a locally compact space which is not o-compact.

For every open set G C P set pG = Y. MGy (see the notation in 11.1) and extend p to a
yERy
Radon measure on P.

If B := {0} x Ry, then B is a Borel set, uB = oo and pK = 0 for every compact set K C P.

15.16. Exercise. (a) Let u be a Radon measure on P and K C P compact. Show that
{z € K: p{z} > 0} is countable. In particular, if y is a Radon measure on a o-compact space
P, then {z € P: u{z} > 0} is countable.

(b) Let u be a Radon measure on R™. Then the set {r > 0: u{x € R": |z| =7} > 0} is
countable.

15.17. Exercise. Let p be a Radon measure on (P,.%), p € [1,00). Show that the set C.(P)
is dense in P (u).

Hint. With the help of Exercise 10.10.a, it is sufficient to approximate every set E € % of finite
measure by functions from €k (P) in the LP-norm. If € > 0, then there exist an open set G and
a compact set K (Lemma 15.7) so that K C E C G and u(G \ K) < . Now, use Urysohn’s
lemma in order to find a function ¢ € €.(P) with cx < ¢ < cq.

15.18. Exercise. A Radon measure p on P is called discrete (often also atomic) if there
exists a set S C P such that pu(P\ S) = 0 and p{z} # 0 for all € S. A measure p is called
continuous if p{z} = 0 for each point z € P.

(a) Show that a complex Radon measure p on P is discrete if and only if there exists a
sequence of numbers {c;} and points z; € P so that > |cj| < co and u = >~ cjex,;. Cf. Exercise
J J

2.10.

(b) Show that every Radon measure p can be uniquely expressed in the form p = pg + pe
where pg is discrete and p. continuous.

Hint. Set S :={z € P: p{z} > 0}, pgA = u(AnNS) and pcA = p(A\ S) (use Exercise 15.16.a).

(c) Show that each Radon measure p on R™ can be written uniquely in the form

H= pd + ta + s
where pq is discrete, ps is continuous, i is absolutely continuous with respect to the Lebesgue
measure A and pus and A are mutually singular.
15.19. Exercise. Let p be a o-finite Radon measure on P and F € .¥.

(a) Show that for every € > 0 there exist an open set G and a closed set F' such that
FCECGand p(G\F) <e.

Hint. Suppose E = |J E;, where Ej; are of finite measure. Find open sets G; D E; such that
J

uGj < pEj+e27771 and set G = |JG;. In a similar way find F' (considering the complements).
J
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(b) Show that there exists an F,; set S and a G set D such that S C E C D and pu(D\S) =0
(compare also with Theorem 1.21).

15.20. Exercise. Let 1 be a Radon measure on (P,.¥) and consider the outer measure
pw*A:=inf{u(G) : G open, G D A}.

(a) If A € &, then A is pu*-measurable in the sense of 4.4. and p = p* on .. Thus the
extension of p to M(u*) is the “maximal” representative of y in the sense of Remark 15.2.2.

(b) Let p be as in Exercise 15.15.c. Show that the completion of p is not the “maximal
representative”.

15.21. Notes. The important step from the Lebesgue measure to the study of more general
measures in Euclidean spaces was done by J. Radon [1913]. The notion of a Radon measure is
connected with his name, even if this term is not entirely common and some authors use other
synonyms instead.

16. RIESZ REPRESENTATION THEOREM

In this chapter, let us direct our attention to the relation between Radon
measures and Radon integrals on a locally compact space P.

Suppose p is a Radon measure on P. Then %.(P) C £ (1) and the mapping

fH/Pfdu, f e €.(P)

is a Radon integral on P.

On the other hand, every Radon integral A on P can be understood as an
integral with respect to a Radon measure. In Chapter 14 we indicated a method
of proving this proposition, and now we propose to show another method and
provide complete proofs.

Symbols ;14 and % of this chapter will be used to denote the same objects as
previously in Chapter 14, but the definitions are revised.

In the sequel, A denotes a Radon integral on a locally compact space P.

16.1. Outer Radon Measure. If G is an open subset of P, we set
wi(G) =sup{Af: f€%.(P),0< f<1, f=0o0nP\G}.
Clearly p% is monotone on open sets. We define
pi(E) = inf {u% (G): G open, G D E}

for an arbitrary set £ C P.

The set function p% will be called the outer Radon measure (assigned to the
Radon integral A). In the next theorem we will prove that p% (which will be
simply denoted by p*) is really an outer measure.
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16.2. Properties of Outer Radon Measures. Let u* be an outer Radon
measure. Then
(a) p*K = inf{Ag: g€ €.(P), 0<g<1, g=1o0n K} for every compact
set K C P (in particular, u* is finite on compact sets);
(b) u*G =sup{u*K: K compact, K C G} for every open set G C P;
(c) w* is an outer measure.

Proof. (a) Let K C P be a compact set and g € 4.(P),0 < g <1, g=1on
K. Fix e € (0,1) and denote G = {z € P: g(x) > 1 —¢}. Obviously K C G. If
f€%.(P),0< f<1, f=0o0nP\G,then f < {Lg. Hence i*G < {1~ Ag and

Ag> (1 —e)u"G>(1—e)u"K.
We see that Ag > p* K, and thus
WK <inf{Ag: g€ %6.(P),0<g<1,g=1on K}.

To prove the reverse inequality, select an open set G O K. Urysohn’s lemma
provides a function g € €.(P),0<¢g<1,g=0o0n P\ G and g =1 on K. Since
Ag < p*G, we are done.

(b) Suppose we are given an open set G C P and € > 0. Let f € %.(P)
be a function such that 0 < f < 1, f = 0 on P\ G and choose € > 0. Since
fr = min(f, %) \\ 0, an appeal to Daniell’s property reveals the existence of an
n € N such that Af, <e. If K := {zecP: f(z) > 1}, then K is a compact
subset of P. According to (a), there exists g € €.(P) such that 0 < g <1,¢g=1
on K and Ag < p*K +e. Since f — f, < g, we get

Af < Af, + Ag < 'K + 2

and we have finished.

(c) Clearly p*0 = 0, and p*S < p*T whenever S C T. It remains to show
that p* is o-subadditive. To this end, let ¢ > 0 and K;, K5 C P be given. By
Theorem 16.2.a we can find f; € €.(P), j = 1,2 such that f; = 1 on K; and
Afj < wKj+e. Then p*(K1UKs) < A(fi+f2) = Afi+Afe < W K1+ p Ko +2e
and we see that p* is subadditive on compact sets.

Next consider open sets G, G2 C P and pick a compact set K C G; UG>. For
any point x € K there is its neighbourhood V, whose closure is either in G; or
in G5. Thanks to the compactness of K, we obtain finite collections of open sets

{Vi}i, {V2}; such that V/ ¢ G; and VA UUV2 D K. Set K; = KnJVY,
j = 1,2. Then K, are compact, K; C G; and K = K; U K. Thus p*K <
WKL+ Ky < p*Gr + "Gy and it readily follows that p* is subadditive on
open sets.

o0
Now, let {G,} be a sequence of open sets. Choose a compact set K C |J G;.
i=1

1=

Then K C |J G; for some n € N, whence
i=1
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and (b) yields that p* (U Gi> < 3 urG;.
i=1 i=1
Finally, let F,, C P be arbitrary. We wish to show that pu* ((JE,) <> p*E,.
It would be clearly sufficient to assume that u*FE,, < oo for all n. Given ¢ > 0,

we can find open sets G,, such that F,, C G, and pu*G,, < p*E,, + 27 "¢. Then

uw (UE"> < ur (UG”) SZM*En-I-e.

*

As £ > 0 was arbitrary, p* is o-subadditive as needed. m

16.3. Theorem. Every Borel subset of P is p*-measurable (in the sense of
Carathéodory).

Proof. 1t is sufficient to prove measurability of open sets. Notice that by virtue of
Theorem 16.2.c we have u*(G1UG3) = p*Gy 4+ p* G2 whenever G, G are disjoint
open sets. Now, given an open set G C P, a test set T' C P such that pu*T < oo
and € > 0, there exist open sets V and H such that V O T, u*V < pu*T + ¢ and
HDOV\G, p*H < p*(V\ G) + . We can also find a compact set K C VNG
such that p*K + & > p*(V N G) and an open set W with a compact closure such
that K CW Cc W C VNG. Set Wo =V nH\W. Then W, is an open set,
WNnWo=0,WUW, CV,V\GCWyand p*W +e > p*(VNG). Thus

p(TNG)+p (T\G) < (VNG)+pu* (V\G) < p!"W + e+ "Wy
= WUWy)+e < p*V4e<u'T+ 2.

(In fact, the idea of the proof is quite simple, TN G and T\ G are approximated
by disjoint open sets.) m

16.4. Measure 4. Any Radon integral A on a locally compact space P defines
a corresponding outer Radon measure u%. Carathéodory’s construction yields the
o-algebra M4 on which % is a complete Radon measure. The restriction of p%
to M 4 will be denoted by 4.

16.5. Riesz Representation Theorem. Let A be a Radon integral on P.
Then there exists a complete Radon measure p on P such that 6.(P) C £ (u)
and Af = [, fdp for each f € 6.(P). The measure ji is unique on AB(P).

Proof of the existence. If © = pa, then p is a complete Radon measure. To
complete the proof we only have to show that

Ar=[ ran ser)
The reader should find it easy to prove that € (P) C £ (u).

Let f € €.(P) be given. It is no restriction to assume that 0 < f < 1. For
ne€Nand k=0,1,...,n denote

Jr = min(f,%), Gy = {xeP:f(x)>%}.
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Then using the definition of u*G and the properties of integral it is clear that

1 1 1 1
—uGr < A(fr — fe—1) < —pGr—1 and  —uGy < / (fe = fk—1) dp < —pGr—
n n n P n

for each £k =0,1,...,n. Thus

-]

<

n

;(A(fk_fkl)—/la(fk—fkﬂdu)

1 1
(1Gr—1 — pGy) = E#Go = 5u{$ € P: f(z) > 0}

S|

k=1

Since pu{x € P: f(x) > 0} < +oo, we get Af = [, fdu and we are done.

Proof of the uniqueness. If v is a complete Radon measure on P obeying the
assumptions of the theorem, we have

Af:/fdug/chV:VG
P P

for any open set G C P and f € €x(P) with0 < f <1, f =0o0n P\ G. Whence
1aG = %G < vG. Taking into account Theorem 16.2.a, we have s K > vK for
each compact set and from regularity of v and py4 it immediately follows that v
and py coincide on Borel sets. m

16.6. Remark. The previous theorem guarantees a one-to-one correspondence between Radon
integrals and classes of equivalence of Radon measures (cf. Remark 15.2).

16.7. Other Spaces of Continuous Functions. We denote by %,(P) the
Banach space of all bounded continuous functions on P equipped with the norm

IfIl = sup [ f(z)].
reP

The space

%o(P) :={f € €(P): for every € > 0 there exists a compact set K. C P
such that |f(z)| < ¢ for all x outside K.}

of all continuous functions on P “vanishing at infinity” is the closure of %.(P) in
é»(P). If 11 is a finite Radon measure on P, then

fH/Pfdu

is a positive linear functional on %, (P) and on %,(P) as well. The converse
proposition is also true for the space 6, (P) as an easy consequence of the Riesz
Representation Theorem 16.5.
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Let A be a positive linear functional on 6o(P). Then there exists a unique finite

complete Radon measure ju on P such that €o(P) C £ (1) and Af = [, fdp

for every function f € 6y(P).
16.8. Exercises. Let P, Q be locally compact spaces, h a continuous mapping from P onto
Q and p a Radon measure on (P, Z(P)).

(a) Show that foh € £ (u) for every function f € %.(Q) provided uP < +oo or h~1(F) is
compact for every compact F' C Q.

(b) Show that the mapping A: f +— fP fohdu, f € %:(Q), is a Radon integral on Q.

(¢) By the Riesz Representation Theorem there exists a unique Radon measure pu' on
(Q, #(Q)) which represents A. Prove that p/ = h(u) (notation as in Exercise 8.23).
Hint. Show that p/(K) = f(u)(K) for every compact set K.
16.9. Product of Radon Measures. Consider locally compact spaces P; and P,. Their
Cartesian product P; X Ps is again a locally compact space. If P; and P> have countable bases,
then the product P; X P> has a countable base as well.

We are now interested in the product of two Radon measures. Two main problems arise:
1. In general, a Radon measure is not necessarily o-finite and we cannot speak about a product
measure in the sense of Chapter 11.

2. Although B(P1) ® B(P2) C #B(P1 X P»), the equality in general does not hold. Thus even if
the original Radon measures on P; and P> are o-finite, their product is not necessarily defined
on Z(P1 x P) and so it cannot be called a Radon measure.

In the sequel, we show a way how to define a product of Radon measures.

(a) Let Py, P> be locally compact spaces with countable bases (and so metrizable). Then
PB(P1 x Po) = B(P1) @ B(P2) and if 1, ue are Radon mesures on (P1), B(P1)), (P2, B(P2)),
then pu1 ® p2 is a Radon measure on (P; X P, B(P1 X P)).

Hint. It is not hard to verify that B(P1) ® B(P2) = B(P1 x P2). Hence p1 ® po is defined on
PB(P1 x P2). Since P1 X P> has a countable basis, it is sufficient to show that p1 ® po is finite
on compact sets. Select a compact set K C P; X P> and denote K; projections of K onto P;.
Then K; and K2 are compact sets (as continuous images of compact sets) and K C K1 x Ka.
Then

p1 ® p2 (K) < p1 ® pa (K1 x Ka2) = p1 Ky - pa Ko < +oo.

(b) Consider now the general case when P; and P> have not necessarily countable bases. By
Exercise 14.13 there is a Radon integral A on P; X P> such that

Af = A1f1-Aafe

whenever f1 € €.(P1), f2 € €:(P2) and f(xz1,22) = f1(z1)f2(x2), 1 € P1, x2 € P>. Show that
i 4 is a unique Radon measure p on #(Py X P») satisfying

w(Er x E2) = p1E1 - paFa
whenever F1 € %(P1) and Fo € #(P2). If, in addition, pi1, u2 are o-finite, then
pa(E) = (u1 ® p2)E
for every set E € B(P1) ® B(P2).

(c) Using results of 16.10, it is possible to define a product of complex measures as well.

16.10. Representations of Signed and Complex Radon Integrals. (a) Let v be a
signed or complex Radon measure on P and a a bounded Borel function on .# (P). Then the

mapping

A:f»—>/Pafd1/

is a complex Radon integral. If, in addition, vP < +00, then A is a continuous linear functional

on éo(P).
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(b) Let v be a finite signed or complex Radon measure on P. Then the mapping

A:fH/Pfdu

is a continuous linear functional on the space %y (P).

(c) Let A be a complex Radon integral on P (signed Radon integrals are particular cases)

and let |A| be as in 14.11. By the Riesz representation theorem there is a Radon measure p
such that [ fdu = |A| f for each f € 4.(P). Show that there exists a bounded Borel function
a (uniquely determined as an element of L°° (P, 1)) such that the equality Af = fP af dp holds
for every function f € %.(P). Moreover, |a| = 1 p-almost everywhere.
Hint. The function a can be defined locally, so the problem can be reduced to the case when P
is compact. Our approach will be analogous to that in proving the Radon-Nikodym theorem.
The functional A is uniformly continuous on % (P) with respect to the norm of the Hilbert
space L2?(P,p), thus it can be continuously extended to the entire space L? and the Riesz
Representation Theorem on representation of continuous linear functionals on a Hilbert space
yields the existence of an element a € L? such that Au = [audp for all u € L2. Proof of the
fact that |a| = 1 p-almost everywhere is more difficult, see e.g. G.K. Pedersen [*1989)].

(d) Let A be a continuous linear functional on %o (P). Then there exists a unique complete
signed (or complex, depends on what field we consider) measure p on P such that €o(P) C
ZLY(|ul) and Af = [, fdu for each f € €o(P).

16.11. Notes. The famous Riesz Representation Theorem 16.5 was proved for P = [0, 1] by
F. Riesz [1909b] but continuous linear functionals on %([0, 1]) were represented by functions of
bounded variation using Riemann-Stieltjes integrals. Other theorems of this type were proved by
J.Radon [1913] (for compact subsets of R™), S. Banach in Appendix to Saks’ monograph [¥1937],
S.Saks [1938] (for compact metric spaces) and S.Kakutani [1941]. The Riesz Representation
Theorem for compact spaces and the method of construction of Radon measures directly from
Radon integrals is due to J.von Neumann [1934]. Concerning locally compact spaces, A. Weil
[1940] was aware about the result. However, the final version for locally compact spaces was
established by the Bourbaki group (A.Weil was also its member) in the 40’s and appeared in
[*1952].

17. SEQUENCES OF MEASURES

Throughout this chapter, P will be a locally compact space. We denote by
A (P) the linear space of all signed Radon integrals on P and by . (P) the
set of all (positive) Radon integrals on P. If no confusion can result, we will not
distinguish between the Radon integral A and the Radon measure p4. Thus, for
w € AT (P), we will write both u(f) (f € 6.(P)) and uE (E C P).

This chapter is for information, proofs will be given only to some propositions.

17.1. Strong and Weak Convergence. Let # be a linear subspace of €' (P)
containing %.(P). We say that a sequence {u,, } of Radon integrals on P converges
F -weakly to a Radon integral p if

lim fdun:/fdu
n—oo P P

for each f € #. Notice that the F#-weak limit, if exists, is uniquely determined.

The most important case is the %.(P)-weak convergence which is called the
vague convergence and denoted by ji,, — .
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From the point of view of functional analysis, the vague convergence is the weak* convergence.
In case of spaces of measures, it is common to omit the asterisk. Different spaces of measures
are duals to different spaces of continuous functions. If such a space % is equipped with a norm
(or, more generally, with a locally convex topology), then it is possible to introduce a & -weak
topology on its dual .%* so that the .%-weak convergence of measures is in fact the convergence
in this (#-weak) topology. Notice that the space #* is not (except a few not very interesting
cases) metrizable. Hence the % -weak topology cannot be described by convergence of sequences
and, in general, nets have to be used instead.

If P is a compact metric space, then the set .#+ (P) is metrizable in the € (P)-weak topology.

In functional analysis, besides weak convergences we meet also strong conver-

gences. The most important example of a strong type convergence of measures is
the convergence ||pn, — || — 0 on the space .#;(P) of all finite signed (or com-
plex) Radon measures. The norm ||p|| defined as |u| (P) (like in Exercise 6.17)
is the dual norm to the norm of %,(P) and .#,(P) with this norm is a Banach
space.
17.2. Comparison of Weak Convergences. Now we will touch the question
whether the vague convergence j,, — pu implies the .#-weak convergence for a
wider space of “test” functions. Proofs of next propositions require the Banach-
Steinhaus theorem of functional analysis.

(a) A sequence p,, converges 6(P)-weakly to p if and only if p, — u and the
sequence {||ftn ||} is bounded.

(b) As usually, by a weak convergence we understand the é;,(P)-weak conver-
gence where %, (P) denotes the set of all bounded continuous functions on P. A
sequence fi, of complex measures from .#,(P) converges weakly to a measure
w € My(P) if and only in p, — u and for every € > 0 there exists a compact set
K C P so that |u,| (P \ K) < ¢ for all n.

A sequence p,, of positive measures from .7, ,f (P) converges weakly to a measure
p € A, (P) if and only if g, = pand ||| — |ull-

(c) Note that the weak convergence implies the %p(P)-weak convergence and
this one implies the vague convergence. If the space P is compact, then 6;,(P) =
é.(P) = €(P) and there is no difference between these convergences.

17.3. Examples. (a) If z,, — x, then £, — €.

(b) Suppose that {z,} is a sequence having no convergent subsequence (for example, take
zn = n for P = R) and {an} a sequence of real numbers. Then the sequence {anéy,, } converges
vaguely to the null measure. This sequence converges (to the null measure) %o (P)-weakly if and
only if oy, is a bounded sequence, and weakly if and only if ay, — 0.

(¢) Suppose &y, — 2, Yn — 2, Tn, 7 Yn. Then g4, — ey, — 0 but |lez, — ey, || — 2 # 0.

(d) If f is a continuous function on [0, 1], then

1 LA
/0 flyde = lim - ;f(?'

As if often the case, this equality can become the basis for a definition of the Riemann integral,
but it cannot be used to describe the set of Riemann integrable functions. In the language of
the weak convergence of measures it can be understood as

>_er = Ao

i=1

e
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The above examples show that the weak or vague convergence (unlike the
strong convergence, cf. Exercise 6.18) of y, to u does not imply p,(A) — u(A)
for all (Borel) sets. Nevertheless, we can state the following theorem for compact
spaces. Its modifications hold in locally compact spaces as well.

17.4. Theorem. Let P be a compact space and jin, 1 € M (P), pin ~ .

(a) For any lower semicontinuous lower bounded function u on P we have

/ud,ugliminf/ U dfty,.
P n—oo P

(b) If f is a bounded Borel function on P which is continuous p-almost ev-
erywhere, then

/fdu: lim/fdpn.
P n—oo P

(¢) If G C P is an open set, then liminf u,(G) > u(G).
(d) If K C P is a compact set, then limsup p,(K) < p(K).
(e) If A is a Borel set such that u(0A) =0, then pu,(A) — u(A).

Proof. (a) is an easy consequence of the definition.

(b) Define f*, f. as in 7.9.b. If f* = f. u-almost everywhere, then f is p-
measurable and

/fdu:/f*dugliminf/ f*d,ungliminf/ fdun
Slimsup/ fdunélimsup/ f*dunS/f*du:/fdu~
P P P

n—oo n—oo

To prove (c), (d) and (e) we can apply (a) and (b) to indicator functions. m

17.5. Remark. Compare Theorem 17.4 with the well-known result that a bounded function
f is Riemann integrable if and only if the set of all points of discontinuity of f is of measure zero
(see 7.9.d). It is possible to prove that a bounded Borel function f is Riemann integrable on
[0,1] if and only if f[o,1] fdun — fol f d\ for every sequence jip, of positive measures converging
weakly to A on [0, 1].

17.6. Exercise. Suppose pin,pu € #T(P). Show that u, > p if and only limsup pn (K) <
u(K) for each compact set K C P and liminf p, (G) > pu(G) for each open set G C P.

17.7. i Molecular Measures. A Radon measure v is called mc;clecular if

v =Y &, where z1,...,z; € P and ai,...,q; are positive and > o; = 1.
i=1 1=1

As we have seen in Example 17.3.d, the definition of the Riemann integral is

closely related to an approximation of “continuous” Lebesgue measure by “dis-

crete” molecular measures. In a similar way, more general measures can be ap-

proximated as the next theorem shows.

17.8. Theorem. Let u be a (positive) Radon measure on a compact metric
space P. Then there exists a sequence {un} of molecular measures such that

Hn = e



74 18. Luzin’s Theorem

Proof. We sketch the main idea of the proof. Thanks to the compactness of P,
for every k € N there is a finite collection {M}} of pairwise disjoint nonempty
sets so that |J M} = P and diam M; < 27%. Choose points % € M; and set

i

e = (M) -
A

17.9. Remark. The previous theorem can be proved as a nice application of the Krejn-
Milman theorem or of the bipolar theorem. However, both of them belong to deeper theorems
of functional analysis.

The following theorem has also its interpretation in the language of functional analysis: On
dual spaces bounded sets are relatively sequentially compact in the weak™ topology.

17.10. Theorem. Let P be a metric compact space and {u,} a sequence of
complex Radon measures on P. If sup,, ||un] < +00, then there exists a weakly
convergent subsequence of {n}-

Proof. The method of the proof uses the Cantor diagonal selection process. Since
¢ (P) is separable, there is a countable dense set {fx} C € (P). Now step by
step construct a sequence of sequences of measures {{u*},}r so that p® = u,
and every {u*}, (k > 1) is a subsequence of {%~1},, for which the sequence of
numbers {1¥ (fi)}, is convergent. This can be done by the Bolzano-Weierstrass
theorem since the sequence {u*~1(f;)}, of real numbers is bounded. If v, := u?,
then {v,} is a subsequence of {1, } and since for every k the sequence {v,, },>x is a
subsequence of {z%},,, the sequences {v,,(fx)}n» are convergent. Choose f € € (P)
and € > 0. Find g € {fx} such that ||f —g| < e. There is an no such that
lvi(9) — vj(9)| < e for all i, j > ng. Then by the triangle inequality

vilf) = v (A < (14 2sup [ })e

for all 4,5 > ng. Hence {v,(f)} is a Cauchy sequence and therefore it is conver-
gent. Define a functional p on €' (P) as

u(f) = lim v, (f).
It remains only to show that p is a Radon integral on P and p is a weak limit of
{vn}, which is easy. m

17.11. Exercise. Let P be a compact metric space and i, — p. Show that
llpll < liminf || pn|

(i.e. the norm is a weakly lower semicontinuous function on .# (P)).

17.12. Notes. The theory of weak convergence of probability measures has its roots in the
probability theory and mathematical statistics (see e.g. P. Billingsley [*1968]) and led, of course,
to a study of weak topologies on various subspaces of Radon measures. A similar notion of the
vague convergence was probably studied first by Bourbakists (see the second edition of their
monograph). Vague convergence is again nothing else than the weak convergence on the space
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of measures determined by the inductive topology on %.(P). Theorem 17.10. is a special case
of the Alaoglu-Bourbaki theorem.

18. LuzIN’S THEOREM

If a measure space is endowed with a metric or a topological structure, a
natural question arises whether there is a closer relation between measurability
and continuity. The following theorems show that for complete Radon measures
on locally compact topological spaces this is the case.

18.1. Luzin’s Theorem. For a complete Radon measure . on a locally compact
space P and a pi-almost everywhere finite function f on P, the following conditions
are equivalent:
(i) f is p-measurable;
(ii) for any e > 0 and any compact set K C P there is an open set G so that
puG < e and f|g\q is continuous;
(iii) for any € > 0 and any compact set K C P there exists a continuous
function ¢ on P such that

ple € K: f(2) # (@)} <

(iv) for every compact set K C P there exists a sequence {@n} of continuous
functions on P such that

©n — f  p-almost everywhere on K.

Proof. (i) = (ii): Let {U;} be a countable base for the topology on R (for
instance, a sequence of all intervals with rational endpoints). Fix an ¢ > 0 and
a compact set K C P. There exist open sets G; C P and compact sets F; C P
such that

Fj CcCKn fﬁl(Uj) C Gj and [L(Gj \FJ) < 27 e,
Set G = J(G; \ Fj). Clearly G is open and uG < €. Denote Y = K \ G and fix
an index j. Then YNG; = Y NF;. Thus YN f~1(U;) = Y NG, is an open subset
of Y and we see that f|y is continuous.
(ii) = (iii): Select again € > 0. Find an open set G C P such that uG < € and
flr\q is continuous. By Tietze’s extension theorem, there exists a continuous
function ¢ on P such that f = ¢ on K \ G.
(iii) = (iv): Find continuous functions ¢j on P so that pFE; < 27% where

By = {z € K: f(2) # gu(x)}. It

E = m U E; (=limsup Ey),
n=1k=n
then puF = 0 (cf. with the proof of the Borel-Cantelli lemma 2.14). If z € K \ E,
then there exists ng such that « ¢ F,, for n > ng and ¢, (x) — f(z).
The implication (iv) = (i) is obvious. m

For locally compact spaces which can be expressed as countable unions of
compact sets we get the following corollary.
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18.2. Luzin’s Theorem. Let i be a complete Radon measure on a o-compact
locally compact space P and f a p-almost everywhere finite function on P. Then
the following conditions are equivalent:
(1) f is p-measurable;
(ii) for any € > 0 there exists an open set G so that uG < € and f|p\g 1is
continuous;
(iii) for any € > 0 there exist a continuous function ¢ on P and an open set
G such that pG < e and p = f on P\ G;

(iv) there exists a sequence {p,} of continuous functions on P such that

on — [ p-almost everywhere on P.

Proof. This theorem is an easy consequence of the previous one. m

18.3. Remarks. 1. Only the equivalence (i) <= (ii) is usually called Luzin’s theorem.

2. Notice that a measurable function can be discontinuous at all points(!), consider e.g. the
Dirichlet function on R. Luzin’s theorem says that the restricted function is continuous when
omitting a “small” set. A characterization of functions which are continuous at almost all points
of the interval [0, 1] was described in 7.9 and 17.5.

3. In general, it is not true that a measurable function is continuous omitting a null set.
Consider, for example, the indicator function of a discontinuum of a positive measure (see 1.13).
4. Another interesting characterization of measurable functions for the case of the Lebesgue

measure in R™ is given by Denjoy’s theorem 29.9.

5. By Theorem 18.2, every Lebesgue measurable function on R is a limit of a sequence of
continuous functions in the sense of the convergence almost everywhere. The collection of
functions which are pointwise limits of continuous functions (so called functions of the Baire
class one) is not very wide. For example, the Dirichlet function (see 7.5) does not belong to it.

18.4. Exercise. Show that a p-almost everywhere finite function f on P is p-measurable if
and only if for any compact set K C P there exist compact sets K, C K and a p-null set £
such that K = F U|J Ky and functions f|k, are continuous.

18.5. Exercise. Give another proof of the assertion that €.(P) is dense in £? (cf. Exercise
15.17) with the help of Luzin’s theorem.

Hint. First approximate a function from .#? by a bounded measurable function with compact
support and then use Luzin’s theorem.

18.6. Notes. Luzin’s theorem for the case of the Lebesgue measure was proved by H. Lebesgue
[1903] and by N.N. Luzin [1912].

19. MEASURES ON TOPOLOGICAL GROUPS

19.1. Special Case. One of the fundamental properties of the Lebesgue
measure A\ on the real line is its “translation invariance”: If + € R and A C R
is measurable, then A(z + A) = AA. The Lebesgue measure is in fact by this
property uniquely determined. Indeed, the following theorem is true (cf. Exercise
26.6):
Let pu be a Radon measure on R. If 4([0,1]) =1 and u(x + A) = pA for every
x€R and A € BR), then p =X on B(R).
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Most of this chapter is devoted to a more general problem. Since the object
belongs to elements of harmonic analysis and the reader can consult many text-
books (e.g. G.Bachman [*1964] or K. Ross [¥1963]), we merely outline the main
ideas and invite the reader to fill in the details.

19.2. Topological Group. Let us start with basic notions. By a topological
group we understand a group G together with a (Hausdorff) topology such that
the group operations (x,y) — zy and x — x~! are continuous.

In the sequel, G stands for a topological group whose topology is locally com-
pact. The unit element of G will be denoted by e and the o-algebra of all Borel
subsets of G by #(G). Finally, by .# we will denote o-algebras which appear as
domains of measures in consideration.

For x € G and A C G, set
zA={xy: y € A}, Ax = {yz: y € A}, Al ={27 2z € A}

19.3. Haar Measure. A left Haar measure on G is every nonzero Radon
measure p on (G,.¥) which satisfies p(xA) = pA for each x € G and A € .. In
a similar way we define a right Haar measure. A measure which is simultaneously
both a left and a right Haar measure is called briefly a Haar measure.

19.4. Examples. (a) The Lebesgue measure is a (typical) example of a Haar measure on R™
(the group operation is the addition).

(b) The counting measure is a Haar measure on every group equipped with the discrete
topology.

(c) Let G = (0, +00) be the multiplicative group of positive real numbers endowed with the

Euclidean topology. If
d
BA = e , A Borel,
A T

then p is a Haar measure on G.

(d) Let G = C \ 0 be the multiplicative group of all nonzero complex numbers (with the

usual topology). If
1
HA :/ —5 dA(2)
Al

for A € (G), then p is a Haar measure on G.
19.5. Example. Let G be the multiplicative group of all 2 X 2-matrices of type

a b
01
where a € (0, 4+00) and b € R. There exists a one-to-one mapping of G onto (0, +00) x R given

by
F: (g ;’) — (a,b).

Consider on G the (locally compact) topology determined by F from R2. For A € &(G), set

1 1
,uA:/ —Zd:cdy, VA:/ — dzdy.
AT AT

(a) Show that p is a left Haar measure and v a right Haar measure on G.
(b) Show that vA = u(A~1).
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(c) Find a set A € B(G) such that pA < oo and vA = oco.

(The group G can be viewed as the group of all affine transformations of R onto R of the
form ¢ — at+b,a>0,b€ R.)

19.6 Remark. If i is a left Haar measure on G and ji is defined as iF := u(E~!) (again
E~! € B(G) if E € #&(G)), then i is a right Haar measure on G. In the same way, any right
Haar measure determines a left one.

In what follows, we restrict ourselves to a study of left Haar measures. Fundamental prop-
erties are contained in the following theorem.

19.7. Theorem (existence and uniqueness of left Haar measure). (a) On any
locally compact group there exists a left Haar measure.

(b) If 1w and v are complete left Haar measures on G, then there exists ¢ > 0
such that p = cv.

Proof of this theorem is quite complicated and takes a lot of effort. There are var-
ious existence proofs, some of them as applications of deep theorems of functional
analysis. Here we outline a rough idea of an “elementary” existence proof.

Let V' be an open neighbourhood of the unit element e of G. If E C G is a
compact set, denote by Hy (F) the smallest n such that there exist x1,...,2, € G

so that E C |J z;V (existence of a finite cover follows from the compactness of
j=1

E). Let K be a fixed compact set with a nonempty interior. The required Haar
measure is then obtained by some limit procedure for “V — {e}” and by extending
set functions

FE compact.

A proper and complete description of the entire construction is not easy.

The proof of uniqueness will be given under an additional assumption that p
is even a Haar measure. The general case is similar, but the technical details
are more difficult. First, there exists a nonnegative function h € %.(G) so that
h(e) # 0 and h(z) = h(z7!) for z € G (if g € €.(G), g(e) # 0, g > 0, set
h(z) = g(z) + g(z~')). Then [,hdu > 0 (see Exercise 19.14.b) and for an
arbitrary function f € €.(G) we get

Lnar [ gau= [ ) ([ e ane) avto)

_ / h(y) f(zy) dpev(z, y)
GxG

_ / he™'2) f(2) ducv(z, 2)
GxXG

= [ ([ e arerane) ) auta)
:/Gf(z) (/Gh(z_lx)du(x)> dzx(z):/Ghdu/Gfdu.
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To give reasons for particular steps when using Fubini’s theorem notice that f

and h have compact supports and that p and v are Radon measures. We can
Jo hdn -
Jghdv®

Haar measures have many interesting properties. Let us state some of them.

finish the proof by setting ¢ :=

19.8. Theorem. Let u be a left Haar measure on a locally compact group G.
Then:

(a) pU >0 for any nonempty open set U C G;
(b) uG < +o0 if and only if G is compact.

Proof. (a) Let U C G be a nonempty open set. We can assume e € U. There ex-
ists a compact set K C G with uK > 0. Then K C |J 22U and the compactness
zeK

n
of K yields the existence of z1,...,z, € K such that K C |J z;U. Then
i=1

0<uK <> p(aU) = npU).
=1

(b) Suppose uG < 4+o00. Let K C G be a compact set of a positive measure.

There exist z1,...,x, € G so that the sets z; K, i = 1,...,n are pairwise disjoint
n

but all (“remaining”) x € G satisfy K N(J 2;K) # 0. (Indeed — consider finite

i=1
sequences i, ..., &y for which 1 K, ..., z, K are pairwise disjoint. Their number
n

is bounded for instance by puG/uK. If z € G, then zK N (|J 2;K) # 0 and it

=1
n

follows that G = (U xiK> K~ is compact. m
i=1

19.9. Modular Function. Let p be a left Haar measure on a locally compact
group G. If v € G and p A := p(Az) for A € #A(G), then p, is obviously a left
Haar measure. By the uniqueness part of Theorem 19.7 there exists A(z) > 0
such that p, = A(x)u. Again, by uniqueness, A(z) does not depend on the choice
of a left Haar measure on G. The function A: z — A(z) : G — (0, +00) is called
the modular function of G.

19.10. Theorem. Let A be the modular function of G. The following condi-
tions are equivalent:

(i) every left Haar measure on G is also a right Haar measure;
(i) A=1onG.

Proof is easy and is omitted. m

19.11. Unimodular Group. A locally compact group G is said to be unimod-
wlar if the modular function A =1 on G. In other words, GG is unimodular if the
classes of left and right Haar measures on G coincide. Every commutative group
is unimodular. However, there exist examples of noncommutative unimodular
groups as indicated in the next theorem.
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19.12. Theorem. Any commutative, discrete or compact group is unimodular.

Proof. If G is discrete, then every left Haar measure is a multiple of the counting
measure. Hence, it is also “right invariant”. If u is a left Haar measure on a
compact group G and x € G, then G = Gz and puG = p(Gz) = A(x)uG. Since
0 < uG < 00, we obtain A(zx) =1. m

If G is a compact group, then each left Haar measure on G is a Haar measure
and we get immediately the following theorem.

19.13. Theorem. On every compact topological group G there exists a unique
complete Haar measure p satisfying uG = 1. Moreover, uE = pE~' for every
E € #(G).

19.14. Exercise. Let u be a left Haar measure. Prove the following assertions.

(a) If f € 6:(G) and y € G, then [ fdu = [ f(yz) du(z). The last equality holds if f is a
nonnegative yu-measurable function on G or if f € .£(u).

(b) If f € 4.(G) is nonnegative and f(e) > 0, then [ fdu > 0.

(¢) The measure p is o-finite if and only if G is o-compact.

(d) The topology on G is discrete if and only if u{z} # 0 for some (and thus for all) z € G.
19.15. Exercise. Calculate the modular function of the group from Example 19.5.
19.16. Exercise . Let A be a modular function on a locally compact group G. Show that:

(a) A is continuous;
(b) A(zy) = A(z)A(y) for all z,y € G;
(c) A(e) =1.

19.17. Exercise. Let u be a left Haar measure on GG. Show that the set function [, where
RE := pE~!, is a right Haar measure and [ f(z)A(z1)dp = [ fdj for every f € 6.(G).

d
In other words, the Radon-Nikodym derivative d—'u equals A(z~1).
n
Hint. Show that the function v on Z%(G) defined by vA := [, A(z71)du is a right Haar

measure. Thus v = K[i for some K. Now use the fact that A is a continuous function attaining
the value 1 at the unit element e.

19.18. Exercise. Show that the left and right Haar measures on G are mutually absolutely
continuous.

Hint. Use Exercise 19.17.

19.19. Convolution of Functions. In the following exercises, let x be a
fixed right Haar measure on (G, Z(G)). If f,g € £*(x) and = € G, define the
convolution of f and g at = as

f*g(x) :/Gf(xy’l)g(y) dx(y)

provided the integral on the right-hand side exists.

19.20. Exercise. If f,g € #'(x), then the convolution f * g is defined x-almost everywhere
f*xge Lx) and ||f xg|l; <|fll; lgll;- Thus, L1(x) with convolution as multiplication is a
Banach algebra.

19.21. Exercise. Show that convolution is commutative if and only if G is commutative.
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19.22. Exercise. Show that the Banach algebra (L!(x),*) has a multiplicative unit if and
only if G is endowed with the discrete topology. As an example consider the group Z of all
integers with the discrete topology and counting measure.

19.23. Involution. If f*(z):= f(z—1)(A(z))~!, then the mapping f ~— f* of the space L!(x)
onto itself (which is called the involution) is an isometry. (Show that [, [fz=))|(Az)"tdx =
fG |f(x)| dx for f € €.(G); hence it follows that ||f|| = ||f*|| if f € £ (x).)

19.24. Convolution of Measures. In the following, G is again a locally com-
pact topological group. By .#;,(G) denote the set of all complex Radon measures
on (G, #(G)). According to 17.1, .#,(G) with the norm defined by ||p| := || (G)
is a Banach space.

We define the convolution of measures u,v € M,(G) as
uxv (E) :=7{(z,y) € Gx G: zy € E}

for any Borel set £ C G, where 7 is the product of complex Radon measures
w and v, cf. 16.9.c. (Verify that {(z,y) € G x G: 2y € E} is a Borel subset of

G x G))

19.25. Exercise. Prove that p * v is a complex measure on %&(G), u* v € #,(G) and that
the inequality [l * v < [lu] - [v]| holds.
19.26. Exercise. Show that

(a) the operation of convolution of measures is associative;

(b) the convolution of measures on G is commutative if and only if G is commutative.
19.27. Exercise. Prove that if e is the unit of GG, then the Dirac measure ce is the unit of
(A (G), ).

19.28. Remark. The reader may find it interested to investigate a relation between convolu-
tion of measures and convolution of functions. If u,v € .#;,(G), then

pav(B) = [ colo)dusr,
GXG

hence

/hdu*y:/ h(zy) dp®v.
G GxG

for any bounded Borel function h on G. Therefore, for f,g € #(x) we have
dxs * xg)
dx

where xy is the complex Radon measure given by xr(E) = fE fdx. We see that the “new”
definition of convolution of functions agrees with the “former” one.

)

fxg=

19.29. Exercise. Give a definition of a convolution of a (complex) function f € #*(x) and a
complex Radon measure p € .#,(G). Prove that f* u € £1(x) and that || £ * pll, < ||f]l1 [|#]l-
In fact, L'(x) is not only a subalgebra of .#},(G) but even an ideal.

19.30. Notes. The translation invariant measures (or integrals) on compact Lie groups
were studied by F.Peter and H. Weyl [1927]. Remarkable progress was made by proving the
existence of a left Haar measure for separable locally compact groups by A.Haar [1933] and
by J.von Neumann in [1934] (the existence and uniqueness) for arbitrary compact groups, and
in [1936] (uniqueness) for separable locally compact groups and also by A.Weil especially in
[*1940]. Their proofs used the axiom of choice. H.Cartan [1940] and G.E. Bredon [1963] then
gave proofs without using the axiom of choice. A relatively short proof of the uniqueness result
can be found in S.Kakutani [1948]. More detailed historical notes are given by E.Hewitt and
K.A.Ross in [*¥1963]. It is said that Example 19.5. is due to J.von Neumann [1936]. Note that
Haar measures are special cases of invariant measures which can be studied in a more general
setting, cf. Banach’s appendix of Saks’ monograph [¥1937] or H. Federer [*1969].
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20. INTEGRAL AND DIFFERENTIATION

In the following chapters we will investigate properties of real functions involv-
ing the Lebesgue measure and Lebesgue integration on the real line.

In this chapter, our aim is to show an inequality between the measure of f(E)
and the integral of f/ over E. As a particular case, we obtain Sard’s lemma on
the real line.

Let K be a positive real number. We say that a real function f is a K -Lipschitz
function on a set £ C R if the inequality

|f(x) = f(y)] < K |z —y|

holds for all z,y € E. If f is a K-Lipschitz function on F for some K, we say
simply that f is a Lipschitz function on F.

20.1. Lemma. Let f be a K-Lipschitz function on a set E C R. Then
N f(E) < KXE.

Proof. The assertion is obvious in the case A*E = +oo. If AM*FE < 400, select
e > 0 and find a sequence of open intervals (aj;,b;) with E C [J(aj,b;) and

J
>(bj —aj) < XN*E + . By hypothesis there are intervals [o;, ;] such that
J
f(EN(aj,b;)) C [, 8;] and §; — o < K(bj — aj). Thus f(E) C U[a;, ;] and

j

NFE) <Y (B —a;) K Y (bj —a;) < K(\E +e¢).

j
Since the last inequality holds for all £ > 0, we are done. m

20.2. Lemma. Let f be a real function on an interval I and E C I. If |f'| < K
on E for some K > 0, then

AN f(E) < KX'E.
Proof. Choose K’ > K and denote
Ex={z€E: |f(x)— f(y)| <K forally e EN(z— 1,2+ 1)}
Then E; C Ex C ... and E = |J E. Let J be an interval with length less than %
According to the previous lemrllcla,
Nf(JNEE) <K' X(JNEg).

Dividing I into such intervals we obtain A*f(Ey) < K'A*(Ey). An appeal to
Exercise 4.7 reveals that A*f(E) < K'\*(E). Since K’ > K was arbitrary, we
have the required inequality. m

As a consequence of the preceeding lemma we get one-dimensional version of
well-known Sard’s lemma. Compare it with the next Theorem 20.4.
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20.3. Corollary. Let f be a real function on an interval I CR and E C I. If
f'=0o0n E, then \f(E) =0.

20.4. Theorem. Let f be a real-valued function on an interval I and E C I a
measurable set. Suppose that a finite derivative f'(x) exists at each point x € E.
Then f' is measurable on E and

N F(E) < [E .

Proof. We first prove the measurability of f/ on E. Choose ¢ € R. For each
k,m € N, the set

G, = {x € I : there exist y, z € I such that

x—%<y<x<z<x+%andf(z)—f(y)>(c+%)(z—y)}

is open. Hence the set

{reFE: fl(x) >c} =EnN (Umek>
m k

is measurable.
To prove the required inequality, it is no restriction to assume that FE is
bounded. For an ¢ > 0 denote

Ey={z € E: (k—1)e <|f(z)] < ke}.

Then F), are pairwise disjoint measurable sets, E = | J E}, and an appeal to Lemma

k
20.2 yields

NFE) < SN (B <Y ke <Y ( /

k k k E

=/ f'| +AE.
E

L +5>\Ek>

k

]

20.5. Exercise. Under the assumptions of Theorem 20.4 prove that f(FE) is a measurable set.

Hint. Use the following Exercise 20.6 and the fact that £ = N U|J K,, where AN =0 and K,
n

are compact (Theorem 1.21).

20.6. Exercise. Let f be a real-valued function on an interval I C R having a finite derivative
at each point of a (Lebesgue) null set E C I. Show that Af(E) = 0.

Hint. Use either Theorem 20.4 or Lemma 20.2 realizing that £ = |J{z € E : |f'(z)| < n}.
n
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20.7. Luzin’s (N)-property. We have seen in 3.18 that a continuous image of a (Lebesgue)
measurable set does not need to be measurable. On the other hand, if f is differentiable and E
measurable, Exercise 20.5 yields that f(E) is measurable. We now consider briefly the question,
under what conditions images of measurable sets are again measurable.

We say that a real function f defined on an interval I C R has Luzin’s (N)-property if the
image f(N) of any (Lebesgue) null set N C I is again a null set.

(a) (Rademacher) Let f be a continuous function on an interval I. Then the following
conditions are equivalent:

(i) f has Luzin’s (N)-property;
(ii) f(M) is measurable whenever M C I is measurable.
Hint. In light of Theorem 1.21 a measurable set is a countable union of compact sets and a null

set. For the converse, use Remark 1.9.2 which says that every set of a positive measure contains
a nonmeasurable subset.

(b) Show that the assertion of (a) remains true if f is measurable only (use Luzin’s Theorem
18.2). Likewise, the definition of Luzin’s (N)-property and other ideas can be generalized to the
case when [ is a measurable subset of R™.

(c) Let f be a function having a finite derivative everywhere on an interval I. Then f has
Luzin’s (N)-property.
Hint. Exercise 20.6.

(d) Every Lipschitz (even locally Lipschitz) function on a measurable set M has Luzin’s
(N)-property.
20.8. Exercise. Let f be an arbitrary function on an interval I C R. If D is the set of points

at which f has a finite derivative, then D is a Borel set and the function = — f’(z) is a Borel
function on D.

20.9. Notes. Luzin’s (N)-property was introduced by Luzin in [¥1915]. Corollary 20.3 which
we called the one-dimensional version of Sard’s lemma is also often called Luzin’s theorem.

21. FUNCTIONS OF FINITE VARIATION AND ABSOLUTELY CONTINUOUS FUNCTIONS

In this chapter we discuss two classes of functions without using measure the-
ory. Important results concerning these functions will be introduced in following
chapters.

21.1. Functions of Finite Variation. Let f be a real-valued function on an
interval I. For any interval [a,b] C I and any partition D: a =2z < 21 < -+ <
Zym = b of [a,b] denote

\Z/(f’ D) =Y [f(x;) = flz;-1)|.
7j=1

The extended real number

b b
V f :=sup{V(f,D): D is a partition offa, b]}

b
is called the variation of f over [a,b]. If V f < oo for every interval [a,b] C I,

then f is termed a function of finite variation. In this case there exists a function
v on [ such that

v(b)—v(@)=Vf

a
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for any interval [a,b] C I. Such a function v is determined up to an additive
constant and it is called an (indefinite) variation of f.

One can easily see that the set of all functions of finite variation on an interval
I is a vector space.

If, in addition,
b
sup{V f: [a,b] C I} < +o0,
a

we say that f is of bounded variation on I. For a compact interval [a, b], notions
of finite and bounded variation agree and they can be characterized simple by

b
V f < oo.
a

In case of an arbitrary interval I we could say that f is of “locally bounded
variation” instead of “finite variation”. Indeed, a function f is of finite variation
on [ if and only if it has bounded variation on each compact subinterval of I.
In a similar way, we are going to “localize” notions of absolute continuity and
integrability.

21.2 Jordan Decomposition Theorem. A function f is of finite variation
on I if and only if f is a difference of two nondecreasing functions.

Proof. Monotone functions are of finite variation, and thus differences of mono-
tone functions are also of finite variation. For the converse, if v is an indefinite
variation of a function f of finite variation, then v and v — f are nondecreasing
and f is their difference. m

21.3. Absolutely Continuous Functions. A real-valued function f is said
to be absolutely continuous on an interval I if given € > 0, there exists § > 0 that

m

D 1) = fla)l <e

j=1

m
whenever a;<b; < ap<by < -+ < @y, <by, are points of I with Y (b; —a;) < 4.
j=1
The family of all absolutely continuous functions on an interval I is a vector space
which contains all Lipschitz functions.

We say that a function f is locally absolutely continuous on an interval I if f
is absolutely continuous on every compact subinterval of I.

Any locally absolutely continuous function is continuous and of bounded vari-
ation.

21.4. Theorem. Any absolutely continuous function f on I is the difference
of two mondecreasing absolutely continuous functions.

Proof. 1t is enough to show that the indefinite variation v of f is absolutely
continuous. To this end let an € > 0 be given. Find § > 0 such that

1 (b) — flay)l <
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whenever a1<b; < as<by < --- < @, <by, are points of I with > (b; — a;) < 4.
j=1
P
Let A1 <By < Ay<Bj < --- < Ap,<B,, be points of I with ) (B;j —A;) <. Find
j=1
partitions
1

-
<. <Y = B

_ 0 0 _
Aj—aj<bj—aj

of intervals [A;, B;] for which
< i i 1
v(By) —v(A;) < > [F®5) — fad)| + o5
i=1

Since Y (b} — a%) <, we have
i

D 1(By) = v(4)| < 3 [F()) = flap)| +e <22,

as needed. m

21.5 Exercise. Show that the product of two absolutely continuous functions (or functions of
finite variation) on a bounded interval is again an absolutely continuous function (or a function
of finite variation).

21.6. Exercise. Prove that every absolutely continuous function has Luzin’s (N)-property.
Hint. If N is a null set, find an open set M of a small measure containing N and then use the

definition of absolute continuity.

21.7. Notes. C.Jordan discovered functions of finite variation in [1881] and proved the
decomposition theorem 21.2.

22. THEOREMS ON ALMOST EVERYWHERE DIFFERENTIATION

In this chapter we show that every function of finite variation (in particular,
every nondecreasing or Lipschitz function) has a finite derivative almost every-
where. The usual proof of this deep theorem uses Vitali’s covering theorem. Here
we present a rather elementary proof. Let start with a simple lemma which is due
to F. Riesz.

22.1. F.Riesz’s Rising Sun Lemma. Let h be a continuous function on an
interval [a,b]. Denote

E ={x € (a,b): there exists £ € (z,b)such that h(§) > h(x)}.

Then E is a union of a sequence of pairwise disjoint open intervals (a;,b;) with
h(a;) < h(b;).

Proof. 1t is clear that FE is an open set. Hence, F is a union of a sequence of
pairwise disjoint maximal open intervals contained in E. Let (a, 3) be any such
an interval and x € (a, §). Denote

M ={¢ € (z,0): h(§) = h(x)}.
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Since 8 ¢ FE, it follows that h < h(8) in [8,b). By hypothesis M # () and
sup M = . Thus h(z) < h(8) and letting  — o+, we complete the proof. m
22.2. Remarks. 1. If (o, () is a maximal open interval contained in F and a > a, then even
h(a) = h(B).
2. The “mirror” version of the lemma: Let h be a continuous function on an interval [a, b] and
denote

E = {z € (a,b) : there exists a £ € (a,z) with h(£§) > h(z)}.
Then E is the union of a sequence (a;,b;) of pairwise disjoint open intervals with h(a;) > h(b;).
22.3. Extreme Derivatives. Let f be a function defined on a neighborhood
of a point x € R. Denote

D f(a) = limsup 7 (f(x +1) ~ f(2)).
t—0+

D (@) = i inf (7w +0) — ()

and analogously D~ f(z) and D_ f(z) for t — 0—. These extended real numbers
are called the Dini derivatives of f at x. A function f is differentiable at x if all
Dini derivatives of f agree at x.
Finally set

_ _ 1

Df(w) =limsup +(f(z +1) - f(x))
and call the function Df the upper derivative of f. The lower derivative Df is
defined in a similar way.

22.4. Lemma. FEvery nondecreasing Lipschitz function f on an interval [a,b]
has a finite derivative almost everywhere on [a, b].

Proof. 1t is no restriction to assume that f is 1-Lipschitz. Lipschitz functions
cannot have infinite derivatives. To prove the assertion it suffices to show that
Dt f < D_f almost everywhere. Then analogously D~ f < D, f almost every-
where, and

0<DYf<D_ f<D f<D,f<D"f<1

almost everywhere as needed. To this end let 0 < p < ¢ < 1 be given and set
My, :={z € (a,b): D_f(z) <p<q< DT f(x)}.

By Remark 22.2.2 there is a sequence of pairwise disjoint intervals (a;,b;) such
that

{z € (a,b): D_f(z) <p} C {x € (a,b): there exists { € (a,x)
with (€)= p¢ > f(2) = pr} = (as, ;)

and
f(bj) —pbj < f(a;) — pa;.
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Now apply Lemma 22.1 to f(x) — gz on each interval [aj,br]. Again there are
pairwise disjoint intervals (ag, j, bk ;) C (ak,bx) such that

{x € (a,b): DT f(z) > q} C U{x € (a,bg) : there exists £ € (ag, )
k

with f(€) — ¢ < f(2) — gz} = | J(ar,. bry)

k,j
and
f(br,j) — abkj; > flak,;) — qag,;-
Hence
Z(bk,j —ap;) < = Z flar,j)) < éz (f(bx) — f(ar))

k,j k

szbk*ak (b—a).

Thus, we can define by induction sequences of decreasing collections of intervals;
in the 2n'™ step we obtain a collection of intervals {(As, Bs)} with

U4, Bs) 5 M,y and > (Bs— 4,) < (2) (b - a).

S

Q\'U

It follows that M, 4 is a null set. The assertion now follows from the fact that

{z€(ab): D_f(z) <DV fx)}c | My

P,q€(0,1)NQ

Now we show that also monotone functions are differentiable almost every-
where. The situation is more difficult since monotone functions can be discon-
tinuous. The heart of the proof lies in the observation that, for a nondecreasing
function f, the inverse function to z — x + f(x) (whose domain is not necessarily
connected) can be extended to a nondecreasing Lipschitz function on an interval.

22.5. Theorem (Lebesgue). Every monotone function f on an interval I has
a finite derivative at almost all points of 1.

Proof. Tt would be clearly sufficient to assume that I = [a,b]. There exists an
interval [A, B] and a function g on [A, B] so that g is Lipschitz and nondecreasing,
and z + f(x) € [A,B], g(x + f(z)) =z for all z € [a,b]. (If f is continuous, then
g is simply the inverse function to z + f(z)). A moment’s thought will convince
the reader that
{z € (a,b): f'(z) does not exist } C g(E)U g(N)
where
E={ye€ (A, B): ¢(x) does not exist } and N ={ye€ (4,B): ¢'(x) =0}.

By the previous lemma AF = 0. Hence Ag(E) = 0 by Lemma 20.1. According to
Sard’s lemma (Corollary 20.3) also Ag(IN) = 0 and the proof is complete. m
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22.6. Corollary. FEvery function of bounded variation has a finite derivative
almost everywhere.

We conclude this section by proving an important inequality.

22.7. Theorem. Let f be a nondecreasing function on an interval [a,b]. Then

€ Z(a,b]) and
/f < (b) ~ f(a).

Proof. For x > b set f(x) = f(b) and define a sequence of functions

o) =k (Fo+ D) - 1))

for z € [a,b]. Then f;, are nonnegative measurable functions on [a, b] (f is measur-
able!) and lim f; = f’ almost everywhere. Thus f’ is measurable and nonnegative
almost everywhere. Fatou’s lemma 8.15 and a quick computation establish that

/abf’gliminf/abfk:hminfk /ab:ff—/abf
—tmint k(75 [T ) <tmine (L)~ L)
= f(b) = f(a).

22.8. Notes. Theorem 22.5 on differentiability of monotone functions was proved by
H. Lebesgue in [¥*1904] under an additional assumption of continuity of differentiated function.
In a full generality, the theorem was proved independently by G. Faber [1918] and by G.C. Young
and W.H. Young [1911]. Rising sun lemma 22.1 and proof of 22.4 are due to F. Riesz [1930-32].
To prove Lebesgue’s theorem, he uses this lemma and the notion of null sets only. The idea of
the proof of 22.5 was used by J. Mignot [1976] and L. Zajicek [1983].

23. INDEFINITE LEBESGUE INTEGRAL AND ABSOLUTE CONTINUITY

In this chapter we examine the formula

b
£(0) - f(a) = / I

where the integral is understood as Lebesgue’s one and the derivative in the
“almost everywhere” sense. First, let us show that formula does not always hold
even if f is monotone by considering the following example.

23.1. Cantor Singular Function. We define the Cantor function f: [0,1] — [0,1] in the
following way: Let f(0) =0, f(1) = 1. For « € [3, 3} set f(x) = 1 . Further set f(z) = l for
LS [5, §} and f(z) = 3 for z € [9, 9] Each succesive step is essentlally the same. If (a, b) isa

maximal interval in Wthh f is not yet defined, we subdivide it into thirds and define the value
of f in the closed middle third as the arithmetical mean of f(a) and f(b). Then f is defined
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and uniformly continuous on a dense subset of [0,1]. The last step of the definition consists in
the continuous extension of f to the whole interval [0, 1]. There is also an arithmetic definition
of the Cantor function. Suppose z € [0,1] is written in the form

oo
_ —J
zfg 3z
Jj=1

where z; € {0,1,2}. Then
1,
ror =132,
j=1

where
{ 1  if there is ¢ < j with ; =1,
Y; =

x; otherwise.

We see that f’ = 0 almost everywhere and
1
f(1)—f(0):1¢0:/0 f

This situation cannot occur when f is absolutely continuous as shown by the
following theorem.

23.2 Theorem. Let f be an absolutely continuous function on an interval [a, b].
Then ' € £*(|a,b]) and

- s =1

Proof. As every absolutely continuous function is the difference of two monotone
absolutely continuous functions, no generality is lost with the assumption that f

is nondecreasing. Obviously f/ > 0 almost everywhere and ff 1< f) - fla)
thanks to Theorem 22.7. Select ¢ > 0 and let § > 0 be as furnished by the
definition of absolute continuity of f. There exists an open set G with A\G < ¢
containing all points of nondifferentiability of f. Let G be expressed as a union
of pairwise disjoint intervals (a;,b;). Then the definition of absolute continuity of

f yields Z?:l(f(bj) — f(a;)) < e for all k € N. Thus Af(G) < e. On the other
hand, by Theorem 20.4 we have

b
A b\ G ! !
mmh)éﬁmgééf
Whence

b
f(b) = fla) = Af([a,b]) < X" f([a,0] \ G) + Af(G) < / f+e

23.3 Indefinite Lebesgue Integral. A function ¢ on an interval I C R is said
to be locally integrable if it is integrable on every compact subinterval of I, and
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f is called an indefinite Lebesgue integral of a locally integrable function ¢ on I
provided

b
f(b) = f(a) :/ ¢ whenever [a,b] CT.

xT
/% z ¢,
C
c
_/307 T <ec,
"

then @ is an indefinite Lebesgue integral of ¢ and any other indefinite integral
of ¢ differs from ® by an additive constant. If, in addition, ¢ is nonnegative,
then ® is nondecreasing. It follows that for a locally integrable function ¢, the
indefinite integral of ¢ is a function of finite variation (it is the difference of
indefinite integrals of p* and ¢~) and by Corollary 22.6 it has a finite derivative
almost everywhere. Notice that according to the Lebesgue dominated convergence
theorem any indefinite Lebesgue integral is a continuous function. This assertion
can be sharpened considerably as the next theorem shows.

If ce I and

b(x) =

23.4. Theorem. Let p € Z1(I) and f be an indefinite Lebesgue integral of
on I. Then f is absolutely continuous and f' = ¢ almost everywhere.

Proof. Since |f(y) — f(x)| < [|f| for [x,y] C I, absolute continuity of f follows
from Exercise 8.22.b. It remains to show that f’ = ¢ almost everywhere. Since
f is absolutely continuous, f’ exists almost everywhere, f' € .Z*(I) and for any

interval [a,b] C I
b b
[ r=t1o-ra-=[

)=

for any open set E, and consequently for any measurable set E as well. Then
Theorem 8.17 gives the desired conclusion. m

It readily follows that

23.5. Corollary. For a real-valued function f on an interval [a, b], the following
properties are equivalent:

(i) f is absolutely continuous on [a,b)];
(i) there exists ¢ € £ ([a,b]) such that f(z) = f(a) + [ ¢ for all x € [a,b];
(ili) f is differentiable almost everywhere, f' € £*([a,b]) and f(z) = f(a) +
LZf for all z € [a,b].

23.6 Corollary. Suppose f is an absolutely continuous function on [a,b]. If
/"= 0 almost everywhere, then f is constant.

23.7. Remark. Let ¢ be a real-valued function on an interval [a,b]. Recall that the
Newton integral of ¢ is the difference f(b) — f(a), where f is an antiderivative of ¢ on the
interval [a,b]. This definition can be generalized in many ways. We may modify the notion
of an “antiderivative” to require the equality f’ = ¢ up to a countable set of points. To
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make this definition reasonable, we should add the assumption that f is continuous in order to
guarantee that all “antiderivatives” of f differ up a constant. An analogous problem appears
when assuming f’ = ¢ only almost everywhere. Now, the example of the Cantor function shows
that continuity of f does not guarantee that the increment f(b)— f(a) does not depend on choice
of the “generalized antiderivative”. However, it is possible to give an alternative definition of
the Lebesgue integral of a function ¢ as the increment of an absolutely continuous function f
on [a,b] with f/ = ¢ almost everywhere. (Notice that this definition does not lead to a true
generalization — some antiderivative are not absolutely continuous, see Example 25.1). The
definitions of various integrals based on the idea of (in some way) generalized antiderivatives
are called the descriptive ones. Let us note that these generalizations may consist in omitting
“small sets” or in a “generalized differentiation”. Furthermore, in Chapter 25 we mention
Perron’s method which is also included among descriptive approaches.

23.8. Lebesgue Points. Let I C R be an interval and x € I. We say that «
is a Lebesgue point for a locally integrable function f if

h

. 1
fm o [ 1@+t~ f@) dt =0

If F is an indefinite Lebesgue integral of f on an interval I and x € I is a point
where F'(z) = f(x), then

1 h
lim — t) — dt=0
tim o [ (@) = @)
but x does not need to be a Lebesgue point for f. However, it is clear that F’ = f
at each Lebesgue point for f. The following theorem is thus a strengthening of
Theorem 23.4.

23.9. Lebesgue Differentiation Theorem. Let f be a locally integrable
function on an interval I. Then almost every point of I is a Lebesgue point for

f.
Proof. For a fixed r € R, the function = +— |f(z) — r| is locally integrable on I.
By virtue of Theorem 23.4 there exists a set F,, C I of Lebesgue measure zero
such that
1 h
lim—/ (@ +0) —r| dt = |f(z) ]

h—0 2h —h

for every x € I\ E,. If E:== |J E,, then AE =0. Now, if z € I \ E and € > 0,
reQ
then there exists r € Q with |f(x) — r| < e. Consequently,

[fl@+8) = f@)| <|fl@+t)—r[+e

and

. I
llgljgp%[h|f(z+t)—f(x)| dt < |f(z) — 7| +¢e < 2e.

]
23.10. Remark. Every continuity point of f is a Lebesgue point for f. An interesting

relationship between Lebesgue points and points of approximate continuity will be given in
Exercise 29.11.
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23.11. Banach-Zarecki Theorem. Let f be a real-valued function on an interval [a, b]. The
following assertions are equivalent:

(i) f is absolutely continuous on [a, b];

(iv) f is continuous on [a,b], f is of bounded variation and has Luzin’s (N)-property.

Hint. We already know that any absolutely continuous function f is continuous and of finite
variation. According to Theorem 23.2, A\f(G) < fG |f'| for any open set G C [a,b], and a
moment’s reflection shows that f has Luzin’s (N)-property. Conversely, suppose that (iv) holds
and let D be the set of all points where f has a finite derivative. By Exercise 20.8, D is
measurable. Since Af([a,b] \ D) = 0, Theorem 20.4 yields

1£(s) — (0] < / 17(6)] de

for every interval [s,t] C [a,b]. Now it is sufficient to notice that the function = — [ |f/| is
absolutely continuous.

23.12. A Characterizations of Lipschitz Functions. Show that for a real-valued function
f on an interval [a, b] the following conditions are equivalent:
(i) f is Lipschitz on [a, bl;
(ii) for any € > 0 there exists § > 0 so that for every finite collection of intervals [a;,b;] C
[a,b] with 3°(b;j — a;) < & the inequality 3 |f(bj) — f(a;)| < € holds;
J

(iii) f is absolutely continuous on [a,b] and f’ is bounded on [a, b] \ N, where AN = 0.

(Compare with a similar characterization of absolutely continuous functions.)

23.13. Integration by Parts for Lebesgue Integral. Let f, g be absolutely continuous
functions on an interval [a, b]. Then

b b
/ fg' = F(b)g(b) — f(a)g(a) — / /g,

23.14. Notes. Fundamental theorem (23.5) of “the calculus for Lebesgue integrals” was proved
by H. Lebesgue [*1904]. The implication (iv) = (i) of Theorem 23.11 is due to S. Banach [1925].

24. RADON MEASURES ON R AND DISTRIBUTION FUNCTIONS

24.1. Distribution Functions. A distribution function of a Radon mea-
sure v on R is a nondecreasing and right continuous function F' on R such that
F(b) — F(a) = v(a,b] for every interval (a,b] C R. It is obvious that any other
distribution function of v can differ from F' by only a constant.

If v is a probability measure, then a distribution function of v, given as
G, (z) == v(—00,z],

is normalized so that lim G,(z) =0and lim G,(z)=1.

r— —00 r— 400

24.2. Theorem. (a) Let F' be a nondecreasing and right continuous function
on R. Then there exists a unique Radon measure vy on B(R) such that F is the
distribution function of vg.

(b) Let v be a Radon measure on R. Then there is a distribution function F

of v.
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Proof. (a) As for the uniqueness, any two such measures agree on all open (or
compact) sets in R. The existence can be proved in various ways, depending on
what kind of general theorem we wish to use. For instance, we can use Hopf’s
extension theorem 5.5 or start from the covering collection {(a,b]: a < b, a,b € R}
and the set function vr(a,b] := F(b) — F(a), create the outer measure and to
restrict it to measurable sets. In any case, we. have to prove the following property:

If (a,b] C Ul(an, bn], then F(b) — F(a) < Z( (bn) — F(ay)). To see this, given

e >0,let 6, >0, > 0beso that F(b,+5, ) F(by)+e2™™, F(a+9d) < F(a)+e¢
Then consider the cover {(ay, b, + d,)} of the interval [a + &, b].
(b) Setting
v(0,z]  for z >0,
F,(x):=¢ 0 for z =0,
—v(z,0] for z <0,

F, is nondecreasing, right continuous, F,(0) = 0 and v(a,b] = F,(b) — F,(a) for
every interval (a,b] CR. m

24.3. Theorem. The following conditions are equivalent for a measure v
defined on Z(R):
(i) v is a Radon measure;
(i) there exists a distribution function F such that v(a,b] = F(b) — F(a) for
every bounded interval (a,bl;
(iii) there exists a nondecreasing function ¢ on R such that v is the Lebesgue-
Stieltjes measure A\, of Example 14.8.b.

Proof. Use previous results and the uniqueness part of the Riesz representation
theorem 16.5. m

24.4. Remarks. 1. According to Remark 15.2 any finite measure on %(R) is a Radon
measure. However, there exist o-finite measures on %(R) which are not Radon measures (for
example, the sum 01k of Dirac measures). Hence, these measures are not Lebesgue-Stieltjes
measures and have not distribution functions.

2. The function ¢ from the last theorem need not be right continuous. However, as a monotone
function it has a right limit at each point. If @(z) := lim;—,4 ©(t), then ¢ is a distribution
function of v and determines the same Lebesgue-Stieltjes measure as ¢. The functions ¢ and F
of Theorem 24.3.ii differ by a constant (cf. Exercise 24.6).

24.5. Exercise. Let F' be a distribution function of a Radon measure p on R and let up
correspond to F' as in Theorem 24.2. Show that u = ur on Z(R).

24.6. Exercise. Show that any two distribution functions of the same measure differ by a
constant.

24.7. Exercise. Let I be a distribution function of a Radon measure pu. Show that:

(a) F is locally absolutely continuous on R if and only if u is absolutely continuous with
respect to the Lebesgue measure \. In this case, F’ is the Radon-Nikodym derivative du/dA.

(b) Measures p and A are mutually singular if and only if F/ = 0 almost everywhere.

(c) u{z}) = F(z) — tlim F(t) for every x € R. In particular, F' is continuous at z if and
furesll
only if p({z}) = 0.
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(d) z € supt p if and only if F'(z —¢) < F(z 4 ¢) for every € > 0.

(e) Let u = pg + pa + ps be the decomposition of p into discrete, absolutely continuous
and singular part (Exercise 15.18.c). If Fy, F,, Fs are distribution functions of pg, pa, ps,
respectively, then Fj, is locally absolutely continuous, Fy is continuous, ", = 0 almost everywhere
and Fj is called the saltus function of F'. Moreover, F' = Fy + F, + Fj.

24.8. Exercise. (a) Let ¢ equal to the Cantor function (Example 23.1) on [0, 1] and ¢ = ¢(g,0)
elsewhere on R. Determine A\,C, where C is the Cantor set. Show that A, is a continuous
measure (see Exercise 15.18) and supt A, = C (see Exercise 15.10).

(b) Let € € [0,1]. Does there exist a nondecreasing function 1 so that ¢(0) = 0, ¥(1) =1
and \y,C = €7
Hint. Set ¢(x) = ep(x) + (1 — €)x, where ¢ is defined as in (a).

24.9. Exercise. Let F' be a distribution function of a Radon measure . Assume that F' is
locally absolutely continuous on R. Show that

/ gdu:/ gF’
R R

24.10. Fubini’s Lemma. Let {f,} be a sequence of nondecreasing functions on an interval
I C R. Assume that the series Y fn converges to a finite limit f on I. Then f' =Y f/ almost
everywhere on I.

Hint. First prove that Ay = > Ay, (notation as in 14.8). To finish the proof, use the Lebesgue
decompositions of these measures to absolutely continuous and singular parts.

for every g € L1 ().

24.11. Notes. Distribution functions play an important role in probability theory and it is
very difficult to trace who introduced them. They were investigated in various forms by Jacob
Bernoulli, P.S. de Laplace and others. Lemma 24.10 is due to G. Fubini [1915].

25. HENSTOCK—KURZWEIL INTEGRAL

In some sense, the Lebesgue integral has the best properties among all integrals
which can be defined on any measure space. However, its universality can also be
a disadvantage. If we are engaged in integration of functions of one real variable
(or several variables, but in what follows we restrict to the real line in order to
simplify the explanation), then we can find wider collections of functions on which
a reasonable notion of an integral can be introduced. Let us present an illustrative
example.

25.1. Example. The function

fz) =

is not Lebesgue integrable on [—1,1]. For a; = and bj = —— we have

1
VG + 3
bj b 1
/aj 1 (@)] da::/% fla)ds =

and therefore fol |f(z)| dz = +oo. On the other hand, f has an antiderivative on R and the
Newton integral fol f(x) dz exists.
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There are also simple examples of functions which are Lebesgue integrable but
not Newton integrable (for example, the function signx on [—1,1]). A generaliza-
tion of both Newton and Lebesgue integrals leads to a nonabsolutely convergent
integral which can be introduced in several ways. Here we use an approach due
to Henstock and Kurzweil; Perron’s one is outlined in 25.10.

25.2. Henstock—Kurzweil integral. For the sake of simplicity we will define
the integral for bounded intervals only.

If [a, b] is an interval, denote the set of all (strictly) positive functions on [a, b] by
A and label functions from A as gauges. A partition is a pair D = ([a;, b;], &;)7Ly,
where

a=a1<b1zag<b2:a3<-~-<bm_1:am<bm=band§je[aj,bj].

If 6 € A is a gauge, then a partition D is called d-fine (or subordinated to 6 € A)
whenever b; —a; < 0(¢;) for all j = 1,...,m. The definition of the Henstock—-
Kurzweil integral is based on the following proposition whose proof is an easy
consequence of the compactness of [a, ].

Cousin’s Lemma. Let § be a gauge from A. Then there exists a §-fine parti-
tion. Moreover, if a collection B of non-overlapping intervals [a;,b;] containing
points & with b; — a; < 6(&;) is given, then adding some intervals to B we get a
d-fine partition.

Given a real-valued function f on [a,b] and a partition D = ([a;, b;]),&;)72, of
[a,b], set

m
s(f,D) =Y f(&)(b; — a).
j=1
We say that f is Henstock—Kurzweil integrable on [a,b] if there is a real number
K so that for any € > 0 there is § € A such that

|K —s(f,D)| <e

for each d-fine partition D of [a,b]. The number K is then uniquely determined,
it is called the Henstock—Kurzweil integral of f and denoted by K fj f- Where
no confusion can result, we will drop the prefix “K”. This definition is similar
to original Riemann’s one, the “only” difference being that instead of constants
¢ in Riemann’s definition, a gauge function § appears in Henstock—Kurzweil’s
definition.

The set of all Henstock—Kurzweil integrable functions is a linear space on which
the Henstock—Kurzweil integral is a monotone linear functional.

We are not going to study details of the theory of nonabsolutely convergent
integrals; we will concentrate on relations to the Newton and the Lebesgue integral
only.

25.3 Theorem. Let F be a continuous function on [a,b], F' = f on (a,b). Then
the Henstock—Kurzweil integral of f on [a,b] exists and equals to F(b) — F(a).
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Proof. Given an € > 0 and z € (a,b), there is §(x) > 0 such that

Fly) — F(z)

- —fl@)| <e

whenever y € [a,b], 0 < |y — x| < §(x). Next, we can find 6(a) > 0 and 5(b) > 0
such that | f(a)d(a)| <e, |f(D)0(b)| <e¢, |F(y) — F(a)| < e for ally € [a,a+ d(a))
and |F(y) — F(a)| < e forally € (b—4(b),b]. Let D = ([a;,b;]),&;)7L, be a d-fine
partition. Then

|F'(bj) — F(az) — f(&)(bj —aj)| <
|F'(bj) — F(&) — f(§5)(b; — )+ [F (&) — Flay) — f(§)(&5 — aj)|
<e(lbj — &1+ 1€ — ajl) = e(bj — ay)

for every j € {1,...,m}, & € (a,b), and
(F(bj) — Flay) — £(&)(b; — a;)| < [F(b;) — Flay)] +|£(&)(b; —a)] < 22
if ¢; € {a,b}. Summing over j, we obtain the estimate
|F(b) — F(a) — s(f, D)| < 4e + (b — a)e.

25.4. Theorem. If a function f has a finite Lebesgue integral L, then f also
has the Henstock—Kurzweil integral and K f; f=0L.

Proof. If € > 0, then Theorem 15.5 ensures the existence of a lower semicontinuous
function s > f and an upper semicontinuous function ¢ < f such that s,t €

Z1([a,b]) and \
/(s—t) <e

(we get strict inequalities by adding small constants). For every = € [a,b] find
§(z) >0 with t < f(z) < son (z—d(z),r+6(x))N[a,b]. Let D = ([ay,b;],&;)Ly
be a d-fine partition of [a,b]. Then

/J”‘ t< f(&)(b; —aj) < /abj S

3 3J

for each j € {1,...,m}. Summing we get

/abtgs(f,D)g/abs.

Since fabt <L< f; s, we have [s(f, D) — L| < 2¢, and we are done.
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25.5 Indefinite Henstock—Kurzweil Integral. In the sequel, [a,b] will be
a fixed interval and A will denote the set of all positive functions on [a,b]. If a
function f has the Henstock—Kurzweil integral on [a, b] and [a/, V'] C [a, b], then f
has the Henstock—Kurzweil integral on the interval [a’,d’] as well. Moreover,

o=l

whenever a < ¢; < ¢ < cg3 <b.

A function F on [a,b] is called an indefinite Henstock—Kurzweil integral of f
if, for each interval [a/,b'] C [a, b],

F(V) - F(d) = K/l 7.

If F' is an indefinite Henstock—Kurzweil integral of f, then any other indefinite
Henstock—Kurzweil integral of f can differ from F' by only a constant.

25.6. Saks-Henstock’s Lemma. Let F be an indefinite Henstock—Kurzweil
integral of f on [a,b]. Then for any e > 0 there exists a 6 € A such that

‘ > F(b) = Fla;) = f(&)(b; —a;)| <

JEM
whenever D = ([a;,b;],&;)7, is a 0-fine partition of [a,b] and M C {1,...,m}.
Proof. Choose an € > 0 and find a gauge 6 € A such that

[F(b) = Fla) = s(f.D)| < 5

whenever D = ([a;,b;],&;)72, is a d-fine partition of [a,b]. Fix now any such
a partition D and M C {1,...,m}. For each j = 1,...,m there is a partition
Dj = ([af,b5],€2);%, of [ay, bs] subordinated to the restriction of & to [a;, b;] such
that .
F(by) ~ Flay) — (£, D))] < 5

Create a new partition D* = ([a}, b;], &5 )7_; of [a, b] in such way that every triple
(ag, by, &) is either one of the triplets (a},b%,&%), where j ¢ M, i € {1,...,m;},
or one of the triplets (a;,b;,&;), where j € M. This partition is d-fine and thus

. €
[E(b) = F(a) = s(f, D7) < 5
Whence combining all inequalities, we get

’Z F(b;) — F(aj) — f(&)(b; —aj)| <e.

jeM
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25.7. Theorem. An indefinite Henstock—Kurzweil integral F of f on [a,b] is
continuous on [a, b].

Proof. Let z € [a,b] and € > 0 be fixed. By previous Saks—Henstock’s lemma find
a gauge 0 € A such that

(*) |3 ) = Flay) = F(&)(b — )| < ¢

jEM

whenever D = ([a;,b;],;)jL, is a d-fine partition of [a,b] and M C {1,...,m}.
For z € [a,b], |v — 2| < 0(2), let D = ([a;,b;],£;) 7L, be a partition such that
&, = z for some k € {1,...,m} and such that the endpoints of the interval [a, bx]
are x and z. Applying (*) with M = {k}, we obtain

[F(z) = F(2)| <e+f(2)] & — =]

Based on Henstock—Kurzweil’s definition, the following theorem (even in higher
dimensions) was proved by J.Krél [1985].

25.8. Theorem. Let F be an indefinite integral of a Henstock—Kurzweil in-
tegrable function f on [a,b]. Then f is a measurable function, the derivative F'
exists at almost all points of (a,b) and F' = f almost everywhere.

Proof. The continuity of F' (Theorem 25.7) implies that DF is measurable (even
Borel) since
DF(z) = lim lim f,x,

n—oo k—oo

where functions f,, ; defined as

F(y) — F(z) 1 1
—_— b, — <|ly—z| < —
D=y eatl g <-al <y

fnk(z) = sup {
are continuous. Now we prove that DF = DF almost everywhere which estab-
lishes the existence of the derivative almost everywhere and its measurability.
We will be done once we show that, for every n € N, the level sets

Lo = {x € a,] : DF(z) < f(z) — %} and
U, :={x €[a,b] : DF(x) > f(x) + %}

have measure zero. For this purpose we will fix n € N and estimate the (outer)
measure of the set L := L,,. We are now in a position to invoke Saks—Henstock’s
lemma 25.6: Given € > 0, there is a gauge function § € A such that

’Z F(b;) — F(aj) — f(§)(bj —aj)| <e

JjEM
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whenever D = ([a;,b;], ;)7L is a d-fine partition of [a,b] and M C {1,...,m}.
Let ¥ denote the family of all intervals [a’,b'] for which there exists an x €
[@',b'] N L such that ¥ —a’ < §(z) and

F@') — F(a')
v —a

< f(@) -

1

o

Then ¥ is a Vitali cover of L, and so, by Corollary 27.3, there exists a finite,
pairwise disjoint subfamily {[a;,b;]}; of ¥ with points &; € [a;, b;] such that

)\*(L \ U[al,bz]) < €.

Now, use Cousin’s lemma in 25.2 to extend the collection ([a;, b;],&;); to a fam-

ily ([a},b],&;) subordinated to 6. If M := {j: there exists an i with [a},b}] =

[a;, b;]}, the property of gauge § yields that

Z (f(&)(bi — ai) — (F(bi) = F(a:))) <&,

g

and the definition of ¥ that

D (F(E) b —ai) = (F(bs) — F(a:) > = > (bi — as).

% i

Thus ), (b; — a;) < ne, which in turn implies that

A(L) < ne+ A (LA | las, bi]) < (n+ 1)e.

The following proposition illustrates the relation between Henstock-Kurzweil
and Lebesgue integrals — their equivalence for nonnegative functions.

25.9. Theorem. If a nonnegative function f has the Henstock—Kurzweil inte-
gral on [a,b], then f has also the Lebesgue integral on [a,b] and Lfab f= Kf: f.

Proof. According to Theorem 25.6, f is measurable. It remains to show that
Lf; f < oo and use Theorem 25.4. The proof may now be finished in a stroke:
Since f > 0, the indefinite Henstock—Kurzweil integral F' of f is nondecreasing on
[a, b] and thus by Theorems 22.7 and 25.8 Lf; f= Lf: F' < F(b)— F(a) < +o0.
]

25.10. Perron Integral. There are also other ways how to define an integral which is
equivalent to the Henstock—Kurzweil integral (i.e. it provides the same class of “integrable”
functions on which it equals to the Henstock—Kurzweil integral). In the following, we outline
Perron’s approach to generalizing both the Newton and the Lebesgue integrals on intervals. Let
us start with two notes:
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(a) A descriptive definition of the Newton integral of a function f requires the existence of
an antiderivative (a function F' with F/ = f). This is a very strong condition as it reduces
the class of Newton integrable functions. Among others, this condition implies that f shares
the Darboux property and is of the Baire class one. A descriptive definition of the Lebesgue
integral requires the existence of an absolutely continuous function F' with F’ = f only almost
everywhere.

(b) The following particular case of Theorem 15.5 is known as the Vitali-Carathéodory theo-
rem: A function f is Lebesgue integrable on an interval I if for any € > 0 there exists an upper
semicontinuous function g and a lower semicontinuous function A with ¢ < f < h on I and
/. (h—g) <e.

Now we are in the position to introduce Perron’s integral. Let f be a function on an interval
[a,b]. A function M is termed to be a majorant of f if f(z) < DM(x) # —oo for every z € [a, b].
If f > Dm # 400, we say that m is a minorant of f.

A function f is said to be Perron integrable on an interval [a, b] if for any £ > 0 there exists
a majorant M and a minorant m so that

M(b) — M(a) — (m(b) —m(a)) < e.

Since D(M —m) > DM — Dm > 0 (and since every function with a nonnegative lower derivative
is nonnegative) we may define the Perron integral of f as

b
P/ f=inf{M(b) — M(a): M is a majorant of f}
a
= sup{m(b) — m(a): m is a minorant of f}.
We may also define upper and lower Perron integrals of f, and f will be Perron integrable when
they are equal and finite.

25.11 Remark. Lebesgue integrable functions may be characterized in the following way:

A function f on an interval [a, b] is Lebesgue integrable if and only if for any € > 0 there is
a majorant M and a minorant m, both of them absolutely continuous, so that

M) — M(a) — (m(b) — m(a)) < e.

To prove this proposition, one can use the Vitali-Carathéodory characterization (Theorem
15.5) again (the indefinite integrals of semicontinuous functions serve as majorants and mino-
rants).

It is quite interesting to notice that in the definition of the Perron integral we can restrict to
continuous majorants:

A function f on an interval [a, b] is Perron integrable if and only if for any ¢ > 0 there is a
majorant M and a minorant m, both of them continuous, so that

M(b) — M(a) — (m(b) — m(a)) < e.

Finally, the Riemann integrable functions may be characterized in a similar way:

A function f on an interval [a,b] is Riemann integrable if and only if for any € > 0 there is
a majorant M and a minorant m, both of them with continuous derivative, so that

M(b) — M(a) — (m(b) — m(a)) < e.

25.12. Exercise. Find the gauge function § from the definition of the Henstock—Kurzweil
integral if f is:

(a) Newton integrable;

(b) Lebesgue integrable;

(¢) an indicator function of an open set;

(d) an indicator function of a null set.
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25.13 Exercise. Give an example to show that the indefinite Henstock—Kurzweil integral
need not be an absolutely continuous function.

25.14. Historical Notes. H.Lebesgue already knew that his integral on the real line does not
integrate all derivatives. The task was, to find a wider class of “integrable functions” containing
both the Lebesgue and Newton integrable functions. The problem was solved by A. Denjoy [1912]
who used a constructive method based on a transfinite approach, and by N. N. Luzin [1912] using
a descriptive definition based on further generalization of the notion of absolute continuity. The
method of envelopes was developed by O.Perron [1914]; it was proved that his and Denjoy’s
integrals are equivalent. Nowadays, this integral is usually called the Denjoy-Perron integral or
the restricted Denjoy integral. Another approach was developed independently by R. Henstock
[1961] and J. Kurzweil [1957] who returned to a Riemann type definition. The integral is often
called the complete Riemann or the Henstock-Kurzweil integral. Simple definitions of Henstock’s
and Kurzweil’s approach and simple proofs allowed a deeper study of the Henstock—Kurzweil
integral and surprising applications. Among recent publications let us mention R.Henstock
[*1988], Peng Yee Lee [¥1989)], S. Schwabik [¥1992] and S. Schwabik and Guoju Ye [¥2005].
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E. Integration on R"
26. LEBESGUE MEASURE AND INTEGRAL ON R"
Recall that the outer Lebesgue measure )}, is defined as
Ap A= inf {Zvol I : Ulk D A, I, are open intervals}

and the Lebesgue measure )\, is defined as the restriction of A}, to the o-algebra
M, = M, (\}) of all Lebesgue measurable sets. Where no confusion can result,
the subscript “n” will be omitted.

26.1. Theorem. The Lebesgue measure N\, is a complete Radon measure.

Proof. Use Theorem 1.21 and Remark 15.2.4 to prove that A, is a Radon measure.
Completeness is a consequence of Caratheodory’s construction, see Theorem 4.5.
]

26.2. Theorem. The Lebesgue measure Apyr on M,k s the completion of
the product measure A\, @ A\, on M, @ My .

Proof. Recall that A € 9, if and only if A is a union of a Borel set and a set
of measure zero. Indeed, such a property is possessed by any complete Radon
measure and then we may refer to Theorem 26.1. The proof is now divided into
three steps.

1. First we show that 9, ® My, C M,,,. For this purpose it is enough to show
that any measurable rectangle A x B for A € M,,, B € My, is in M,, . We write
A=DyUN4 and B = Dg U Np, where D4, Dp are Borel sets and N4, Np
have measure zero. Then D4 X Dp is a Borel set and (A x B)\ (Da X Dp) =
(A x Np)U (N4 x B) has measure zero.

2. Conversely, B,+r = Bn @ B C M, @ M. Since M4k, Antr) is the
completion of (B ik, Antk), Mutr C My, @ DMy

3. Since A\, ® \y = A\n,4r on open intervals of R"** using Hopf’s extension
theorem 5.5 and uniqueness of the completion we conclude that A\, ® A\ = Ak
on mn_;,_k-.

26.3. Remark. It is not very hard to prove that %, ® %) = %4k in Euclidean spaces. For
measurable sets, the situation is much more complicated. Indeed,

Btk CIp @MYy, C Ny and  Bpip # D @ My # My ke

For the first counterexample consider the Cartesian product H x H, where H is a measurable
non-Borel subset of R (Exercise 1.14.b) and use Lemma 11.2. The second one can be find in
Remark 11.10.

26.4. Exercise. Show that the Lebesgue measure is the only complete Radon measure on R"”
that assigns to each interval its volume.

26.5. Exercise. The Lebesgue measure is translation-invariant: If A € 9, and z € R", then
A4z €M, and \n(A+ ) = A A.

26.6. Exercise. Let v be a nontrivial translation-invariant complete Radon measure on R™.
Show that there is ¢ > 0 such that v = cAp,.

Hint. Let ¢ = v(0,1)™. Evaluate the v-measure of arbitrary intervals and use Exercise 26.4 to
compare A\, and %1/.
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26.7. Lebesgue Measurable Functions. Since M,, contains the family
of all Borel sets, each Borel (in particular, each continuous) function (on R™)
is measurable. A deeper and complete characterization of measurable functions
(e.g. on open or closed subsets of R™) is contained in Luzin’s Theorem 18.2.

Basic tools of the integral calculus of functions of several variables are substi-

tution theorem and Fubini’s theorem. The last one allow to reduce the multi-
dimensional integration to a succession of one-dimensional integrals.
26.8. Introduction to Fubini’s Theorem. If M c R"** is a measurable
set, let £*(M) denote the set of all functions f which have (finite or infinite)
integral [,, fd\,4x (which will be traditionally denoted by [,, f(x,y)dzdy).
Given r € R", recall that M® stands for the set {y € R*: [z,y] € M}.

26.9. Fubini’s Theorem. Let M C R"* be a measurable set and f €
ZL*(M). Then the integral

gle) = [ flz,-)dAx
M,

exists for almost all x € R™, and

/fd)\n+k:/ gdA, .
M RTI,

f(x,y)dwdy=/ ( f(x,y)dy> dz.
M n Me

In other words,

Proof. To prove the assertion it suffices to use Theorems 11.11. and 26.2. m

26.10. Remarks. 1. The assumption f € £*(M) is satisfied if, for instance, f € Z1(M)
(Tonelli’s theorem), or if f is a non-negative measurable function (Fubini’s theorem in a narrow
sense). When applying Fubini’s theorem, we usually start with Fubini’s theorem in a narrow
sense in order to show that |f| is integrable, and then we use Tonelli’s theorem.

2. Let mM denote the projection of M into R™ (i.e. M is the set of all points « for which M*

is nonempty). Then
[ senaeay=[ ([ jesay)
M M \J M=

provided mM is measurable. In general, the measurability of M does not imply the measurability
of M. Observe that M is measurable whenever M is open (then 7wM is also open), or compact
(then mM is compact), or a countable union of compact sets (e.g. a closed set). Projections of
Borel sets are also measurable but the proof is difficult. The study of projections of Borel sets
led to the notion of analytic sets (see D.L. Cohn [*1980]).

26.11. Example. We evaluate the integral fB f(z)dz, where f is an integrable function on
the ball B := {z € R3: |z| < 1}. Let us write z in the form [z,y], where = [21, 22] € R? and

y =23 € R. Then B* = {y € R: |y| < y/1 — |2|?} and 7B = {z € R2: |z| < 1}. Hence

/f(Z)dZZ/ < e f(:&y)dy) dx
B —/1- 2|2

:/ (/F (/V ' jz:; f(zl,ZQ,Z3)d23) dZQ) dz.
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26.12. Jacobian and Derivative. If G ¢ R* is an open set and ¢ =
[©1,---,¢n]: G — R™ has all partial derivatives at a point z € G, then the Jacobi

matrix (gfj (2))i=1,....,n of the mapping ¢ at z will be denoted by Vo (z).
J=1,.k
We say that ¢ is (Fréchet) differentiable at z if there exists a linear mapping
L: R*¥ — R" such that

i £EH0) —o(z) = L{h) _
h—0 |h‘ )

In this case, L is represented by the matrix V(z), it is called the derivative
of v at z and it is denoted by ¢'(z). If all partial derivatives of ¢ exist and are
continuous at z, then ¢ is differentiable at z.

A mapping which has continuous all partial derivatives of order < k is called
a €*-mapping, or a mapping of class €*. A €>°-mappings, or mappings of class
%> are those possessing continuous partial derivatives of all orders.

In case k = n, the Jacobi matrix V(z) is a square matrix and its determinant
Jo(z) is called the Jacobian of ¢ at z.

We state the following theorem without proof, later we provide a proof of a
more general Theorem 34.18.

26.13. Change of Variable Formula. Let G C R"™ be an open set and
¢: G — R"™ a one-to-one €*-mapping such that J,(z) # 0 for all z € G. Let f
be a function on p(G) and E C ¢(G) a measurable set. Then

Ja@ae= [ ey 1200 o

provided either of these integrals exists.

26.14. Polar Coordinates. Consider the mapping ¢: [r,t] — [rcost,rsint]. Then ¢ is of
class € in R?,
/ cost, —rsint
t) = ’
elrt) (sint, rcost )

and J,(r,t) = r. The mapping ¢ is not one-to-one. For calculation of integrals, the substitution
x = @(r,t) is often useful (usually G = (0, 00) X (0,27)). In this situation, the hypothesis of the
change of variable formula in 26.13 are satisfied (notice that p(G) # R? but A(R?\ p(G)) = 0).

26.15. Lemniscate. Calculate the area of the set M surrounded by the lemniscate
M := {[z,y] € R?: (2* +4°)? < 24°(2® — )}
Hint. If ¢ denotes a mapping of 26.14 (polar coordinates) and if
L:={[rt] € R*: r € (0,v2a%cos2t), t € (o,g)},

then (L) = M N {[z,y] : * > 0,y > 0}. By the change of variable formula 26.13 we get

i

)\Q(M):4/ rdrdt:4a2/4 cos 2t dt = 2a2.
0

L
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26.16. Spherical Coordinates. Consider the mapping ¢ = [z, y, 2], where
z(r,t,0) = rcos6 cost, y(r,t,0) =rcosf sint, z(r,t,0)=rsind
and [r,t,0] € G := (0,00) X (—m,m) X (——ﬂ' 77r) Then
cosfcost, —rsintcosf, —rcostsinf
@' (r,t,0) = | cosfsint, rcostcosf, —rsintsind | .
sin 6, 0, rcos
Thus J,(r,t,0) = 72 cos 0. Again p(G) # R3. However, the set R3\p(G) = {[z,y,2] e R®: y =
0 and z < 0} is of measure zero.

26.17. Exercise. Let k. denote the volume of the n-dimensional unit ball.

(a) Let ¢ be a nonnegative measurable function on (0, R). Prove that

R
/ o(lz|) dz = nﬁn/ r"“Llo(r) dr.
B(0,R) 0

Hint. Consider first the case when ¢ is piecewise constant and then approximate ¢ by piecewise
constant functions.

(b) Show that k, =

an/2
r(5+1)°
Hint. Write I, = fR.” e~ l=1? gg. Using Fubini’s theorem we obtain I, = I7'. By the previous
part (a)
R 2 n
In:n/in/ p—ler dr:nngl‘(Q)—mnF( +1).
0

It is easy to compute Iz = koI'(2) = 7. Hence I, = n"/2 and we are done.

26.18. Convolution of Functions and Measures. Let f, g be measurable
functions on R”. The convolution of f and ¢ is the function f * g defined as

fxg(x) = flz—y)g(y)dy
Rn

at those points x for which the integral exists.

Let f be a function on R” and p a (signed) Radon measure on R™. If the
expression f * u(x fRn x —y) dp(y) makes sense for almost all x € R™, then
the function f ,u is called the convolution of f and pu.

26.19. Theorem. If f,g € LY(R"), then the function y — f(x —y)g(y) is in
ZLYR") for almost all x € R™, f+xge LY and ||f =gl < |If; llgll;-

Proof. First we have to show that the function [z, y] — f(z—y)g(y) is measurable
on R?". Obviously, the function [z, 3] — g(y) is measurable on R?" and we need
to prove the measurability of [z,y] — f(x — y). To this end it is enough to
show that the set M := {[z,y] € R" x R": x —y € E} is measurable for every
measurable set £ C R™. But this is apparent since M is of the form F x R™ in
the coordinate system 2’ = z — vy, ¥ = = + y. Next, we use Fubini’s Theorem

26.10 (in a narrow sense) to obtain
o) ([ 11 -wlac)| a

/Rzn £~ o) dedy = [

= [I£1ly lglly < oo

Using Fubini’s theorem again (now Tonelli’s one) the desired conclusion follows.
]
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26.20. Young’s Convolution Theorem. Letl <p,q,7 < oo, %—Fé =1+ %

If f € P, g € L, then fxg = gx* f is defined almost everywhere, it is an
element of 27 and || f + gl < |If[l,, [lg]l,-

Proof. With trivial cases out of the way (cf. also the proof of Theorem 26.21)
we assume p,q,r < oo. Denoting f = |f|”, § = |g|%, f and § are in .#*. By the
previous theorem the convolution f * g is defined almost everywhere and it is in
r—=p P
" 1g(y)

Z*. For a fixed z, the Holder inequality yields
‘/R f(x—y)g(y)dy’</ |flz—y)| %(|f(x—y)* 7)

<([ )" ([ )" ([ 1w g(y)q)i

r—p r—q

= I£11,7 llgll,™ ((F * g)(@))>

9(y)

By Fubini’s theorem we have the equality

/nf*g:/n < Rnf(xy)é(y)dy) dx:/n </nf(fvy)§(y)dx) dy

— p q
= 1715 llgllg »

and consequently

£ <al;= [ [ @=vatan) do <7 1ol [ (Frie)da

< I gl A1 Ngllg = A1 Ngllg -

In fact, a precise proof should contain also a verification of measurability of the
function

T [z —y)g(y) dy.
Rn

This is clear if f and g are bounded and of bounded support, as f(z — y)g(y)
is then integrable on R™ x R", cf. 26.18. The general case can be obtained by
approximation fr — f, gr — g, where

f(@) if 2] <k and [f(2)] <k,

0 otherwise

fi(@) :{

and gi’s are defined analogously. m

26.21. Theorem. Iff e %P (1 <p<o0)and if p is a finite signed Radon
measure on R™, then fxu € £P and

ILf 5 pall,, < LFIL, Ll (R).
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Proof. (a) Let 1 < p < +00. The Holder inequality gives (for a fixed x)

1
P p—1
P

[ e man)| < ([ 15—l d ) G @)

whence (by Fubini’s theorem)

e a < G @yt [ ( [ 1s@—or dx) alul )
=l RO 12

(b) If p = 1, then Fubini’s theorem yields immediately

/n 1l dl'ﬁ/n (/nlf@fy)l dm) ) (y) = [l R™) ],

(c) If p = 400, then

|f# ()| < / [f (@ =)l dlul (y) < [fllo Il (RT)

n

for almost all z € R". m

26.22. Remark. Suppose 1l < p < oo, %—&— % =1, feXP, ge ¥ Then fxg € L by
Young’s convolution theorem 26.20 and [|f * gl < ||If]l, llgll,- Even stronger assertion holds:
The convolution f * g is uniformly continuous on R™, and if 1 < p < oo, then f % g € %o(R"™).
These properties can be proved using methods of Chapter 31 (see Exercise 31.9).

26.23. Exercise. Suppose f,g,h € .£!. Show that (f*g)*h = f*(g*h) almost everywhere.

26.24. Exercise. Now we indicate another way how to define the Jordan-Peano volume on
Euclidean spaces (compare with Exercise 5.12). Let m be a positive integer and ¢ = [i1,...,in] €
Z™ be a “multiindex”. Denote by Qq,,; the closed cube [(i1 — 1)27™,4127™] X -+ X [(in —
1)27™, i,27™]. If m is fixed and ¢ runs over Z", the cubes Q,,; are non-overlapping (i.e. their
interiors are pairwise disjoint) and cover R". If E C R", let _¢ *(E, m) denote 2~ ™" times the
number of elements of the set {i: Qm s NE # 0} and _#«(E, m) denote 27 ™" times the number
of elements of the set {i: Qm ; C E},

F*E =inf #*(E,m) and _Z.E =sup _#«(E,m).
m m

Prove that:

(a) Z+E < XME < XNE < _#*F for any set E C R";

(b) Z+G = AG for any open set G;

(¢) Z*K = MK for every compact set K;

(d) for a bounded set E, #*E = _#.F if and only if A(OF) = 0.
26.25. Exercise. Let G C R"” be an open set. Show that there exists a disjoint collection of
balls in G whose union covers G except on a null Lebesgue set.
Hint. The assertion is an easy consequence of Vitali’s covering theorem 27.2. Here we indicate
an elementary proof. We can assume that G is of a finite measure. Set Go = G. By virtue of
Exercise 26.24 there are closed cubes Q1, ..., Qp whose interiors are pairwise disjoint and whose
union has a measure greater than %)\G. Set ¢ = 27"AB(0,1/2). Then in the interior of every
cube having a measure « there is a closed ball of measure ca. Hence we get closed pairwise
disjoint balls B; C Q; whose union F1 has a measure greater than g)\G. Set G1 = Go \ Fi.

Inductively, there are F;+1 C G; := G;_1 \ F; which are unions of pairwise disjoint closed balls
with AG; < (1 — §)AGi1 < -+ < (1— £)PAG.



E. Integration on R™ 109

26.26. Exercise. Let £ C R"™ be an arbitrary set. Prove that

=inf{> AU(z;,7;): (JU(z;,7;) D E}.
j

J

Hint. It may be supposed that A\*E < +00. Choose an € > 0 and find an open set G D E with
AG < M*E + e. Thanks to Exercise 26.25 there exists a countable disjoint collection {Vj;} of
open balls so that {V;} covers G except on a null set N and

SOV =AUV <G +e.
J J

Find a countable family {I;} of open intervals such that UI D N and Z)\I < e. According

to Exercise 26.24 there exist closed cubes Qm with U Qm D I; and Z )\Qm < 2MI;. For each

cube Q;" find an open ball W]m with the same centre and with radlus equal to the diameter
of this cube (so that ij contains Q;”) It is not hard to check that there exists a constant c
(depending only on the dimension n) such that )\ij < c)\Q;-". Whence

DOAW < e oAQY < 252,\1 < 2ce.

i,m i,m

To finish the proof, it is enough to consider the union of all balls from collections {V;} and

{wry.

27. COVERING THEOREMS

Covering theorems provide an important tool for deriving deeper results in
measure and integration theory. We will present two Vitali’s type theorems. The
task is to find, for a given cover, a countable or finite disjoint subcover in such
way that the difference is a set of small measure.

27.1. Vitali Cover. We say that a collection ¥ of closed balls is a Vitali cover
of a set A C R"™ (or that ¥ has the Vitali property) if for each z € A and each
r > 0 there is B € ¥ so that x € B C B(z,r).

First we state the classical theorem of Vitali.

27.2. Vitali’s Covering Theorem. Let ¥ be a Vitali cover of a set A C R™.
Then there exists a pairwise disjoint countable subcollection </ C ¥ such that

A\ ) =

Proof. Tt is no restriction to assume that A C H C R™, where H is an open set
having finite measure. Indeed, if we prove the theorem in this case, we can apply
it successively to H = U(0,1), H = U(0,2) \ B(0,1), H = U(0,3) \ B(0,2),...
and to find a countable pairwise disjoint collection of the given family which
covers A\ {x € R": |s| € N} (notice that A{z € R™: |z| € N} = 0). It may
be also supposed that no finite union of pairwise disjoint balls of ¥ covers A.
Denote 20 = {(z,r): B(z,r) € ¥}. Now we are going to construct inductively a
sequence {B;} of pairwise disjoint balls of #". In the 0" step we have the empty
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collection of balls. Assume that in the k' step (k = 1,2,...) the closed balls
Bi,...,Br_1 € ¥ are selected and denote

k—1
Sk = sup{r >0: B(z,r) € ¥, B(z,r)N (U Bj) =0, B(z,r) C H}

j=1

The Vitali property and the additional assumptions ensure that s; > 0. Further
+00 > 81 > S9 > ... since H is of finite measure. Now choose a ball B, =
B(xy,r) € ¥ with 1, > s5,/2 and B, N B; = () for j < k.

We get a sequence o := {By, k € N} of pairwise disjoint sets from ¥. We
show that &/ covers A except on a set of Lebesgue measure zero. To this end let
p€ Nand z € A\ |J & be given. We now invoke the Vitali property and find a
ball B = B(y,s) € ¥ with x € Band BNB; =0 for j =1,...,p— 1. Clearly
5 < 5p. Since AH < oo, we have ) r}! < oo and lim sy = limry, = 0. Therefore

k
we can find ¢ > p with sq41 < s < s4. By definition of s441 there exists ¢ < ¢
with B; N B # (). If z denotes a point of B; N B, then

e —z;| <|lz—yl+|ly—z|+|z—xi| <s+s+1; <25 +71; <28, +1; < by,

whence x € B(z;,5r;). Since i > p, we get

A\ Jo c GB(IZ-,E)TZ-),

and thus
MA\J @) <D 5"AB(ai,m).
i=p
Taking the limit as p — oo it follows that A(A \ |J <) = 0, and we have finished.
[

27.3. Corollary. Let A C H C R™, where H is an open set of finite measure.
If a collection ¥ of closed balls in H is a Vitali cover of A and € > 0, then there
exists a finite collection of pairwise disjoint balls o/, C ¥V such that

XA\ ) <.
Proof. Set @/, = {Bi,...,B,}, where B; are as in the proof of the previous

theorem and p is sufficiently large. m

Although Theorem 27.2 is sufficiently strong for most of the applications, we
state also more powerful covering theorems which will be useful in Chapter 28.

27.4. Besicovitch Theorem. There exists a positive integer N (depending
only on the dimension n of the space R™) with the following property:
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Whenever A C R™ is a set and A is a bounded positive function on A, then
there exist a finite family of countable sets D1,...,Dn C A such that for each
ke{1,2,...,N}, the collection {B(x,A(x)): x € Dy} is pairwise disjoint, and

Ac| J{U(z, A@): e | D}

Proof. Thanks to the compactness of S =: {x € R™: |z| = 1}, there is a finite
set T C S such that

SclJu, &)

teT

Let ¢ denote number of elements of T and N := 2¢ + 1. First let us assume that
A is bounded. A disjoint sequence {z;} of points of A will be chosen inductively
as follows: Denote

s1 =sup{A(z): x € A}

and find z; € A with A(z1) > Zs1. In the j*® step (j > 1) denote
My = A\ J U (2, Az)).
i<j

If M; =0, then we stop and set D = {z;: ¢ =1,...,j — 1}. Otherwise, let s; =
sup{A(z): x € M;}, find z; € M; with A(z;) > Ls; and set D = {z;: i € N}.
We claim that A C (JU,, where U; := U(xj,A(x;)). This is clear if D is
J

finite. In the general case, since A is bounded, {z;} has a Cauchy subsequence
{z;, }. Observe that A(z;) < |z; — x;| (indeed, for i < j, z; lies outside the ball
U(zi, Ax;)) ), and therefore

inf{A(x;): i € N} <inf{|z; —x;|:4,j e N, i # j} = 0.
Given now = € A, there is j with A(z;) < ZA(x). It is then apparent that

A(z) > sj, so that ¢ M;. Whence z € {J,_; U;.
Next we define a function p. For every z; € D, set

P;={ie{l,...,j—1}: B;NB; # 0},
where B; := B(xj, A(z;), and define inductively p(z,) =1,
p(x;) = min{k € N: k # p(z;) for all i € P;}.
Set Dy = {x;: p(x;) = k}. Plainly the collection of balls {B;: z; € Dy} is
pairwise disjoint for all £ < N, and to complete the proof we only have to show

that p(z;) < N for each z; € D. We will be done once we prove that, for each
x; € D, number of balls B;, ¢ < j, intersecting B; is less than V.
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We shall suppose that the last assertion does not hold, and derive a contradic-
tion. Select z := x; € D. If number of balls B;, ¢ < j intersecting B; is > N,
then there exist z1, 20,23 € D and t € S so that

zp = x4, for j1 < j2 < gz <i

and
zZ— Zk

|z — 2] 40

t’ < i for k=1,2,3.
For k =1,2,3 denote
r= A(Z)a Tk = A(Zk)7 Rk = ‘Z*Zk|

We will show that r, 7, and Ry satisfy the following system of 16 inequalities

(I r >0,
(Hk) Ry <rp+m,
8
(I11) r < ?Tk,
8
(IVl) ry3 < 57“2,
8
(IVQ) rg3 < §T1,
8
(IV3) ro < §T1,
(Vi) T < Ry,
1
(V1) re < |Ro — Rs| + 3"
1
(VIp) 1 <|Ry — Rs| + 3"
1
(VI3) T1 S |R1 — R2| + g?”g,

which does not have any solution. Therewith we get the required contradiction.

Now, we will derive the system of inequalities (I) — (VI3). The inequality (II;)
says that the ball B(zy,r)) intersects B(z,7). The inequalities (III), (IV) follow
from the following inequalities

Az;) <s; < %A(xl) for i<j.

Since A(xz;) < |z; — x;| for ¢ < j, we get (V) and (VI). For instance, to obtain
(VI;) we use the definition of N, (II3) and (III3)) in order to show that

ro < |29 — 23] < ZQ—Z—M(Z2—Z) + |23 — 2 — |75 — 2|

|22 — 2| |22 — 2|

23— 2 29 — Z 1

< |Ry — R3| + R3 =2 7= 7| < |R2—R3|+QR3E
_ ” —

1 1
S|RQ—R3\+?O(T3+T)S|R2—R3|+ T3§\R2—R3|+§7“3~

20-7
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Now we show that the system of inequalities (I)~(VI) does not possess a solution.
First, note that r, and Ry, are positive by (I), (III) and (V). By (II), (II2), (V1),
(Va), (IV3) and (III3) we have

7 3
|Ry — Ro| < r+|rp — o] =r4r1+ro—2min(ry,re) < r+r1+r2—1r2 < 7"1-‘1-?7‘2.
On the other hand, (VI;), (VIz) and (IV;) yield

1 1 5
|R1—Rs|+|R2—R3|27’1—§7“3+7“2—§7‘327”1+?

whence
|R1 — R2| < |R1 —R3| + |R3 — R2| .

Similarly we obtain

|R1 — R3| < |R1 — R2| + |R2 — R3|,
and

|R2 — R3| < |R1 — R3| + |R2 - R1| .

We see that the system (I)-(VI3) has no solution and this contradiction yields
the required conclusion.

For the general case when A is unbounded, let K > 2 sup A(x), and denote
z€A

Ai={zx e A: (i— 1)K < |z| <iK}.

By the above argument we find for each i € N corresponding sets Di C A;,
k=1,...,N . Setting

D _{U{D,’;:ieven} for k < N,
"l U{DL_yiiodd} for N <k <2N.
we see that number 2NV obeys required properties. m

27.5. Lemma. Let p be a Radon measure on R"™ and N as in Theorem 27.4.
Suppose further that A C H C R"™, where H is an open set with uH < +o0o. Given
a positive bounded function A on A such that B(x, A(x)) C H for allx € A, then
there exist an open set U C H and a finite set F C A such that A C U, the
collection of balls B(x, A(x))zer is pairwise disjoint and

m <U\ U B(x,A(x))) < (1 - 2;\[) uU.

zEF
Proof. By the previous theorem we can find countable sets Dy,..., Dy C A such
N

that for D := |J Dy and k € {1,2,..., N}, the collection of balls
k=1

{B(z,A(x)): € Dy}
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is pairwise disjoint and
Ac | Bz, A).

xeD

Denote
EBr= |J Bz, A@), U= |]JU(A®).
x€Dy, zeD

We may find and index ¢ € {1,...,} with uF, > +uU and a finite set F C D,
such that

1
u U B(z,A(z)) > ﬁuU.
zeF

Now, it is not hard to see that

m (U\ U B@:,A(@)) < (1 - 2;7> uU.

zeF
]

27.6. Vitali’s Covering Theorem for Radon Measures. Let i1 be a Radon
measure on R™ and A C H C R™, where H is an open of finite p-measure.
Let further ¥ be a family of closed balls of R™ having the following Vitali’s type
property: Gien x € A, there exist r; \, 0 such that B(x,r;) € ¥. Then for any
€ > 0 there exists an open set G C R™ with pG < € and a finite family </ of
pairwise disjoints balls of ¥V such that

AcGulJa.

Proof. We will construct recursively sequences of sets {Gj} and {A;} according
to the following rule: Set Gy = H, Ay = A. Suppose that in the k' step the open
sets Gop D -+ D Gi_1 and sets Ag D --- D Ai_1 have been chosen. By Lemma
27.5 there is an open set Uy, Ap_1 C U C Gi_1 and a closed set M} C Gj_1 so
that M}, is the union of a finite pairwise disjoint collection of balls of ¥, and

(U \ My) < (1 - 2}\[) LUy

Set
A = A1\ My, Gy = Ui \ M.

Our construction guarantees that A \ G, is covered by the selected balls (which
constitute a finite pairwise disjoint subcollection of ¥” whose union is My U- - -UM},)
and

k
1 1
pGy < (1—m)ﬂGk1§"'§ (1—2]\7) pGo.

Taking sufficiently large k, we get the desired conclusion. m



E. Integration on R™ 115

27.7. Corollary. Let i be a complete Radon measure on R™, A C R" and
Y be a collection of closed balls in R™. If for any x € A there exist a sequence
r; \, 0 with B(z,r;) € ¥, then there exists a countable pairwise disjoint collection

o/ C ¥V such that
p(a\Je) =0.

Proof. The proposition is a straightforward consequence of Theorem 27.6 if A is
bounded. For the general case, we use a similar idea as in the proof of Theorem
27.2. Since it can happen that u{z: |z| = r} # 0, we use Exercise 15.16.b in
order to find a sequence {r1,79,...}, r; /" 400 for which p{z: || =r;} =0 for
every 7 € N.

27.8. Remark. Stating Theorem 27.6 and Corollary 27.7 we assumed that centers of given
balls lie in the covered set. Hence, Theorem 27.2 and its Corollary 27.3 are not direct conse-
quences of Theorem 27.6 and Corollary 27.7.

27.9. Exercise. Let (P, p) be a separable metric space, A C P and 7 > 1. Suppose there is
2 C P x (0,1] such that the collection of balls { B(z,r): (z,7) € 20} covers A. Show that there
exists a countable collection & C 20 such that the balls B(z, ), (z,7) € & are pairwise disjoint
and
Ac |J U@ @+2nr).
(z,r)€S

Hint. Step by step, find for any k € N a countable colection & C 20y, where
Wy, := {(x, r)eW: 77 F <r <7 FF B(a,r)n LJ{B(y7 $): (y,8) €661 U---USK_1} = 0}
in such a way that the balls B(z,r), (z,7) € &) are pairwise disjoint and

B(z,r) N | J{B(,): (y,5) € &} #0

for all (z,r) € 204.

(This can be done, for instance, in the following way: Let {g;} be a dense sequence of points
of P. We start from 62 = () and go on recursively. Let j > 1 be a positive integer. If there
exists (z,r) € 2, so that g; € B(x,r) and B(z,r) N B(y,s) = 0 for all (y,s) € 6?:1, then set
6{; = 6{;_1 U{(z,7)}. In the opposite case leave &/ = Gi_l.)

Now set & = [Jg=; k. The balls B(z,r), (z,r) € & are plainly pairwise disjoint. Take
z € A. We are going to prove that

T € U Ul(u, (14 27)r).
(u,r)€S

Since

AC U B(u,r),

(u,r)eW

there is (y,s) € 2 with € B(y, s). Further find k € N satisfying 7=% < s < 775+, Then
either (y,s) € & (and there is nothing to prove), or B(y, s) intersects some of the “previous”
balls. More precisely, there exists z € B(u,r) N B(y, s), where (u,r) € &1 U---U &j. Obviously
s < 7r, and therefore

p(x,u) < p(@,y) + p(y, 2) + p(z,u) <25+ 7 < (27 4+ 1)r.

Hence z € U(u, (27 + 1)r).
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27.10. Exercise. Let % be a collection of open balls in R™, M = |J %, ¢ < AM. Prove that
there exist disjoint balls Uy, ...,Ur € % such that

k
AU; >
=1

[

3n’

Hint. Find a compact set K C M and a finite subcollection %’ C % so that AK > ¢ and
U%’ D K. Select the ball U1 € %' with the greatest radius. Again, select among the balls of %’

which do not intersect Uy the ball Uz with the greatest radius. Suppose the balls Uy,...,U; 1
have been chosen and find among the balls of %’ which do not intersect U, ...,U;_1 the ball
U; with the greatest radius. After a finite number of steps, we get a sequence {U1,...,Uy} such

that we cannot add another ball. If z € K, then € U for some U € %’ and the construction
implies that U N U; # 0 for some 3. Let ¢ be the smallest of such indices. Then the radius R of
the ball U is not greater than the radius of Uj;, so that « lies in the ball with the same center as

U, and radius 3R. Hence
k

c<AK < 3" AU;.
j=1
27.11. Exercise. Prove Vitali’s covering theorem 27.2 using Exercise 27.10 in a similar way
as Theorem 27.6 was derived from Lemma 27.5.

27.12. Notes. The famous covering theorem is due to G. Vitali [1908] who proved it for closed
intervals and the Lebesgue measure. Later on, Vitali’s covering theorem was generalized in var-
ious directions by many authors (H. Lebesgue [1910], S. Banach [1924], C. Carathéodory (second
edition of the book [¥1918] in 1927)). Another step forward was made by A.S. Besicovitch [1945],
[1946] and by A.P.Morse [1947]. The origin of the simple covering theorem which appeared in
Exercise 27.10 is in Wiener’s article [1939].

28. DIFFERENTIATION OF MEASURES

28.1. Derivative of a Measure. In the following, i will stand for a Radon
measure on R™ and A will denote again the Lebesgue measure.

For any x € R", define

= uB(z,r) — lim g ABET)
Dy(x) = rlir& Sup AB(z,r) and D) = Tli%l* ot AB(z,r)

If D,(x) = D, (), we call this common value the (symmetric) derivative of p
(with respect to A) at = and denoted it by D,,(z).

]
r(z+1)"
2. The functions z — D, (z) and z D,,(z) are Borel-measurable. This assertion follows from

the fact that the function & — puB(z,r) is upper semicontinuous,  — AB(z,r) is continuous
and that when defining D,,, we can restrict to r € Q.

28.2. Remarks. 1. Recall that AB(z,r) = ", see Exercise 26.17.b

Compare with the following rather surprising theorem (O.Ha&jek [1957]): If F is an arbitrary
function on an interval I C R, then the function DF (see 22.8) is Borel on I. The proof for
continuous F' is indicated in the proof of Theorem 25.8. An analogous theorem fails for Dini
derivatives, there are examples of functions for which all four Dini derivatives are nonmeasurable.
3. Let u be a Radon measure on R and F its distribution function (see 24.1). Then F'(z) =
D, (x) provided F’(z) exists. Moreover, the following is true: If F'(z) < a for z € A, then
pA < alA. Similarly, uB > aA\B provided F' > a on B. Compare this result with the next
lemma.
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28.3. Lemma. Let A C R" be a Borel set and a > 0.
(a) If D,(z) < a for allz € A, then pA < alA.
(b) If Du(z) > a for all z € A, then pA > a)A.

Proof. With the trivial case AA = oo out of the way, assume AA < oo and fix
an € > 0. There is an open set G D A with A\G < AA + ¢. By Vitali’s covering
theorem 27.6 for Radon measures we can find disjoint closed balls B(z;,r;) C G
such that

uB(x;, 1) < (a+e)AB(x;,r;) and ,u(A\UB(xi,ri)) =0.

(If v is absolutely continuous with respect to A, we can also use Vitali’s covering
theorem 27.2.) Then

pA < ZﬂB(CCz‘,Tz‘) <(a+e) Z)\B(Iiﬂ"i) <(a+e)AG<(a+e)(NA+e),

whence (a) follows.
The inequality in part (b) can be proved similarly using Vitali’s covering the-
orem 27.2 for the Lebesgue measure. m

28.4. Theorem. Any Radon measure 1 on R™ has a finite derivative D,
A-almost everywhere on R™.

Proof. Without loss of generality we can restrict to a compact interval I C R™.
For ke N and r,s € Q", s <r, set

Ay ={xel:Dy(z) >k}, A(r,s)={zel:D,(z)<s<r<D,(x)}
By the previous lemma,
kXA < pAk < pl < +oo and rAA(r,s) < pA(r,s) < sAA(r,s) < sAI < +oo.
Hence )\(ﬂ Ap) = lim A = 0 and AA(r,s) = 0 (realize that 0 < s < r). The

desired conclusmn readily follows observing that

0<D,(x) <Dy <400, {xel:Dy(z)=+oo}=[)A
k

and
{rel:D,(z) <D,z U A(r, s).
r,seQt

u
28.5. Remark. Consider now the simple case when F' is the distribution function of a Radon
measure u on R. We know that F has a (finite) derivative F’ almost everywhere (Lebesgue’s
theorem 22.5), that [” F'd\ < F(b) — F(a) (Theorem 22.7), and that [* F/ d\ = F(b) — F(a)
for any interval [a,b] if and only if u < A (Corollary 23.5 and Exercise 24.7). In the last case,
F’ agrees almost everywhere with the Radon-Nikodym derivative %, An analogous assertion
holds for differentiation of measures and it is contained in the next Theorem 28.6.

Proof of the following theorem is based on Lemma 28.3. A proof based on the
covering theorem of Exercise 27.10 can be found in W. Rudin [¥1974].
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28.6. Theorem. Let u be a Radon measure on R™ and B C R™ a Borel set.
Then:

(a) [ DydX < uB (in particular, D, is locally A-integrable);
(b) [ D, dX\ = uB, provided i < .
Proof. Suppose 3 > 1, k € Z and set

By(B) = {x € B: ¥ < Dy(x) < 81}, M = Be(8)

According to Theorem 28.4, A(B\ M) = 0. If y < A, then also u(B\ M) = 0.
Using Lemma 28.3.b, we get

/D dX = /D d\ = io /B D, dA < f BMIABL(B)

k=—o0 k=—o00

<p Z puB(B) < BuB,

k=—00

and by part (a) of Lemma 28.3,

+oo +oo
/D dx > Z /B D, d\ > Z uBr(B) = 3~ tuM = 3~ uB.

k=—o00 k(B) k=—o0
When taking the limit as 8 — 1+, we get both (a) and (b). m

28.7. Theorem. The following statements about a Radon measure p on R™
are equivalent:
(1) p <A
(i) uB fB D, dX for every Borel set B C R";
(i) D, is the Radon Nikodym derivative of p with respect to \;
(iv) D, < +oc p-almost everywhere on R".

Proof. The previous theorem says that (i) = (ii), thus the equivalence (i) <=
(ii) <= (iii) is obvious. To show that (i) implies (iv), use Theorem 28.6. Assume
now (iv) and let A C R™, AA = 0. Using Lemma 28.3.a, we get

,u{xEA:QM(J:) <k}<EX=0

for every k € N, whence plainly yA =0. m

28.8. Remarks. 1. It is not difficult to state similar results for signed Radon measures.

2. If p is a Radon measure on R™ and p = ps + pa is its Lebesgue decomposition into the
singular and absolutely continuous part, then D, is the Radon-Nikodym derivative of u, with
respect to A.
28.9. Exercise. Let G C R" be an open set, f: G — R™ be a diffeomorphism. If B is a
Borel subset of G, set uB := Af(B). Show that u is a Radon measure on G and

( ) Dy (z) = |J(z)| for every x € G;

|Jf| is the Radon-Nikodym derivative d>\'
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28.10. Notes. We could define the (symmetric) derivative of a measure p at x using cubes
with the center at x whose lenght of edges converges to zero.

Furthermore, we could consider more general sequences of sets “shrinking” in a suitable way
to . We could consider, for instance, all sequences of intervals containing x whose diameters
converge to zero. Let us note that for these general “derivatives of measures” analogous theorems
to those of this paragraph fail to hold, and even analogies of Theorem 29.2 (which is their direct
consequence) do not hold. An example can be found in M. de Guzmén [*1975], Chapter V., §2.

On the topic of differentiation of measures the reader is invite to consult for instance,
W. Rudin [*¥1974], M. de Guzmadn [*1975] or J. Lukes, J. Maly and L. Zajicek [*1986].

29. LEBESGUE DENSITY THEOREM AND APPROXIMATELY CONTINUOUS FUNCTIONS

29.1. Density points. Let )\ be again the Lebesgue measure on R™", M C R"
a measurable set and z € R". We say that x is a point of density, or a density
point of M if
AMMNU(x,
T (z,7))

=1.
r—=0+  AU(z,r)

29.2. Lebesgue Density Theorem. Almost every point of a measurable set
M is its density point.

Proof. If pA := MA N M) for every (Lebesgue) measurable set A C R"™, then
1 is a Radon measure on 9, absolutely continuous with respect to A. Since
HA = f cpyrdX for A € M, cpr is the Radon-Nikodym derivative of p with

A
respect to A. On the other hand, Theorem 28.7 tell us that D,, is also the Radon-
Nikodym derivative of y with respect to A. Hence D, = cy; almost everywhere
according to the Radon-Nikodym Theorem (Remark 13.6.1) . If we realize that

) U(x,r . .

D,(z) = lim Uz, r) and cpr(z) =1 for x € M, we obtain the assertion. m
r—0+ AU (z,T)

29.3. Remark. When n = 1, the Lebesgue density theorem is an easy consequence of

Theorem 23.4 according to which the derivative of an indefinite Lebesgue integral of a (locally)
integrable function cj; equals cjs almost everywhere.

29.4. Density Topology. A measurable set M C R"™ is called d-open if each
point of M is its point of density. For instance, the set of all irrational numbers,
or any open subset of R™ are d-open. We are going to show that the collection
d of all d-open sets on R forms a topology which will be labelled as the density
topology. Since d contains all open subsets of R™, it is finer than the Euclidean
topology of R™.

29.5. Theorem. The collection of all d-open sets forms a topology.

Proof. Plainly () and R™ are d-open, and d is closed under the formation of finite
intersections. If &7 is a collection of d-open sets, we have to prove that T := | J & €
d. If we show that T is measurable, then every point of T is apparently a density
point of T. We can assume that 7' C I, where I C R" is a compact interval.
Denoting . = {S: there exists a countable collection <% C & such that S =
U %}, there exists S € .7 with AS = sup{A\M: M € .}. Given = € T, there
exists A € &7 so that  is a point of density of A. Since A(AU S) = A\S, we get
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AA\ S) = 0. Hence z is a point of density of AN .S and also a point of density
of S. Of course, z cannot be a point of density of I\ S. Since by the Lebesgue
density theorem almost every point of I\ S is a point of density of I\ S, it follows
that A(T'\ S) =0. Hence T'= S U (T'\ S) is measurable. m

29.6. Remark. The density topology in R"™ shares a lot of interesting properties. Let us note

that the density topology is not metrizable, it is not normal (it is completely regular), the only

d-compact sets are the finite ones, and that the Baire category theorem holds for d.

29.7. Approximately Continuous Functions. A function f defined on a

neighbourhood of a point z € R" is said to be approzimately continuous at z if

there exists a measurable set M C R"™ such that z is a density point of M and
lim u f(z) = f(z). If f is approximately continuous at each point of a given

rT—z,rE
set, we say that f is approximately continuous. It is clear that each continuous
function is approximately continuous.

29.8. Theorem. A function f is approximately continuous at z if and only if
f is d-continuous at z.

Proof. Suppose f is d-continuous at z and defined on a neighbourhood U =
U(z,1m9) of z. Then z is a point of density of each of the sets M; := {z €
U: |f(z) — f(2)] < %} Find a decreasing sequence of radii r; > 0 satisfying

AUz )\ Mj) o
AMUNST) NG 9
AU (z,7) <
forall j =1,...,kand r € (0,r%). Set A; = U(z,7;) \ Mj and M = U \U;Z, A;.
We have
AU (z,r) N Aj) < 9-i
AU(z,r) -

for all » > 0. Choose k € N and r € (0,7r). Then

AU(z,r)NA)) < 2777k forj <k,
AU(z,r)  — 279 for j > k.

Whence
AU(z,r) \ M)

<27kt
AU(z,1) — ’

, then z € M}, and consequently

and z is a density point of M. If z € M NU(z, 1)
= f(2). The reverse implication is

|f(z) — f(2)] < . Therefore lim  f(z)

r—z,c€M
obvious. ®

29.9. Denjoy’s Theorem. A function f: R™ — R is Lebesgue measurable if
and only if f is approzimately continuous at almost all points of R™.

Proof. Let f be approximately continuous at almost all points. Denote by N
the set of all points of approximate discontinuity of f. Take any ¢ € R. We
will show that the set M := {& € R: f(x) > ¢} is measurable. Since M is a
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d-neighbourhood of any point z € M \ N, it follows that M \ N is also a d-
neighbourhood of x. Hence M \ N is d-open, and thus measurable. Since N is a
null set, M is measurable as well.

Now assume that f is measurable and select an € > 0. Luzin’s theorem 18.2
provides us with a continuous function g on R™ and an open set G so that uG < ¢
and f = ¢ in R"\ G. By the Lebesgue density theorem almost every point of the
set R™\ G is its point of density. Thus f is approximately continuous at almost
all points of R™\ G and we can easily conclude that f is approximately continuous
at almost all points of R™. m
29.10. Remark. Compare the last equivalence with the Lebesgue theorem 7.9 according

to which a bounded function f is Riemann integrable if and only if f is continuous almost
everywhere.

29.11. Exercise. Let f be a bounded function defined on a neighbourhood of a point z € R™.
Then f is approximately continuous at z if and only if z is a Lebesgue point for f (the definition
of Lebesgue points in R™ is analogous to the one-dimensional case in 23.8). Show that the
assumption of boundedness is essential for one of the implications.

29.12. Notes. The notion of approximate continuity was introduced by A.Denjoy [1915];
he proved also that every Lebesgue measurable function is approximately continuous at almost
all points. The converse assertion was proved by V.Stepanov in [1924]. The density theorem
29.2 is due to H. Lebesgue [*1904]. This theorem also holds for nonmeasurable sets if the outer
Lebesgue measure is used in the definition of density points. The notion of the density topology
was studied much later in the 1950’s. Many of its properties and generalizations and recent
applications can be found in the monograph by J. Lukes, J. Maly and L. Zajicek [*1986].

30. LipsCcHITZ FUNCTIONS

30.1. Lipschitz Mappings. Let (Pi,p1), (P2, p2) be metric spaces and 8 > 0.
Recall that a mapping f: P, — P» is said to be 3-Lipschitz if

p2(f(x), f(y)) < Bp1(z,y)

for every x,y € P;. We say that f is Lipschitz on P if there exists 8 > 0 for
which f is B-Lipschitz. A mapping f: P, — P, is called locally Lipschitz if for
any z € P; there exists its neighbourhood U such that f is Lipschitz on U (in
this case, the constant 8 can vary from point to point).

30.2. Lemma. Let f be a continuous function on an open set G C R" and
i € {1,...,n}. Then the set of those points at which 5% fails to exist is a Borel
set.

Proof. To simplify the proof, we can assume that G = R™. Denote

U 1o () = Sup{f(erte;) — f(z) te (—%, %), It| > ;} 7
Vm () = inf{f(erte;) —I@) e (f%, %), t] > ]1}
uw(z) = inf sup wm k(z) , v(z) =sup inf vy, k(x).

m k>m m k>m

Then, for & > m, u;, , and v, are continuous. Since the set of points where
ng(x) exists equals {z € R" : —0co < u(z) = v(x) < +0o0}, the assertion follows.
[
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30.3. Rademacher’s Theorem. Let f be a Lipschitz function on an open set
G C R"™. Then f is differentiable almost everywhere in G.

Proof. Assume that f is a (-Lipschitz function. Let E be the set of all points
where f fails to have some of the partial derivatives. Using Fubini’s theorem, the
one-dimensional theorem on differentiability of Lipschitz functions (Lemma 22.4)
easily implies that E is of measure zero (notice that F is measurable by Lemma
30.2).

Now, for p,q € Q™ and m € N denote

[z +te;) — f(x)
t

Sp,q,m{xGG\E:pi< <g foralli=1,...,n

and for t € (—% %) \{0}}.

Let §p7q7m be the set of all density points of Sy 4m. By the Lebesgue density
theorem 29.2 A(Sp.q.m \ Sp,g,m) = 0. If

N := U (Sp,g,m \ Sp,q,m)v

p.,q,m

then N is of measure zero. We claim that f is differentiable at each point of
G\ (NUE).
To this end, take x € G\ (N UFE) and € € (0,1). Pick p,q € Q™ so that

of
&ri

G —€e<p; < () < qi, i=1,...,n.

Then there exists m € N with x € S := 5, 4,m. Since x is outside of NV, x is even
a density point of S. Find § € (0, 2) such that A(U(z,7) \ S) < (§)"MU(x,7))
for all » € (0,26). In particular, notice that U(z, (1 4+ &)7) \ S does not con-
tain any ball of radius er if 7 € (0,). Choose y € U(x,d) and denote y* =
(Y1 -+ s YisTig1,---,Tn). For any i € {1,...,n}, let U; be the ball with center y*
and radius €|y — z|. The choice T = |y — x| yields that SNU; # 0 for all i. If
2t € SNU; and w' := 2! + (y; — x;)e;, then

o =y = |7y s ely - ol
;i < W<qi and p; < g;:(x)<ql
Whence
of

e < (g — ) — 2l < ely— 2.
axi(x)(yz z;)| < (g —pi)lyi — v < ely — 7
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Summarizing, we get

> ()~ 1) - Ly =) ’
+ 3 (1w = £+ 17 = £ )
<e(n+206n)ly—z|.

Thus f/(z) does exist. m

30.4. Lemma. Let (fo)a be a family of 5-Lipschitz functions on R™. Then
the function sup,, fo is B-Lipschitz provided it is finite at least at one point.

Proof. 1t is quite obvious. m

30.5. McShane’s Extension Theorem. Let f be a 3-Lipschitz function on
a set E C R™. Then there exists a 3-Lipschitz extension f* of f to all of R™. If,
in addition, F is bounded, then we can find a B-Lipschitz extension f** of f with
compact support.

Proof. Set
frx) = ,S‘gg{f@) —Bly —al}.

By the previous lemma, f* is a §-Lipschitz function and f* = f on E. If F is
bounded, then there exists an v > 0 such that |f(z)] < a — x| for all z € E
and we set

min(f*(x),a — B lz|) if |z| < /B and f*(z) > 0;
7 (x) = ¢ max(f*(z),—a+pFlz|) if |z| <a/f and f*(z) < 0;
0 if || > a/p.

30.6. Remark. Let f be a §-Lipschitz mapping from E C R" into R¥. Then the coordinates
of f can be extended separately by the previous theorem and we get a k(3-Lipschitz extension
f*: R™ — RF of f. However, this extension fails to be B-Lipschitz. There exists a stronger
extension theorem for mappings due to Kirszbraun which guarantees the existence of a [-
Lipschitz extension. The proof of this assertion is more difficult.

30.7. Exercise. Suppose E C R™ and f: E — R" is a (3-Lipschitz mapping. Prove that

N f(E) < B"A*E.

Hint. We can assume that A*E < 4oco. Fix an € > 0. By Lemma 26.26 find a sequence

{U(xj,75)} of open balls so that E C JU(zj,r;) and Y AU(zj,r;) < AE + €. Since
J

f(U(zj,75)) CU(f(z;), Brj) for every j,

N (f(B) <D AU(f(x)), Bry) = BF D MU(w,7m5) < BN E + ).
; :

J
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30.8. Notes. Theorem 30.3 is due to H.Rademacher [1919]. An elementary proof of it
(different from ours) was given by A.Nekvinda and L. Zajicek [1984].

Extensions of Lipschitz functions in metric space were closely related to original proofs of
the Hahn-Banach theorem. Theorem 30.5 of extension of (nonlinear) Lipschitz functions was
proved independently by M.D. Kirszbraun [1934] and by E.J. McShane [1934]. Another material
can be found in G.J. Minty [1970].

31. APPROXIMATION THEOREMS

31.1. Space Z(92). Let Q C R”™ be an open set. We denote by 2(2) the linear
space of all infinitely differentiable functions on 0 with compact support in 2.
Our aim is to prove that Z(12) is often dense in other function spaces. The first
task is to construct a nontrivial infinitely smooth function on R™ with compact
support.

Set
aet/(elP=1) lz] <1,

€Tr) =
xa(@) {0 if o] > 1,

where the constant « is chosen in such a way that [, x1(z)dz = 1. Denote

xk(x) = k" x1 (k).

Then fR" Xk(x £y)dy = 1 for any £ € N and x € R™. A simple calculation
shows that the functions xy are infinitely differentiable (first reduce the proof to
a problem of differentiability of functions of one variable).

Now, if f is a locally integrable function, then Theorem 9.2 gives immediately
that xx* f are infinitely differentiable functions as well. Likewise, the convolutions
Xk * i are infinitely differentiable if 1 is a Radon measure.

31.2. Lemma. Supposep € [1,00), f € LP(R™) and k € N. Then x, x f €
ZP(R") and ||xk = fll, < If],-

Proof. According to generalized Young’s inequality 26.20,

[ fll, < WA - ekl < WAL,

(notice that ||xxl; =1). m
31.3. Theorem. Suppose p € [l,00). For any f € ZLP(R"™), we have
1= X+ 7], — 0.

Proof. Denote E; = {x € R": |z| < jand [f(z)| < j} and F; = fep,. Since
N(R™\ E;) has measure zero, f; — f — 0 almost everywhere and by the Lebesgue

j
theorem (dominating function |f|"), || f — fill, = 0. Fixan e > 0 and find j € N
with [|f — f;|, <&. Whence by Lemma 31.2

Xk * fi = xe = fll, = lIxe = (f; = DI, <e

for all kK € N. Now xi * f; — f; (as k — o00) almost everywhere. Indeed, it
is routine to verify that xi * f; — f; at all points of approximate continuity of
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f; and this set, according to Denjoy’s theorem 29.9, is of full measure. By the
Lebesgue convergence theorem with dominating function (2j)Pcp (g, ;j+1) We have

Lim {1 f5 = xi * fill, = 0-
Hence,

1=k fll, < 1= Filly +1F5 = xw * Fill, + s * 5 = xw * flI, < 3¢,
provided k is large enough. m

31.4. Theorem. LetQ C R™ be an open set and p € [1,00). Then Z2(Q) is a
dense subset of L7 (Q).

Proof. Set Q; = {z € Q: |z|] < j and dist(z,0Q) > %} Take a function
[ € ZP(Q) and denote g; = fcq,. As in the previous proof, it is clear that
If = gjll, — 0. For all k > j we get Xy * g; € Z(£2). Now the estimate

If = xw = g5ll, < IIf — g5ll,, + 1lg; — xx * g5ll,,
yields the assertion. m

31.5. Theorem. Let f be a continuous function with compact support contained
in an open set Q@ C R™. Then xxx f = f on Q.

Proof. We can assume that 0 = R". Since f is uniformly continuous, given € > 0
there is kg € N such that |f(z) — f(y)| < € whenever z,y € R", |z — y| < k%o If
k > ko and = € R", then

@) = 1@ =| [ 0@ - 1)ule -1

/ (f(x) = fy)xe(z —y)dy
B(z,1/k)

SE/ Xe(z —y)dy =¢.
[

31.6. Theorem. Let i be a Radon measure on 2. Then
(a) there exist sequences {u;} of measures and {f;} of functions from 2(R")
such that f; = duj/d\ and p; ~ ;
(b) if, in addition, p has compact support, then we can take measures p; with
densities X * [i.

Proof. Let us start with the case (b). Assume again that & = R"™ and take
f € 6. (R"). Then by the previous theorem f % x; =% f, and it readilly follows
that

f@)(xg * p)(2) de =
Rn

For the proof of (a), we first approximate u by px (see 2.4) where K is a suitable
compact set, and then use the convolution as above. m

fex;dp— Jdp.
R Rn
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31.7. Theorem. Let f be a (-Lipschitz function on R™. Then xx * f are
(infinitely differentiable) (5-Lipschitz functions, |xi * f(z) — f(x)| < B/k for all
x € R™ and (xr * ) — f' almost everywhere in R™.

Proof. Since
Oxwx ) =xu* [,

Xk * f are [-Lipschitz functions. For any x € R™ we have

e S@ @IS [ 1@ - S0 d
g

<2 ak-pa-f
B(z,%)

We can see that (x * f')(z) — f/(z) at all points x, where the derivative f’(x)
exists and is approximately continuous. But the Rademacher theorem 29.9 and
Denjoy’s theorem 30.3 tell us that this happens almost everywhere. m

31.8. Exercise. Give an alternative proof of the fact that 2(Q) is dense in ¥?(Q) for
1<p<oo.

Hint. If f € €:(2), then by Theorem 31.5 the functions xj * f converge uniformly to f and
their supports are contained in a compact set (not depending on k). This yields that xx * f
converge to f in the £P-norm as well. Now it is sufficient to use the density of €.(Q2) in £P(Q)
(Exercise 15.17).

31.9. Exercise. Use Theorem 31.4 to prove that the convolution f g is uniformly continuous
provided f € £P and g € £, % + % =1 and p,q > 1. (This will prove the proposition stated
in Remark 26.22.)

31.10. Riemann-Lebesgue Lemma. Suppose f € Z'(R"). Then

lim et () dt = 0.

|z| =00 Jrn

Hint. If g € 2(R"™), then integration by parts gives

n
. . 829
[ Pertamar= [ ety @ ar
whence
\ [ e ta dt] <[22 | agll;

Now we invoke the fact that Z(R™) is dense in Z1(R™): Given f € £1(R"™) and ¢ > 0, by
Theorem 31.4 there is g € Z(R™) (g depends on f and €) such that ||f — g||; <e. Then

\ [ et fg(t»dt' .

whence

e roa] < ol agl, + 15 - ol
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32. DISTRIBUTIONS

Since twenties, physicists started to work with “generalized functions”. These
“functions” were determined by their “average densities” in a neighbourhood
of each point. P.A.M. Dirac introduced the “J-function” having the following
properties:

d(x)=0for x #0, 6(0) =00 and / o0(x)=1
U

for every open ball U containing the origin. Thus the “average density of the
o-function” in the ball U(x,r) is

—+— ifzeU(0,r),
= { 5 EU00

0 otherwise.

(Notice that « € U(0,r) if and only if 0 € U(z,r).) We can see that

If now ¢ is a continuous function on R"™, denote

Zr(p) = - freo, 5(¢) = ¢(0).

Using the definition of continuity, one can show that

Jim Z:(p) = 8(p)

for any continuous function ¢ on R™. In other words, the d-function is a “weak”
limit of the sequence {Z,} of functionals while “values” of the J-function are
pointwise limits of the sequence {f.}. The great number of quotation-marks in
the last sentences indicates that we have to give exact definitions and thus also
interpretations of the notion used. Thus while the physicists succesfully used the
d-function and many other “generalized functions”, the mathematical theory of
distributions (or, generalized functions) arose much later in the end of the 30’s
and it is connected with names of S.L. Sobolev, and mainly with L. Schwartz.
And one more note. We know that there exist continuous functions which
have a derivative at no point. One of the great advantages of the theory of
distributions is the fact that each of them does have a derivative. However, we
should be aware of the difference between classical derivatives and derivatives in
the sense of distributions. Among others, the derivative of a function in sense
of distributions is not necessarily a function (cf. Examples 32.5). In order that
the distributional derivative of a continuous function f to be again a function
(more exactly, a regular distribution, cf. 32.3.1), f has to be locally absolutely
continuous. In particular, f must have the classical derivative almost everywhere.
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In what follows, we consider an open set @ C R". If a = (o, @a,..., ) is
a n-tuple of nonnegative integers (so-called multiindex), set |o| = a3 + -+ + an
and denote the differential operator

glel

o an
0xi"...0xn

by the symbol D®. Finally, recall that #(€) denotes the linear space of all
infinitely differentiable functions with compact support contained in €2 (see 31.1).

32.1. Notion of a Distribution. If {f;} is a sequence of functions from Z(Q),

we say that fg 2.0 if there exists a compact set K C Q such that supt f, C K
for every k and D*f; = 0 on K for every multiindex a. Every linear functional
T on 2(Q) satisfying

T(fx) — 0 whenever fj 2o

is called a distribution (on ). Thus every distribution is determined by its values
on 2(Q).

Let f be a locally integrable function on  (i.e. integrable on each compact
subset of Q, in particular, f can be a continuous function). Set

Ty(p) = /Q fodh

for ¢ € 2(Q) (notice that the integral exists). It is not very difficult to prove that

Ty is a distribution: Suppose ¢, € Z(Q2) and ¢y, Z0. K isa compact set on
whose complement all ¢y’s vanish, then

17y(e0] < maxlen(0)] [ 171 ax

and ¢ =2 0 on K. It follows that T'(¢x) — 0.

Thus every locally integrable function defines a distribution. We say that T
is a regular distribution if there is a function f € 4L (Q) with 7' = Ty. In this

loc
sense, we can identify regular distributions and locally integrable functions.

32.2. Remarks. 1. The space 2(Q) is usually endowed with a locally convex topology in

G
such a way that fr — 0 in this topology if and only if fj ﬁ 0. So distributions are continuous
linear functionals on Z(f2).

2. If a linear functional Z on 2(Q2) is a “pointwise” limit of a sequence of distributions {Z;} (i.e.
if Z(p) =lim Z;(yp) for each ¢ € 2(Q)), then Z is also a distribution. This is a consequence of
the Banach-Steinhaus theorem of functional analysis, which is valid for 2(Q).

3. If f, g are locally integrable functions and f = g almost everywhere, then apparently Ty = T}.
The converse is also true: If the regular distributions T, Ty are equal, then f = g almost
everywhere.

For this purpose, it is sufficient to prove that fn = gn for every n € 2(Q). Suppose that
h=(f—g)nonQandh =0 outside Q. Then h € L*(R™) and T}, = 0 in R™. Thus xj *h =0
for every k and Theorem 31.3 (the notation is the same) yields h = 0 almost everywhere.

This assertion shows that we can really identify regular distributions and locally integrable
functions.
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32.3. Examples. 1. In 32.1 we “embedded” locally integrable functions into the space
of distributions. Another class of objects contained in the space of distribution are Radon
measures. Let u be a (positive) Radon measure on Q. The functional T, defined as

Tu(9) = ul(e) (= /Q pdu)

is again a distribution. In this sense, we can understand every Radon measure as a distribution.
For example, the Dirac measure (the “d-function”) defined by Ts5(¢) = ¢(0) is a distribution.
It is not regular. Indeed, if there were a locally integrable function f with Ty = T, we could
easily deduce that f = 0 almost everywhere. But T} is not the zero distribution.

2. It is not true that every distribution is regular or is defined by some Radon measure. As
the example consider the functional ¢ — ¢’(0). However, there is a simple criterion which
enables to decide whether a distribution 7" is equal to 7},. Namely, if ;1 is a Radon measure,
then the distribution 7T}, is a positive functional. Conversely, if T is a distribution with T'(¢) > 0
whenever ¢ € 2() is nonnegative, then there exists a Radon measure p such that T = T),.
The last proposition is an easy consequence of the Riesz representation theorem 16.5.

3. For € > 0, denote O(e) = (—o0, —¢) U (¢, +00) and

R:(p) = / @) dz for ¢ € Z2(R)
x
O(e)
(notice that the integral exists). It is not difficult to see that R is a distribution on R. Further,
for every ¢ € Z(R) there is a finite limit 1i1’([)1+ Re(p). If we denote it by T'1 (), then T1 is a
£— x @

distribution. The reader may find it instructive to prove this assertion directly, or using Remark

32.2.2. Notice also that the function % is not locally integrable on R. Thus, the distribution

T'1 which is often identified with the function % is not regular and also cannot be determined

x
by a Radon measure.

The set of all distributions is a linear space which is the topological dual to
2(Q) (cf. Remark 32.2.1).

As mentioned above, every distribution is differentiable. To motivate the exact
definition, consider a function f with continuous derivative f’ on R (notice that
both f and f’ are locally integrable). In this case it is natural to require that 7'
should be the derivative of Ty. Since,

Ty (p) = /Rf’w =Ty (¥")

for any ¢ € Z(R) we are led to the following general definition.

32.4. Differentiation of Distributions. Let T be a distribution on Q. If o
is a multiindex, we define the o' (partial) derivative D® of the distribution T as

DT(p) = (-1)I*IT(D%¢), ¢ € 2(Q).

oT B dy
o, V=T (ax) |

In the sense of identification of regular distributions and locally integrable func-
tions, we often speak about distributional derivatives of functions provided the
result of differentiation is a function.

In particular,
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If f is a €'~ function, then its distributional derivative is the classical one:
(Ty)' = Ty. For the one-dimensional case see the next Remarks. The multi-
dimensional case involving partial derivatives is then an easy consequence of Fu-
bini’s theorem.

32.5. Remarks and Examples. 1. It remains to show that D*T is again a distribution.

But the linearity of D*T' is obvious, and supposing ¢ % 0, then also D%y, % 0 and we get
D*T(¢r) — 0 (we used the fact that the mapping ¢ — D% is continuous on 2(0)).

2. Notice that any distribution has derivatives of all degrees. However, the derivative of a
“function” fails to be a “function”. As the next examples show, it can be, for example, a
“measure” . For instance, any continuous function which does not possess a derivative at any
point is infinitely differentiable — but only in the sense of distributions!

3. Assume now that u and f are locally integrable functions on an interval (a,b) and that the
distributional derivative of u is f. Then there exists a locally absolutely continuous function
v and a constant ¢ such that u = v + ¢ almost everywhere and v/ = f almost everywhere.
Indeed, consider a function n € 2((a,b)) with f; n = 1 and denote by v the indefinite Lebesgue
integral of f. We know that v is a locally absolutely continuous function. The integration
by parts 23.13 shows that the distributional derivative of w := u — v is a zero function. If

c= f: wn, ¢ € P((a,b)) is an arbitrary function and ¥ (z) = [T <<p(t) —n(t) f: o(s) ds) dt,
then ¢ € 2((a,b)) and

/ab(w—C)so=/:wso—/:wn/:so=/:w¢’=0-

Thus T,,—. = 0, whence w = c almost everywhere by 32.2.3.

4. Let f be a continuous function having the derivative f’ almost everywhere on an interval I.
Then f’ is a distributional derivative of f if and only if f is locally absolutely continuous on I.

5. Consider the function f(z) = max(0,z) and the so-called Heaviside function Y on R which is
defined as the indicator function of the interval (0, +00). Then f is not “classically differentiable”
at zero. However, its distributional derivative is the Heaviside function Y. Integration by parts
shows easily that

(Tr)"(p) = (Ty) (p) = — [ &' =(0) =Ts(p)

O\%—

whenever p € 2(2). We see that the derivative of the distribution Ty is the Dirac “§-function”.
In a similar way we find that

(Ty)"(¢) = =¢'(0) for ¢ € 2(Q).

Show that (Ty )" is neither a “function” nor a “measure”.

6. Let f be a real function whose classical derivative is not locally Lebesgue integrable (cf.
Example 25.1). Then (T)’ is not a regular distribution.

7. The distributional derivative of the Cantor function of Example 23.1 is not the zero function
but a measure “concentrated” on the Cantor set (see Exercise 24.8.a).

8. The function In(|z|) is locally Lebesgue integrable. Its derivative in the sense of distributions
is the distribution 71 (This gives one way how to prove that T’y is a distribution.)

x

9. For p € 2(R), set
Ulp) = > ¥ (k).
k=1

Show that U is a distribution on R which is neither regular nor determined by a Radon measure.
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n 82
10. Let &= Y- —— be the Laplace operator and u(z) := ||2~™. Our aim is to find Aw in the
i=1 0z
u
distributional sense. First, we have that 3 =(2- n)ﬁ is a locally integrable function. Now
;i
2
U
the distributional derivative 922 is a complicated distribution containing an “integral average”
4
k2
similar to the distribution of Example 32.3.3. But we have an easier task, namely to find out
n 9%y
the sum > W of these distributions. If k, denotes the volume of the unit ball in R™ (cf.
i=1 0%

Exercise 26.17), then we prove that

Z;
n 1

for every test function ¢ € Z2(R"™). Hence

Au=n(2 —n)kndo .

To this end let v be a nonincreasing infinitely smooth function on (0,00), y(t) =1 for ¢t < 1,
~v(t) =0 for ¢t > 2, |[y/(¢)] < 2 and nr(z) = v(z/r). We use the decomposition

o = p0)nr + (¢ — @(0))nr + (1 —nr).

Then

/ Z i = A+ By +Cr+ Dy,

|z|™ Bmz

where

T; Bnr
0) /R" Z |£E‘n le do
2r
=0l0) [ a0 (ol fr)de = @i [ (1) dt = —np(0)

(we used Exercise 26.17),

Br= [ 3 i (60— pl0) G @)
Cr = [ D @)l @

and

Dr—/nZ{EZ M(w)dx

Set
i(z) = aire@) (1 —ne(x) if 2 #0;
0 ifx =0.
An easy calculation shows that ¢; € Z(R™) and

> g = Y S =),
=1 =1 K
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Thus

The proof will be finished by estimating the 1ntegrals B, and C) and taking the limit as » — 0.
Since ¢ € 2(R™), there exists a constant K such that [Vo(z)| < K and |¢o(z) — ¢(0)] < K |z]
for all z € U(0,1). Obviously, |Vn,| < % We obtain

1o} AnKr _n
B < [ 2| @) = o |3 ar < 25 [ japtn a0
B(0, 27‘) \fC| Oz; r B(0,2r)
and
i 0 _
‘CT|§/ an xn d )| doz < nK |z|1~™ dz — 0.
B(0,2r) =} || i B(0,2r)

Another operation with distributions is the mutiplication. Since we prove the
Schwartz impossibility theorem which says that on the space of all distibutions
the multiplication cannot be defined in a reasonable way, we restrict to the mul-
tiplication by smooth functions. However, if A is a smooth function on R and f
is continuous, then

Thi(p) = Ty(hp) for @€ 2(Q)

and this equality leads to the following definition.

32.6. Multiplication of Distributions by Smooth Functions. Let T be a
distribution on Q and h € €>°(£2). We define the distribution AT = Th by

T (p) =T(he), ¢ € 2(Q).

32.7. Remarks and Examples. 1. It is easy to show that AT and Th are distributions.
2. We have

zTs(p) = Ts(zp(z)) =0,
#T1 (¢) = T (wp(2)) = /R o=Ti(p)

and we see that the multiplication in the space of distributions is almost the same as the
“pointwise” multiplication.

32.8. Schwartz Impossibility Theorem. On the space of distributions on
R, a multiplication cannot be defined in such a way that it would be commutative
and associative and that xTs =0 and T = T;.

Proof. The following shows that it is impossible to define a multiplication:
0=0- T; = (LUT(;)TL Tg(xT;) Ts -1 =Ts.
]

32.9. Convergence of Sequences of Distributions. Let {7} be a sequence
of distributions on Q. We say that T} converge to a distribution 7" on €2, denoted
by T}, — T, if T, (¢) — T(p) for every test function ¢ € 2(€2). Thus the conver-
gence in the sense of distributions is nothing else than the pointwise convergence,
or the weak*-convergence on 2'(Q).
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32.10. Examples. (a) If Ty := Tysinke on R, then {T}%} converges to zero (i.e. to the
distribution Tp).

(b) Let Ty be the regular distribution on R determined by the function % Show that

Ty — Ts (when keeping the convention of 32.1, the sequence of functions {%} converges to
the Dirac measure ¢ in the sense of distributions).

Hint. Choose ¢ € Z(R). If ¢ = 0 outside the interval [—A, A], then

A ) — A sinkz
nTk(¢):[AM sinkxdm+¢(0)[A xk dz

By the Riemann-Lebesgue Lemma 31.10, the limit of the first term is zero. Further it is known

that
kA
sint
lim / - dt =,

k— o0
—kA

whence the assertion follows.

(c) Show that the sequence of functions {x} (cf. 31.1) converges on R" to the Dirac measure
6 in the sense of distributions.

Hint. The proposition is an easy consequence of Theorem 31.5.

(d) Suppose fi,f € £1(Q). If lim [} |fx — f| — O for every compact set K C €2, then
Ty, — Ty
32.11. Theorem. Let « be a multiindex, T, Ty, distributions. If T, — T on 2,
then DT}, — D°T.
Proof. The proposition is an immediate consequence of definitions. m

32.12. Example. We define that > 7T, = T provided > Th(¢) = T'(p) for any test function
p € 2(92). The previous theorem tell us that every convergent series of distributions can be
differentiated term by term. Here there is an illustrating example:

Let f be a 2w-periodic function on R,

%(7‘(—33) for z € (0, 7],

fz) = —%(W—i-a:) for z € [—m,0),

0 for x = 0.

It follows from the theory of Fourier series that

f@) = i sinkkx
k=1

for every = € R. Show that:

(a) This equality holds in the sense of distributions as well.
(b) The derivative of the distribution T is a 2m-periodic measure p whose restriction to
the interval [—m, 7] equals f% + mé.

oo
On the other hand, Theorem 32.11 implies that (Tf)" = > Toos ka-
k=1

Therefore, in the sense of distributions we have the equality
o0
Z coskx = p.
k=1

o0

We see that we can assign to the divergent series > coskz a “sum” but this one is a distribution
k=1

and not a function.
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32.13. Notes. The theory of distributions in the framework of duality between topological
vector spaces was created by L. Schwartz in the late 1930’s and was fully published in [1947]
(because of the scientific isolation during the second world war he published his theory after-
wards). He also introduced the fundamental space ./(R"™) suitable for the Fourier transform of
distributions.

Some related considerations were implicitly contained in earlier works of other authors. In
fact, L. S. Sobolev [1936] also introduced basic notions of the theory of distributions. Since he
was led by a special question concerning the solution of the Cauchy problem he did not realize
the power of his own ideas.

Concerning the history of the theory of distributions, we suggest also Liitzen’s monograph
[*1982]. Other material can be found in J. Horvith [1970] or J. Horvéth [*1966].

33. FOURIER TRANSFORM

Throughout this chapter, v - v denotes the inner product of n-dimensional
vectors u and v. By a function we understand a complez-valued function and in
this way we modify the definitions of function spaces like L?.

The Fourier transform is an operator whose calculus provides a number of
formulae. Roughly speaking, the Fourier transform transforms differentiation with
respect to ;" variable into multiplication by z; and convolution into product. Due
to these properties it has wide applications in function spaces theory, theory of
partial differential equations, operator calculus and other fields.

When reading this chapter, we suggest to notice the parallel between the theory
of Fourier series and the Fourier transform (cf. Remark 33.14).

33.1. Fourier Transform of L!-Functions. Formally, we can write the
Fourier transform in the form

~

Floyi=@ny 2 [ ) ay.

This formula can be understood as a pointwise definition provided f € Z*(R").
Notice that the Lebesgue integral always exists.

We start with simple formulae.

33.2. Theorem. If f,g € L (R"), then

(a) fxg=(2m)"2fyg;
() Jgn f9= Jgn fG (the so-called multiplication formula).

Proof. The proof will follow using Fubini’s theorem easily. It only needs to be
observed that fg € .#* whenever f,g€ £'. m

The following theorem plays a key role in applications of the Fourier transform
to the theory of partial differential equations.

33.3. Theorem. Suppose f € L1 (R") and 1< j <n.
(a) Ifz;f € LY (R™), then

of ey
a—xj = (—iz; f).
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(b) Suppose that f, ng,- are continuous on R", 887’; € ZY(R") and
lim f(z)=0.
|z]— o0

Then

~

01 /0 () = ix; ().

Proof. (a) The differentiation under the integral sign of

Fla) = (@m)~/? / i f (1) dt

n

leads to

ﬁ(:17) = —(27r)7"/2/ e it £(t) dt.

8xj n
(b) Using Fubini’s theorem and integration by parts we obtain

(2m) /2 / et yar = —mye [ ) 2

—iz-t
dt
ot re 0t

= jx;(2m) /2 ft)e = tdt,
R'n.

n
33.4. Lemma. If h(z) = e 1"I/2 then h = h.

Proof. Assume first that n = 1. By the previous lemma both h and } are solutions
to the differential equation

w+zu=0.
Since h(0) = }\L(O) (see Exercise 26.17.b), we get h = h. Assuming we had already
proved the theorem for n = 1, we get

i _ 2 _ _ 42 . _ 42
/ ettt /2dt=/ Tt —t/2 o=t /2 qp e,

/ e—izltl—tf/z dt1-~-/ e—iz,,,t,,,—ti/?(27T)n/2e_\z|2/2.
R R

33.5. Fourier Transform of Distributions. We start with a motivation.
It would be quite natural to define the Fourier transform of a distribution in
such way that the Fourier transform of the regular distribution 7'y would be the
distribution 7. But if f € & L(R") and ¢ € 2(R"), the multiplication formula
33.2.b gives

fe=1| fo
Rﬂ, R’n.
and since the Fourier transform of a function from Z(R™) fails to be in Z2(R")

we cannot proceed in this way. (Notice that the zero function ¢ = 0 is the only
function of Z(R"™) with ¢ € Z(R").)
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Observe also that the Fourier transform of a function from %! needs not to be
an element of .Z1. If f is the indicator function of the interval [—1,1], then

~ 2 sinx

Flay=y/= =2

™ X

So we search for a subset of .Z!(R") which would be closed with respect
to the Fourier transform and to differentiation (and thus also with respect to
multiplication by polynomials, cf. Theorem 33.3), and in this way we are naturally
led to the notion of the Schwartz space .7 (R").

We say that a ¥>°—function f on R™ belongs to the Schwartz space . (R™) if
pD®f is a bounded function for any multiindex « and for any polynomial p on
R". Equivalently, it is easy to see that f € .%(R") if and only if p D® f € Z*(R"™)
whenever p is a polynomial and « a multiindex.

The space of test functions Z(R™) is a subset of .#(R™). The function e~ I*I"
provides an example of a function from .7 (R™) which does not have compact
support.

With the help of Theorem 33.3 and Lemma 33.6 it can be easily shown that
Z(R™) is closed with respect to the Fourier transform, and that the mapping
© — @ is a linear isomorphism of .¥(R™) onto itself.

A linear functional S on . (R™) is called a tempered distribution if it is con-
tinuous in the following sense: If {¢;} is a sequence of functions from .#(R"™)
and pD%p; — 0 for any multiindex o and any polynomial p, then T'(¢;) — 0.
We can easily verify that every tempered distribution (restricted to Z(R")) is a
distribution.

The Fourier transform T of a tempered distribution 7" is defined as
T(p) =T($), ¢e€LR").

Apparently T is again a tempered distribution.

So far, the Fourier transform is defined for functions from #*(R™) and for
tempered distributions. Any locally integrable function f determines a (regular)
distribution, and many of them even tempered distributions. If f € ZP(R"™)
(1 <p<o0),then

Sf:soH/ fe, e R")
R’Vl

is a tempered distribution. In the same way as in the previous chapter, we identify
the function f € ZP(R") and the tempered distribution Sy. The multiplication
formula yields that S =25 7 and we see that the new definition of the Fourier
transform of tempered distributions is an extension of the original one for func-
tions from .Z1(R").

Since the Fourier transform is now defined also for functions outside of #*(R"),
the question arises whether, given function f (say f € £?), a function g can be
found so that S t =Sy (then we could say that the Fourier transform of f is g).
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We know that in the case of #! the answer is positive as we can take g = f
On the other hand, Exercise 33.9 shows that the Fourier transform of a constant
function (which is a function of Z*°(R™)) is not a function.

Let us note that even in the case when the Fourier transform of a function f
is a function ¢ (in the sense mentioned above), the function ¢ is not determined
pointwise (as in the original definition of the Fourier transform for f € Z1(R"))
but only except a null set.

In what follows, we restrict our attention to the case p = 2 and we state the
main theorem which guarantees a good theory for the Hilbert space L2(R™). First
we define the inverse Fourier transform by the formula

fo) =@ [ emrp@)de, fe 2R

T(p)=T(p), ¢ € L(R™), T isa tempered distribution

If fe LQ(R") then we define the Fourier transform f as such g € L2(R")
for which S t = 84. The inverse Fourier transform f of a function f € L2 (R") is
defined in a smular way. Before we verify that these definitions make sense, let
state a useful lemma.

33.6. Lemma. The Schwartz space . (R") is a dense subset of L*>(R™) and

F=f. f=f |7, =Ifl

for f € S (R™).
Proof. In Theorem 31.4 we proved even that Z(R") is a dense subset of L?(R™).
Now we are going to prove the formula f = f. Denote h(z) = e~12*/2. Re-

member, according to Lemma 33.4, that A = h. Using the multiplication formula

33.2.b we obtain .

~ t
[ Fonpar= | f(h0)a

R’Vl
When taking the limit as k — oo it follows that

ftydt = [ fO)R(t)dt = (2m)"/? £(0).

R” R»

We make the substitution z = x + y. The integrals then become

fly) = / i ( / n(%)*"e*”'t ft+y) dt) dz
= / ) ( / (@m)mevte f(2) dz> dt

- / (2m) 2 o) e = ().
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The formula f = f can be proved in a similar way. Notice that for the Fourier

transform of the complex conjugated function we have f = f and thus the mul-
tiplication formula yields

/ fPde= [ gide=[ ffde= [ fide= ffdxz/
n R’!L R‘VL n

R R

2

fl de.

33.7. Plancherel Theorem. For any f € L?>(R"™) there exists g € L*(R"™)
such that Sy = Sy, Sg = Sy and || f|l5 = |l9]l5-

Proof. By virtue of Lemma 33.6 there are f; € #(R"™) such that f; — f in
L*(R™). By the same lemma, {f;} is a Cauchy sequence in L*(R™) and thus
there exists g € L*(R") with

o=, —o

By passing to the limit we get

§f=Sg, Sg=5r and ||f|ly=llglls-
n

33.8. Remark. The Plancherel theorem says that the (original) Fourier transform can be
uniquely extended from .#(R™) to L2(R™). The result is a continuous linear isometry .# of the
space L2 (R™) onto itself. Thus .# is a unitary mapping and one can easily find out that also
the inner product in L2(R™) is invariant with respect to it.

33.9. Exercise. Let 6§ be the Dirac -function. Prove that J is the constant (2m)~™/2 and
that the Fourier transform of this constant is 4.

33.10. Exercise. Find a function u whose Fourier transform = is a solution to the equation
—ANutu=94
in the sense of distribution (here Ais the Laplace operator, cf. 32.5.10).

33.11. Fourier Transform of a Function in L}*(R"). (a) Suppose f € .#!(R"™). Then f
is a uniformly continuous function and | l‘im f(z) =0 (in other words, f € €o(R"™)).
&Z[—00

Hint. The assertion concerning the limit at infinity is a consequence of the Riemann-Lebesgue
lemma 31.10. As for the proof of uniform continuity it is no restriction to assume that f is from
the space Z(R"™) since we know that 2(R") is dense in L!(R"™) (Theorem 31.4). Suppose that
the support of f is contained in U(0, R). We use the inequality

|eiy-t _ eimt‘ S ltl ‘y _ mI

to get

flo) = ) =| [ (e = =g at| < m1y 21 11,
from which the uniform continuity of ffollows.

(b) Remark that any function of %o (R"™) does not need to be the Fourier transform of a func-
tion from L'(R™). Consider the example of the €(R)—function g : = — a

CIf
V1+ z2log(2 + 22)

f € ' (R), then Fubini’s theorem together with boundedness of the function a — [ 1e~%% dz

on (1, +oo) imply that [;* @ dt is a bounded function on (1,+400). Hence apparently f#g.

1
Note that, in contrast to the equality {f: f € L2(R™)} = L?(R"), a satisfactory character-

ization of the range {f: f € .#!(R)} of the Fourier transform on L!(R) is not known.
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33.12. Exercise. For f € L?(R") define

e*itz _1
—it

9 f(z) = /R fHE—at.

Show that ¢ f is an indefinite Lebesgue integral of the (locally integrable) function f
33.13. Remark. Define the “Fourier transform” F on .#1(R™) by the formula
1 —ibx-t
Ff=-— e f)de

a

and denote ¢ := (2m)™ |b| "™ a~2. Then (under certain assumptions)

F(f+g)=aFfFg;
F(Ff(z)) = cf(-);
o(rf)
Ox;
IEflly =clflly-

(z) = —ibz; F f(x);

Browsing through different manuscripts, various choices of a and b appear (e.g. a = 1, a =
(2m)™/2, b = 41, b = £27).

33.14. Fourier Transform and Fourier Series. Let T be the interval [—m, 7]. We assign
to any function u € L*(T') the sequence {u(k)}xez of its Fourier coefficients

1

k) = E/Te_iktu(t) dt.

Conversely, to a sequence {cy} € I*(Z) we assign the function

é(z) == Z cpeth®

kEZ

(the sum of the convergent trigonometrical series with coefficients cy). The (formal) series

D i(k)ett

kEZ

is called the Fourier series of a function wu.

We leave the theory of Fourier series out of this manuscript (the books by V. Jarnik [JII] or
W. Rudin [¥1974] are suggested). However, we state here without proofs some results indicating
an analogy between the theories of Fourier series and Fourier transform.

The sequence of Fourier coefficients {@(k)} is an analogy of the Fourier transform f(z) and
the sum ¢&(z) is an analogy of the inverse Fourier transform f(:):) In some sense, the theory of
Fourier series is less complicated because of L2(T) C L*(T) and I*(Z) C 12(Z). On the other
hand, we lose the symmetry between the Fourier transform and the inverse Fourier transform.

(a) If w € LY(T), then ‘kl‘im u(k) = 0. The proposition is a consequence of the Riemann-

— 00
Lebesgue lemma 31.10; the proof is similar to that for the case of Fourier transform (cf. 33.11.a).
Also in this case, not every sequence in co(Z) is a sequence of Fourier coefficients of a function
in LY(T).

(b) If {cx} € I11(Z), then ¢ is a continuous function on T with & —7) = &) (compare with
33.11.a). Let us note again that not every continuous function can be expressed in this way.
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(c) Ifu € L?(T), then {@(k)} € 1?(Z) (this follows from the Bessel inequality). Conversely, for
any sequence {cj} € [?(Z) there exists a unique function u € L?(T) with cj = u(k) (the Riesz-
Fischer theorem). This function can be obtained as the limit of the sequence {s,} C L2(T),
where

k
sp(z) = Z cretF®, zel.
J=—k

Moreover, ||u|ly = V27 |[{t(k)}||5 (the Parseval identity). Compare with the Plancherel theorem
33.7.

(d) The mapping u — {u(k)} and {cx} +— ¢ can be also generalized to wider classes of
functions or sequences. We are not going to mention the details. Just notice that the mapping
{ck} + u, {cr} € I2(Z) given by the Riesz-Fischer theorem is in fact an extension of the mapping
{ck} — & {ck} € I1(Z). However, in the case of [?, the function u is determined only as an
element of L2(T), i.e. except of a null set.

(e) If u € €1 (R) is a 2m-periodic function and v = u’, then
v(k) = iku(k), ke€Z.

Compare again with Theorem 33.3.

33.15. Notes. The theory of Fourier series and the Fourier transform has a very long
history. They were D. Bernoulli and L. Euler who first used what is now called Fourier series.
J.B.J. Fourier used trigonometric series in connection with problems on heat and wrote his
famous book [*1822]. He also studied the Fourier transform in the form

F(z) = /OOC f(z) costz dx

and formally derived the inversion formula.

Common features of the Fourier transform and the Fourier series (see the list of parallels in
33.14) indicated that there should exist a unifying theory covering both. This was established
by A. Weil [1940] who presented Fourier transform on locally compact Abelian groups. This
approach led further to harmonic analysis on groups, see E. Hewitt and K.A. Ross [¥*1970] or
G.B. Folland [*1975].

Note that M. Plancherel extended the definition of the Fourier transform for functions in
L2(R) so that he obtained the unitary operator on this Hilbert space (cf. Remark 33.8).

Besides the Fourier transform, various integral transforms like the Laplace or Mellin trans-
form are also examined.

Roughly speaking, an integral transform is a one-to-one mapping between two function spaces
defined by a formula of the form

A(0) = [ Ko, u) dvly)
Often an inverse formula can be found as
uw) = [ K'(e.9) @) du(o).

The theory of Fourier series can be including as a particular case since series could be
considered as integrals with respect to the counting measure.
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F. Change of Variable and k-dimensional Measures
34. CHANGE OF VARIABLE THEOREM

Throughout this chapter R™ will be the Euclidean space and £ < n a non-
negative integer. Our aim is to prove the general change of variable theorem for
k-dimensional measures.

We want to “measure” various subsets of R™ whose dimension is & < n. For
instance, we are interested in the problem how to calculate the length of curves
or the area of surfaces in R3. In miscellaneous fields of analysis we encounter
various methods leading to this goal in different degrees of generality. If a set
A C R" is an isometric copy of a set £ C R”, it is reasonable to introduce its
k-dimensional measure as the Lebesgue measure of its preimage E. Consequently,
it is not difficult to introduce the k-dimensional measure of “flat” sets. Now, if we
consider a set A on a curved surface, we divide it into “almost flat” parts A; and
sum evaluating measures of flat sets IJ; which are “close to A;”. In the limiting
case, we obtain the intuitive meaning of measure of A. Our task is therefore to
introduce a concept of k-dimensional measures which would be general enough,
easily describing and transparent. We will propose two independent solutions of
this problem in the following chapters.

The integral with respect to the k-dimensional measure is the so-called curve
(k = 1), or surface (k > 1) integral. We prove a change of variable formula for
this integral which will include Theorem 26.13 as a special case.

We start by recalling useful notions from linear algebra.

The inner product of vectors z and y will be denoted again by x - y and the
norm of an element = of R™ simply by |z|. By e; we denote the basic vector
[0,...,1,...,0] of R™ having jth term 1 and all other terms zero.

Further, M, ;, will be the set of all matrices with n rows and k columns. Each
such a matrix represents a linear mapping of R¥ into R".

If L : R* — R” is a linear mapping, then there is a unique mapping L* : R* —
RF such that Lz -y = 2 - L*y for all € R* and y € R™. The mapping L* is
called the adjoint to L. If L is represented by a matrix A, then L* is represented
by the transposed matrix to A and this one will be denoted by A”. The norm of
the mapping L is defined by the formula

IL|| = sup{|Lz| : = € R”, |z| < 1}.

Further we denote ||L7!|| = sup{|z| : € R¥,|La| < 1}.

We suppose that the reader is familiar with the notion of a determinant. We
will relate it not only to square matrices but also to objects which are representable
by means of square matrices: to k-tuples of vectors from R¥, k-tuples of linear
forms over RF, or to linear mappings of R¥ into itself.

34.1. Properties of Determinants. Let A,B € My ;. Then

(a) det A = det AT,
(b) det AB = det A det B.
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34.2. Isometric Mappings. Let V, W be k-dimensional linear spaces with
inner products. Remember that a linear mapping L : W — V is said to be an
isometry provided it preserves distances of points. Then, of course, it preserves
also the norm and the inner product (indeed, the inner product can be expressed
in terms of the norm according to the formula 4z -y = ||z + y||> — |z — y||*). The
matrices of isometric mappings of R* into RF are termed unitary or orthogonal.
A matrix A is orthogonal if and only if its rows (columns) form an orthonormal
basis of R*. The product of unitary matrices is a unitary matrix.

34.3. Lemma. Let W be a k-dimensional linear space with an inner product.
Then there exists a linear isometry Q: RF — W.

Proof. Let uq,...,ur be an orthonormal basis of W. The linear transformation
which sends e; — u;, i = 1,...,k, is an isometry. m
34.4. Example.

Let W C R3 be a vector space generated by the vectors [1,1,1] and [0, 1,2]. We are looking
for a linear isometry of R? into W. We arrive at this finding an orthonormal basis u1,us of
the space W. Solving the equation [1,1,1] - ([0, 1,2] + afl1,1, 1}) = 0 we obtain @ = —1, so that
the vector [—1,0,1] = [0,1,2] — [1,1,1] is orthogonal to [1,1,1]. If we set u; = 371/2[1,1,1],
U2 = 2_1/2[71, 0, 1], then the vectors u1, ug are unit vectors. The matrix of the required linear
mapping has as columns ui, us.

34.5. Lemma. Let Q € My, be a unitary matriz. Then |det Q| = 1.

34.6. Lemma. Let A € My . Then there exist unitary matrices Q1, Q2 €
My . and a diagonal matriz D € My, , such that A = Q1DQ2.

Proof. An elementary theorem of linear algebra tell us that there is a unitary
matrix U and a symmetric matrix R such that A = UR. Further, there exist a
unitary matrix @ and a diagonal matrix D such that R = Q7 DQ. Now it remains
toput Q1 =UQ", Q2 =Q. m

Now, go back to measure theory. We denote, as usual, by A the Lebesgue measure.

34.7. Lemma. Let L: R* — R be a linear mapping. Then, for any measur-
able set E C RF, the set L(E) is measurable and A(L(E)) = |det L| AE.

Proof. The measurability of L(E) is obvious. By Lemma 34.6 there are isometric
linear mappings Q1, Q2 and a diagonal mapping D = (d; ;)} ;—, of the space R
into itself such that L = Q1 DQy. Let K = [a1,b1] X -+ X [ag, bg]. Then (to
simplify the notation we will assume that d; ; > 0, but the same result is obtained
also in the remaining cases) D(K) = [d1161, d1,1b1] X -+ X [dk o, dikbi], so
that

AMD(K)) = |d11(b1 —a1) ... dg k(br — ax)| = |det D| AK.

Since isometric linear mappings are measure preserving and their composition
with another linear mapping M do not change the absolute value of the determi-
nant of M, it follows that for any measurable set £ C R™ we have

AML(E)) = NDQs(E)) = |det D| N(Q2(E)) = |det D| AE = |det L| AE.
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34.8. k-dimensional Measures. Let 0 be a measure on a c-algebra X
containing #(R™). Denote

oc*E = {infcS: SO E, Se€X}.

We say that o is a k-dimensional measure on R™ if:

(a) 0*I(E) = ME whenever I : R¥ — R™ is an isometric mapping and

E Cc RF;

(b) o*p(E) < f*a*E for each (3-Lipschitz mapping ¢: E — R™ and E C R"™.
A k-dimensional measure is not uniquely determined by (a) and (b) (cf. Remark
34.31). Nevertheless, on reasonable sets all k-dimensional measures coincide. No-
tice also that for any k-dimensional measure o, the property (a) implies that
a([0,1]% x {0}"=F) = 1.

By Exercise 30.7, the Lebesgue measure satisfies the property (b) (and thus
also (a)) in the case k = n. Using (a), we see immediately that the Lebesgue
measure is the unique n-dimensional measure on R™.

34.9. Existence of k-dimensional Measures. There exists a k-dimensional
measure on R™.

Proof. For E C R™, set
WE = inf{z MGits
J

where the infimum is taken over all sequences of open sets {G,}, G; C R¥, which
admit 1-Lipschitz functions ¢; on G; such that E C |J ¢;(G;). If such a sequence
J

{G,} does not exist, we set p*E = oo.

Obviously p* is an outer measure on R™.

Let ¥ be the o-algebra of all p*-measurable sets (see 4.4). Similarly as in
Theorem 1.19 we prove that every Borel set belongs to ¥X: It is sufficient to
observe that for any open halfspace H and any continuous mapping ¢ of an open
set G C RF into R", the set G is a disjoint union of G N ¢~} (H) (and this is
clearly open) and G\ ¢~!(H) (this is a union of a countable family of closed sets;
therefore a measurable set which can be approximated by an open superset with
arbitrarily close measure). Obviously

p'E=inf{uF: FeX FD>E}

as the sets of the form |J ¢;(G;) are measurable (G; is a union of a sequence of
J

compact sets and each continuous image of a compact set is compact). According
to Exercise 30.7 we obtain that p is a k-dimensional measure. m

34.10. Volume. Let W be a k-dimensional linear space with an inner product
and L: R* — W a linear mapping. Let Q: R¥ — W be an isometry and
a := |det(Q7'L)|. Then A(Q"'L(E)) = a AE for any Borel set E C R*. The
constant a is independent of the choice of the isometric mapping @ and has a
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similar meaning to that of the multiplier |det L| of Lemma 34.7 (the case n = k).
The expression ‘det(Q_lL)’ may be simplified: Using 34.1 we have

k
ij=1

(det(Q'L))* = det((Q 'L)"Q™'T)) = det(Q ' Le; - Q' Le;)
— det(Le; - Le;)”

i,j=1"
The expression

det(u; - uj)f,j=1
is said to be the volume of a k-tuple of vectors (uy, ..., ux) and will be denoted by
vol(uy,...,ux). It has a geometric interpretation as the “k-dimensional measure”
of the set

{crug + -+ cpug: (c1, ..., cx) € [0,1]%F.

We associate the volume also to the linear mapping L by
vol L := vol(Ley, ..., Leg).

Let us notice that the estimate vol L < ||L||* is valid. We may summarize the
consequences for the k-dimensional measure in the following theorem.

34.11. Theorem. Let W be a k-dimensional linear subspace of R™ and o be a
k-dimensional measure on R"™. Let L: R*¥ — W be a linear mapping. Then

o(L(E)) =volLAE

for any measurable set E C R¥.

34.12. Theorem. Let W be a k-dimensional linear space and L: RF — W,
M: RF — RF be linear mappings. Then vol(LM) = |det M|vol L.

Proof. Let Q: R*¥ — W be a linear isometry. By 34.1

(vol LM)? = det((Q*LM)TQ*LM) = det MT det((Q *L)TQ~'L) det M
= (det M)?(vol L).
]

34.13. Cauchy-Binet formula. Now we derive a formula which makes the
calculation of the volume of a mapping L: R* — R" easier, at least for some
combinations of n and k. The elements of the set {1,...,n}* (i.e. the ordered k-
tuples of indices) will be called multiindices. We will denote I = I(k,n) the set of
all multiindices a € {1,...,n}* which are increasing, i.e. a; < --- < ay. Consider
a matrices A = (am,j)m=1,...n and B = (b, j)m=1,...,n. For each multiindex o € I

j=1,...,k j=1,....k

write Aq = (aa, j)i=1,...k» B = (ba,,j)i=1,....k. Now we show that

i
Jj=1,...k J

)

1
1

det A"B =) " det AT B..
acl
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A routine calculation shows that
n
det A"B =det( D amibm;)f;oi = > det(as,i,bp, ;)5 =1
m=1 Be{l,....m}k

Since
k
det(ag, i, bg,,j)i j=1 =0

whenever any index in (3 is repeated, we obtain

det ATB= Y det(ag,i bp.,)i 1
Be{l,...,m}*
=> Y det(ag.ibp, )i = Y det(ALB.).
a€l pe{ay,...,ar }k acl

Now the promised application to the volume follows: We set both A and B to be
the matrices of the mapping L. From the above computation we obtain

(volL)? =det ATA = "det ATAy =Y _(det A,).

acl ael

34.14. Example. Let
up = [07271]9 uz2 = [1707 1]’

)

(vol(u1,u2))? = det(AT A) = det (? ;) =9,

so that

0
2
1
Then we evaluate

or

(Vol(u17uz))2:(det<g (1)))2+(det<(1) 1))2+(det(f ‘1)))2:(—2)2+(—1)2+22:9.

34.15. Lemma. Let o be a k-dimensional measure in R". Let L : R¥ — R
be an injective linear mapping, G C R* an open set, F C G a measurable set and
€ > 0. Further, let p: G — R"™ be an almost everywhere differentiable mapping
G for which

lo(s) —p(t) —L(s—t)| <els—t|, t,seF.

Denote 3 =1+¢| L7, a=(1—¢el|[L7|)~".
Then the following assertions hold:
(a) the mapping ¢ o L1 is B-Lipschitz on L(F);
(b) ife ||L_1 || < 1, then the mapping @ is one-to-one and the mapping Lop™!
is a-Lipschitz on o(F);
(c) for almost every t € F we have ||¢'(t) — L|| < & and vol ' (t) < B¥ vol L;
(d) ife||L7Y| < 1, then vol¢/(t) > a=Fvol L for almost all t € F.
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(e) o*p(E) < B¥vol LA\*E for any set E C F;
(f) ife||L7Y| <1, then

ﬂ_ka_k/ vol ' (t)dt < o*p(E) < ﬁkak/ vol ' (t) dt
B B

for any set E C F.

Proof. (a) and (b): Let t,s € F. Then

[o(5) = (t)] < le(s) = @(t) — L{s = )| + |Ls — Lt| < e|s —t + [Ls — Lt|
< (e||L7Y| + 1) [Ls — Lt]

(hence (a) follows) and

|Ls — Lt| < [p(s) — @(t) — L(s — )| + |e(s) — »(t)]
<e|L7H| 1Ls — Lt] + [ (s) — o(t)] -

The last inequality may be also simplified

(L=l IL(s) = L] < leo(s) — (D],

which yields (b).

(c) and (d): By the Lebesgue Density Theorem 29.2, almost every point of F is
its point of density. If, in addition, the derivative A := ¢/ (t) exists at such a point
t, then obviously ||A — L|| < e. Since the mapping AL™! is (as in (a)) $-Lipschitz,
we have ||AL7!|| < B and vol AL™! < 3%, or vol A < ¥ vol L. Similarly we obtain
volA > a~Fvol L if e [|L7}]| < 1.

(e) and (f): Using the definition of the k-dimensional measure and the preceding
considerations, it follows that

o*p(E) < *0*L(E) = BFvol LA\*E.

Assuming e ||L*1 || < 1 we obtain

o*p(E) < fFvol LAN'E < Fa” / vol ¢ (t) dt
E

and

o*p(E) > a *vol LA\*E > ,B*kofk/ vol ' (t) dt.
B

Now we will deal with locally Lipschitz mappings. We will frequently and
tacitly use the fact that (in view of the Rademacher Theorem 30.3) any Lipschitz
mapping ¢ has its derivative ¢'(t) almost everywhere, and that this is measurable
(as a function of t).
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34.16. Lemma. Let G C R* be an open set, E C G a measurable set and
¢: G — R"™ a locally Lipschitz mapping. Let F be a closed or open subset of
M, , and € a positive function on F. Then there exists a countable disjoint
partition EN{y’ € F} =JD;, where D; are measurable and for each j there is
L € . such that

[p(t) —@(s) = L(s — t)| <e(L)|s —t]
for each s,t € Dj.

Proof. First suppose that .% is compact. The system of sets
{MeZ: |M-L| <eL)},

where L runs over .%, is an open cover of .%. We can thus find its countable
subcover and divide E N {¢’ € .#} into a disjoint union of measurable sets E°,
where for each i there is L € .Z such that for all ¢t € E* we have [|¢/(t) — L|| <
e(L). Let i be fixed. We have E' = |J E}, where

p

E; := {t € E: for each s € U(t, %) we have
lo(s) = (t) — L(s — t)| < e(L) [s —t]}.

If we divide Ezi) into measurable pairwise disjoint parts E;}q with diameter less
than 1/p, then Ezi),q have all the required properties. If .# is closed or open in
M,, 1, it is a countable union of compact sets and we use the preceding part. m

34.17. Sard Theorem. Let o be a complete k-dimensional measure on R™.
Let G C R* be an open set and p: G — RF a locally Lipschitz mapping. Let
Z = {t: vol¢'(t) = 0}. Then o(p(Z)) = 0.

Proof. Tt is enough to show that o(p(F)) = 0 for any set F := Z N {||¢’|| < m}.
If # :={M € M, ;: volM = 0 a ||M]| < m}, then % is a closed subset
of M,, . Choose 6 > 0. With each L € J# we associate £(L) > 0 such that
2% |L||* " e(L) < 8 and |Lt| > e(L)|t| for every ¢ perpendicular to Ker L := {s €
R*: Ls = 0}. According to Lemma 34.16 there is a disjoint partition E into
a countable union of measurable sets D; such that for each j there is L € J&
satisfying
(1) — () — L(s — )] < (L) s — ]

for each s,t € D;. Let j be fixed. The dimension d of the space Ker L is less
than k. Let P be the orthogonal projection of R¥ onto Ker L and W be a (k-d)-
dimensional subspace of R" orthogonal to L(R¥). We find an isometric mapping
Q of the space Ker L to W and set Mt = Lt + e(L)QPt. It is easily verified that
for ¢ = e(L) we have |[M — L|| <&, |[M~}| < 1/e and volM = e¥~?vol L <
eb=dmd < em*~1. By Lemma 34.15 we get

o*o(Dy) < (2 |M7Y|)* vol MAD < 28m*~e AD; < 5 AD;.

Taking the union and letting § — 0 we obtain c*¢(E) = 0. m
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34.18. Change of Variable Theorem. Let o be a complete k-dimensional
measure on R™. Let G C R* be an open set and ¢: G — R™ a locally Lipschitz
mapping. If u is a measurable function on G and w(x) := > {u(t): t € p~1(z)},
then

/F(G) w(z)do(x) = / u(t) vol ' () dt,

G
provided the integral on the right-hand side converges.

Proof. Apparently it is enough to prove the theorem when u is the indicator
function of a measurable set E C R*. If E is of measure zero, it is mapped by a
locally Lipschitz mapping again to a set of measure zero. If E C {vol¢’ = 0}, then
according to the Sard Theorem 34.17 we have o(¢(E)) = 0 and the integral on
the right-hand side is also zero. Hence we may assume that E C {vol f/ > 0}. If
F:={M €M, : volM > 0}, then .# is an open subset of M, ;.. Choose 7 > 1.
To each matrix L € M, find (L) > 0 such that e(L) ||L7!]| < 1 — 7= (1/2k)
(then the constants a, 3 of Lemma 34.15 satisfy the estimate 3* < o* < /7). By
Lemma 34.16 there is a disjoint partition £ = |JD,, where D, are measurable
J

sets and for every j there is L € J# such that

p(t) = p(s) = L(s = )| <e(L) s — 1|

for all s,t € D;. Then by virtue of Lemma 34.15, the mapping ¢ is one-to-one
on D;. We first reduce the general case to the case when ¢ is one-to-one on E.
Thanks to Lemma 34.15 we have

T o*p(D;) < / vol¢'(t)dt < o™ p(D;).
D;

For each compact set K C D, the set ¢(K) is compact and thus measurable.
There is a sequence {K;} of compact subset D, such that AK; — AD;. Then the
set Fj :=J ¢(K;) is a o-measurable subset ¢(D;) and

/ vol¢'(t)dt < To Fj.
D

J

Denote F' = |J F};. If we sum over j, we obtain
J

7 lo*p(E) < / vol ¢/ (t)dt < Top(F).
E

Whence, passing to the limit as 7 — 1 we get

op(E) < /Evolcp/(t) dt < op(F).
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Since F' C FE, it follows
op(E) z/ vol ' (t)dt,
E

which is the desired formula in the case of the indicator function of the set E.
Now, if ¢ is not one-to-one on E, the same procedure as above yields a disjoint
partition E = |J E;, where E; are measurable sets and ¢ is one-to-one on Ej.

J
According to the preceding part of the proof, it follows that

/ cg, do = 0p(E;) = / vol ' (t) dt.
@ (@) j

EJ
Summing over j we complete the assertion. m

34.19. Corollary. Let o be a complete k-dimensional measure on R™. Let
G C RF be an open set and ¢: G — R™ a locally Lipschitz mapping. Let f be
a o-measurable function on o(G) and E C G a measurable set. If we define the
Banach indicatriz N(z, ¢, E) as the cardinality of the set E N ¢~ '(z), then

/ Nz, ¢, E) f(z) do(x) = / F(p(t)) vol &' (£)dt
»(G) E

provided either integral exists.
In particular, if the mapping ¢ is, in addition, one-to-one, then

f(2) do(x) = /G F(o () vol ! (8) dt.

»(G)

Proof. The assertion is a direct consequence of Theorem 34.18. It remains only
to verify that fo ¢ is measurable on {vol¢’ > 0} and N(z, ¢, E) is o-measurable.

If E C {voly¢’ = 0}, then an appeal to the Sard Theorem 34.17 reveals that
op(F) =0, so that N(z, ¢, F) = 0 almost everywhere. Therefore, we may suppose
that E C {vol¢’ > 0} and similarly as in the proof of the preceding theorem we
may restrict to the case when ¢ is one-to-one on E. Further, it is no restriction to
assume that f is the indicator function of a o-measurable set H C ¢(G). In this
case there are Borel sets B, N C ¢(G) such that BC H, H\ B C N and ¢ N = 0.
By Theorem 34.18 we have A\(ENg~1(N)) = 0, and therefore \(ENg~(H\B)) =
0. We see that the set EN@~*(H) = EN (¢ '(B)Up ' (H \ B)) is measurable.
|

34.20. Bilipschitz Mappings. Let (P1,p1), (P2, p2) be metric spaces, G C P,
and (§ € [1,00) a constant. We say that a mapping ¢: G — P; is 3-bilipschitz on
G if

B pi(e,y) < p2(p(), 0(y) < Bpi(e,y)
for all z,y € G. In other words, whenever both ¢ and ¢~ are [(-Lipschitz
mappings. A mapping is termed bilipschitz if it is 8-bilipschitz for some (.

1

A mapping ¢: G — P, is said to be locally bilipschitz if each point = € G has
a neighborhood U, and [, such that the restriction of ¥ to U, is (3,-bilipschitz.
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34.21. Remarks. 1. Each bilipschitz mapping is one-to-one, it is even homeomorphic.
However, a locally bilipschitz mapping fails to be one-to-one; and even if it is one-to-one, it is
not necessarily homeomorphic.

2. Notice that 1-bilipschitz mappings are nothing else than isometries.

3. Let 1 be a bilipschitz mapping of an open subset of R¥ to R™. Then v is differentiable
almost everywhere (by the Rademacher Theorem 31.2). Moreover, if ¥’(t) exists, then the rank
of ¥/ (t) is k.

34.22. Regular Mappings and Diffeomorphisms. Every regular mapping
(i.e. a ¢'-mapping of an open set G C R* to R* whose Jacobian is nowhere on G
vanishing) serves as an example of a locally bilipschitz mapping. Also any regular
mapping of an open set G C R* into R™ (k < n), (which is defined as a €*-
mapping whose Jacobi matrix has rank k at each point G) is a locally bilipschitz
mapping.

Any one-to-one regular mapping ¢ of an open set G C R* into RF is a diffeo-
morphism, i.e. ¢ is a homeomorphism for which both ¢ and ¢! are ¥*-mappings.
34.23. Examples. The mappings given by polar or spherical coordinates of Chapter 26
are typical examples of regular mappings. If a € U(0,1) is a constant vector, then f : z +—
|z| (ﬁ —a), z € U(0,1) may serve as as example of a mapping which is (1 — |a|) ~!-bilipschitz

but not of class € (as it is not differentiable at the origin).

34.24. Integration on k-dimensional Surfaces. In applications, k-dimen-
sional measures are mostly used on the so-called k-dimensional surfaces. These
objects admit local parametrizations by means of Lipschitz (or even bilipschitz)
mappings, and consequently the k-dimensional measure is uniquely determined
on subsets of k-dimensional surfaces by the Change of Variable Theorem.

Given a set ! C R", we always consider it as a metric space whose topology
is inherit from those of R™. A set 2 C R" is called a k-dimensional surface
whenever for each point x € ) there exists a locally bilipschitz homeomorphic
mapping ¢ of an open set G C RF into Q such that = € ¢(G), and ¢(G) is a
relatively open subset of 2. The mapping ¢ is then called a parametrization of
o(G).

If each point of Q has a neighborhood parametrizable by mappings of class €*
(¢ > 1), we say that the surface Q itself is of class €.

Roughly speaking, k-dimensional surfaces are sets which locally look like a
bilipschitz deformation of an open part of R*. Equivalently, we may describe this
property in terms of charts, which are defined as inverse mappings to parametriza-
tions. A k-dimensional chart is thus defined as a locally bilipschitz homeomorphic
mapping of an open subset U of Q onto an open subset of R¥. A set Q is a k-
dimensional surface if and only if for each point = € € there is a k-dimensional
chart defined on a neighborhood of x (relative to ).

Because of the Lindel6f property of R™ each k-dimensional surface is a count-
able union of surfaces of the form ¢(G), where ¢ is a parametrization.

Another method of characterizing k-dimensional surfaces of class € is to use
an implicit description: A set @ C R™ is a k-dimensional surface of class ¢”*
if and only if each z € Q admits a neighborhood W, in R™ and a mapping
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g: W, — R" ¥ of class ¢ such that the matrix ¢’(x) has rank n—k and W,NQ =
W, n{g =0}

(It is an easy exercise to use the Implicit Function Theorem in order to get a parametrization.
Conversely, if p: G — Q is a parametrization of class ¢ and z = ¢(t), then there exists the
projection IT of the space R™ onto R* such that (ITo ¢)(t) # 0. Then by the Inverse Mapping
Theorem there exists (after an eventual restriction of the domain of ¢) the inverse mapping
(ITo@)~1. The equation g(z) = 0, where g(z) = z — ¢((IIo )~ (II(x))), is the desired implicit
description of  on the neighborhood of z.)

Let © be a k-dimensional surface and o a k-dimensional measure on R™. The
integral fQ f do is sometimes labelled as the curve or surface integral of f.
34.25. Example (helix). Let X = {[z,y,2] € R3: x = cos z, y = sin z}. We may parametrize
X by the mapping

p(t) = [cost, sint, t], t€R.
Then
@' (t) = [~sint, cost, 1]

and

vol ' (t) = \/(— sint)2 + cos2t + 1 = V2.
34.26. Example (sphere). Let S = {[z,y,2] € R®: 22 4+ y% 4+ 22 = 1}. We introduce three
possibilities of a parametrization.

(a) Remember that the spherical coordinates are given by formulas ¢s = [z, vy, 2], where

z(t,a) = cosa cost,
y(t,a) = cosa sint,
z(t,a) =sina,

[t,a] € G := (0,2m) x (—%ﬂ', %7‘(‘) Then ¢(G) = X := S\ N, where N is the “meridian”

{[z,y,2] € S: y =0,z € [0,1]}. Obviously, two-dimensional measure of N is zero, so that the
difference between S and X may be neglected. We have

—sintcosa, —costsina
/ . .
ps(t,a) = costcosa, —sintsina
0, cosa

and

vol @, (t,a) = /cos? asin? a + sin? t cos? a + cos2 tcos? a = cos a.

(b) Let S, X, N be as in (a). For the parametrization of X we may also use the “cylindrical
coordinates” ¢. = [z,y, 2|, where

z(t,h) = rcost,
y(t,h) = rsint, (r denotes v/1 — h2),
z(t,h) =h

on G:={[t,h] € R?: t € (0,27), h € (—1,1)}. Then

—rsint, 7% cost
@t h) = rcost, 7% sint
0, 1

and

vol ., (t,h) = \/h2 + (1 — h2)(sin?t + cos2 t) = 1.
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(c) Let S+ be the hemisphere {[z,y,2] € S : z > 0}. Then S4 can be parametrized by
its projection into the plane determined by the axes x and y. Consider the parametrization
Pp = [Z‘,y,Z], where

z(s,t) = s,
y(s,t) =t,
2(s,t) = V1 —s2 —t2,
on {(s,t) € R?: s2 +t2 < 1}. Then
1, 0
Pp(s,t) = o L
\/1—32—t2, \/1—52—152
and
1oy, (t) = !
M

34.27. Example. By means of the parametrization of Example 34.26.b we will compute
two-dimensional surface measure of the unit sphere. Let S, X, G have the same meaning as in
the quoted example. Then

U(S):U(X)=/Gvolap’dtdh:/

—1

1

27
( / dt)dh = 4.
0

34.28. Example. Let 0 be a two-dimensional measure on S— := {(z,y,2z) € R3: 2 =

—+/1 —x2 — y2}. The integral
/ 22 do

posseses (up to constants) the physical meaning of the force by which (under the unit gravitation
acceleration) a ball with the unit density half immersed in a liquid is lifted (computed by the
integration of the gravitation forces).

Use spherical coordinates on G = {(t,a) € R? : t € (0,27), a € (—7/2,0)}. Then

0 2
/ z2da:/ sin2acosadtda:27r/ sinacosada = =7,
_ G —7/2 3
which is the half of the volume of the unit sphere. Therefore, we have verified Archimedes

principle in our particular case.

34.29. Example (the length of the graph of a function). Let I' be the graph of a Lipschitz
function f : [0,1] — R and o a 1-dimensional measure on R2. Let G = (0, 1) and ¢(t) = (¢, f(t)),
t € G. Then the assumptions of Theorem 34.18 are satisfied and

o(T) = /01 vol o/ (t) dt = /01 1+ ()2 at.

34.30. Exercise. Derive the formula

b
o(Q) = 27r/ FO1+ (F/(1)2 dt

in the case of two-dimensional measure of the surface Q drawn in R3 by the rotation of the graph
of a function f around the z-axis. Suppose that the function f: (a,b) — (0,+00) is Lipschitz
and set
Q={[z,y,2] € R®: z € (a,b), Va2 +12 = f(2)}.

34.31. Rectifiable Sets. A set H C R" is said to be k-rectifiable if there is a Lipschitz
mapping of a bounded measurable set E C R¥ to H. It is a consequence of the Change of
Variable Formula 34.19 that on the o-algebra generated by k-rectifiable sets all k-dimensional
measures coincide. On the other hand, there exist closed sets on which k-dimensional measures
may differ (for example, the k-dimensional measure of 34.9 may be different from the Hausdorff
measure of Chapter 36). The constructions of such sets are rather complicated.
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Notice that n-rectificable sets in R™ are just bounded Lebesgue measurable sets.

34.32. Notes. The concept of k-dimensional measures comes from A. Kolmogorov [1932]. Our
exposition follows the monograph by H. Federer [¥1969] (see also L. C. Evans and R. E. Gariepy
[*1992]) and ideas due to D.Preiss. The classical Sard theorem (or, Morse-Sard theorem) for
%'-mappings was proved by A.P.Morse [1939] and A. Sard [1942].

35. THE DEGREE OF A MAPPING

Let G C RF be an open set and ¢: G — R¥ a locally Lipschitz mapping. Then
/ @ldt= [ N e G)de,
G »(G)

where N(z,¢,G) is the number of points of the set ¢ ~!(z) (the Banach indica-
triz). It is natural to ask what is the meaning of the integral

/G J,(t)dt.

This problem leads to the notion of the degree of a mapping which turns out
to have many applications. Let us mention, for instance, its importance for the
topology of Euclidean spaces and solvability problems for nonlinear “algebraic”
equations.

First we need to prepare several auxiliary computational results.

35.1. Lemma. Let G C R* be an open set and 11, ..., Yy, twice continuously
differentiable functions on G. Then we have

(¢)

k

Z q+1 det(awz) n _o.

g=1 q atj i= 1 ,q—l,q—i—l,...,k

(b)
k
o;

S (et L (w det( 1/’) " ) = det(Vebr, ..., V).
g=1 J Jj= 1 ,qfl,qul,...,k

Proof. (a) The left-hand side is equal to the sum

k k
Z Z(_l)q+1 det(aijp,q) i=2,....k )
a=1p=1 j=1rg—1,g+1,.
where - o
o ifj#p#q,
- — 8%4; oo
QAi,j,p,q = atqgtj ifj=p#q,

0 ifp=gq.
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Now it remains to realize that using the interchange of the order of differentiation
we get

(=17 det(ai jp.g) i=2,...k = (—1)? det(a;, qp) =2,...k
J:l,“.,q 1,q+1,. =1,. ,P 1,p+1,.
for all p, q.
(b) If we apply the chain rule to the left-hand side of the equality, we obtain

( 1)q+1

Mw

O
det
- Oty (w (81?] )J 1, 571,q+1,..‘7k>

k
_ Z q+1 awl de t(a¢2) n
q=1

8t] Jj= 1 qfl,q+1,m,k

=)
Il

k

+1/11Z q“ 0 det (%) i=2,...k

= Oty Ot; 7 =1, lq-1,q41,....k

The first term on the right-hand side is just the expansion of the determinant
det(V, ..., Vi) by the first row, the second one vanishes by the part (a). m

35.2. Lemma. Let 1,..., 10 be Lipschitz functions on RF vanishing outside
a compact subset of R*. Then

/ det(Vpr, ..., Vo) dt = 0.
RF

Proof. We proceed in two steps. First, we assume that the functions v ...y are
of class €. By Lemma 35.1.b there are functions 7,...,n; vanishing outside
compact subsets of R* such that

k
det(Vepu, . .., Vi) Zai

Foreach j=1,...,kand [t1,...,¢j_1,¢j41,...,tk] € R*~! we have

8 .
/ a—%(tl,...,tj_l,g,tjﬂ,...,tk)dg ~0.
R O;

In; _
/Rk G (=0

Summing up these equalities over j = 1,..., k we get the required formula.

Fubini’s theorem yields

In the second step we show that the formula is valid without smoothness as-
sumptions. Suppose that all functions 1, ..., ¥, are S-Lipschitz. Then

/ det(Vxg * ¥1,..., Vxg * i) dt =0
Rk

(notation as in 31.1). Letting ¢ — oo, by the Lebesgue dominated convergence
theorem with constant dominating function we get the desired equality. m
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35.3. Corollary. LetG C RF* be a bounded open set and 1, ..., 0, V1,. .., Yk
Lipschitz functions on G. If o; =; on 0G, i =1,... k, then

/ det(Ver,..., V) dt = / det(Vipy, ..., Vb)) dt.

G G

Proof. By McShane’s theorem 30.5 the functions ¢;, 1; can be extended to the
whole of R¥ to be Lipschitz functions of compact support. Further, we redefine

1; on RF\ G to coincide there with ¢;. Thanks to the preceding lemma it follows
that

/ det(Ver, ..., Vi) dt = —/ det(Ver, ..., Vo) dt
G RK\G
- —/ det(Vepr, ..., Vaby) dt
RF\G

= / det(Veby, . .., Vo) dt.
G

35.4. Lemma. Let G C R” be a bounded open set, f an integrable function on
RF and o, v Lipschitz mappings of G into RE. If o =1 on OG, then

[ fe®) 10d = [ o) 0.
G G
Proof. Let ¢ = [p1,...,0k], ¥ = [¥1,...,¥%]. No generality is lost with the

assumption that f € Z(RF), for 2(R¥) is dense in L*(R¥). Find a ¢*-function
g on R so that aaTgl = f. Then by Corollary 35.3

/det(V(gOgo),Vapg,...,Vgok)dt:/det(V(gow),ng,...,Vz/ik)dt.
G G
Further,

k
dg
det(V(gop),Va,...,Vr)dt = /
(Vo) Ven o Vo =32 [ (57

-0p) det(V;, Vi, ..., V) dt.

3

Among the terms of the sum on the right, only the first one may differ from
zero and it equals [ (f o @) J,dt. If we combine this result with an analogous
computation for v;, we obtain the desired equality. m

35.5. Lemma. Let G C RF be a bounded open set and p,v: G — RF Lipschitz
mappings. Let B(y,r) be a closed ball of R* which does not intersect any of the
segments joining p(t) and ¥(t), t € OG. Let f be an integrable function on R¥
with support in U(y,r). Then

/ f(p(t) Jp(t) dt = / F(t)) Jy(t) dt.
G G
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Proof. Denote
K = {t € G : the segment joining ((t) and v (¢) intersects B(y,r)} .

Then K is a compact set contained in G. The function n which is one on K and
zero outside G is Lipschitz on K U (R*\ G). According to McShane’s extension
theorem 30.5, 7 can be extended (under the same notation) as a Lipschitz function
on RE. Set ¢ = ¢ +7(1) — ). Then ¢ = ¢ on G and f(((t)) = f((t)) for all
t € G. and by Lemma 35.4 we obtain

/ Fp(8)) Jo(t) di = / F(C) Je(t) dt = / F6(1)) Ty (8) dt.
G G G

35.6. Lemma. Let G C RF be a bounded open set and ¢ : G — RF a Lipschitz
mapping. If U C RF is a connected open set disjoint with p(0G), then there exists
a € R such that

/ fe®) Jodt =a [ flz)de
G Rk

for every function f € LY(RF) with support in U.

Proof. To prove the assertion it suffices to show it when U is an open cube, and it is
enough to verify the equality for indicator functions of cubes K (z, p) := [—p, p]*+2
contained in U, where z € U and p is a rational number. Select p and set
Uy:={2€U: K(z,p) CU}. Then for z,y € U,, we have

[ extnn o) J01dt = [ exep(w(0) Jute)de,
G G

where ¥ (t) = ¢(t) + y — 2. For y close enough to z the functions ¢, 1) satisfy the
hypotheses of Lemma 35.5 and, in view of connectedness of U,,, it follows that the
function

Yo /G Cxcty (9(0) T (1) dt

is constant on U,. Hence

| ekt e0) T,(0)dt = a(pAK 3. p)

Since the Jacobian of a Lipschitz mapping is a bounded function and G is a
bounded set, the constant a(p) is finite. If p; is a rational number and ps is an
integer multiple of p;, then the cube with edges 2p, may be filled by cubes of
edge 2p1, so that a(p2) = a(p1). Therefore we can conclude that a(p) does not
depend on p. m

35.7. Degree of a Mapping. Let G C R* be a bounded open set and ¢: G —
RF a continuous mapping. By Tietze’s extension theorem, ¢ is continuously
extendable as a continuous function of compact support to the whole of R* (with
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the same notation). By Theorem 31.5 there exist (even 4’*°) functions ¢; on R*
such that ¢; = ¢. Let y € R*\ ¢(0G). We find a neighborhood U of the point
y whose closure does not intersect ¢(9G). We may assume that U N ¢;(0G) = 0
for all j. Using the preceding lemmas, there are finite constants a; such that

/fgpj () dt = a; kf(x)dx

for each integrable function f on R™ with support in U. Further, an appeal to
Lemma 35.5 makes it clear that the sequence {a;} is constant for j > jy, and
that its limit a is independent of the choice of the sequence {¢;}. We will soon
be able to show that a is an integer and we call a to be the degree of the mapping
¢ at y on G. We denote it by deg(y, ¢, G).

35.8. Change of Variable Formula. Let G C RF be a bounded open set and
©: G — R* a Lipschitz mapping. Let f be a measurable function on RF, f =0
almost everywhere on ¢(0G). Then

/ Fo () To(t) dt = / deg(z, ¢, C) f(z) da,
G R*

provided the integral on the left-hand side converges.

Proof. Making similar measurability considerations to those of the proof of Corol-
lary 34.19, we conclude the theorem using the preceding lemmas and the definition
of a degree. m

35.9. Properties of a Degree. Let G C RF be a bounded open set and
©: G — R¥ a continuous mapping.

(a) The function y +— deg(y, f,G) is constant on each component of R¥ \
£(00).

(b) Letvy: G — R* be a continuous mapping and let the segment joining ¢(t)
and (t), t € OG, do not contain y. Then deg(y, ¢, G) = deg(y, ¢, G).

(c) If p is one-to-one and J, > 0 almost everywhere in G, then deg(y, ¢, G) =
1 for all y € ¢(G).

(d) If deg(y, ¢, G) # 0, then the equation ¢(t) =y has a solution in G.

(e) If Gy,...,Gy, are disjoint open subsets of G and ¢(t) # y fort € G\
(GLU---UG,,), then

deg(y, ¢, G) = deg(y, p, G1) + - - + deg(y, p, Gm).
(£) If o is € and J,(t) # 0 for allt € ¢~ *(y), then
deg(y,,G) = > {signJy(t):t € o '(y)}.

(g) The degree deg(y, ¢, G) is an integer number.

Proof. The assertions (a) and (b) are obvious. Combining Change of Variable
Formula in 35.8 and 34.19, we get (c).
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(d) Assume that the equation ¢(¢) = y has no solution. Since ¢(G) is a compact
set, there is an open neighborhood U of y such that UNg(G) = (). Find a Lipschitz
function 1) close enough to ¢ such that U N (G) = () and deg(y, 1, G) # 0. Then
G Ny~ (U) =0 and by 35.8

0:/ J"L/):deg(ya¢aG))‘U7é07
Gy ~1(U)

which is a contradiction.

(e) We may assume that ¢ is a Lipschitz mapping. The set K := (G \ (G U
-+ UGy,)) is compact and does not contain y. We find an open neighborhood U
of y whose closure does not intersect K. Then by 35.8

deg(y»%G):/ Jtp:/ JW++/ JlP
Gnp=1(U) GiNp~1(U) Gm N1 (U)

= deg(y7 2 Gl) +o deg(y7 ' Gm)

(f) Let s € ¢~ *(y). Since J,(s) # 0, there is a neighborhood V of s such that
¢ is one-to-one on V, ¢(V) is an open set (the Inverse Mapping Theorem) and
J, has a constant sign on V. Then

Ap(V) deg(y, v, V) = / Jp dt = sign J¢(s)/ |J,| dt = sign J,(s) Ap(V).
v v

It is also clear that the set ¢ 1(y) is isolated, and therefore ¢ ~!(y) is a finite
subset of G. We complete the proof using (e).

(g) We can assume that ¢ is of class €'. Let E = {t € G: J,(t) = 0}. By
the Sard Theorem 34.17, A(¢(E)) = 0. Choose y € R¥\ ¢(0G). Let U be a
neighborhood of y which does not intersect o(0G). Then there is z € U \ ¢(E).
Since deg(y, ¢, G) = deg(z, ¢, G), according to (f) deg(y, ¢, G) is an integer. m

35.10. Open Mapping Theorem. Let ¢: Gy — RF be a bilipschitz mapping
on an open set Go C R¥. Then o(Gyp) is an open set.

Proof. Let t € Gy and y = ¢(t). Let G be a bounded open set, t € G C G C Gy,
and U be an open neighborhood of y which does not intersect ¢(0G). If we prove
that deg(y, p, G) # 0, then by 35.9.d the equation (s) = z has a solution for
any € U. Now, there is an open neighborhood V of ¢ such that (V) C U.
Denote V' = {s € V: Jyg>0} and V™ = {s € V: J,(5)<0}. Notice that by the
Rademacher Theorem 30.3, ¢’ exists almost everywhere. From the definition of
a bilipschitz mapping it is clear that J,(¢) = 0 is impossible, and at least one
of the sets VT, V= contains a compact set K of positive measure. We obtain

0# [ J, = deg(y, 2, G) \p(K). Hence deg(y,.G) #0. m

35.11. Theorem on Orientation. Let ¢ be a locally bilipschitz mapping of a
connected open set Gy C RF into R*. Then Jo > 0 almost everywhere in Go, or
J, < 0 almost everywhere in Gj.
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Proof. Let G ¢ G C Go be a bounded open set and ¢t € G. There is a neigh-
borhood U of ¢(t) which does not intersect ¢(0G), and a neighborhood V' of
t such that (V) C U. As in the proof of the Open Mapping Theorem we
deduce that deg(p(t), o, G) # 0. By 35.9.g, the degree is an integer, so that
|deg(e(t), ¢, G)| > 1. We have

[ 920 at] = desle(0). . AoV 2 xe(V) = [ 170 at.
\%4 |4

Thus, J, has a constant sign almost everywhere in V. From the connectedness of
G we obtain the assertion. m

35.12. Notes. Although the origins of the idea of degree go back to K.F.Gauss and
A.L. Cauchy, for smooth mappings and smooth sets they were considered at the turn of the
century by H. Kronecker, H. Poincaré, E. Picard, P. Bohl or J. Hadamard. The essential step for
the developing the theory of degree of mappings in finite dimensional spaces and its application is
due to L.E.J. Brouwer [1912]. Later on, J. Leray and J. Schauder introduced the topological de-
gree also in infinite-dimensional spaces. Today, the significance of a degree, mainly in nonlinear
functional analysis, is undeniable. There is a rich bibliography and many sources for study the
degree theory. We refer the reader e.g. to S. Fu¢ik and J. Milota [FM], J. Stara and O. John [SJ],
J.T.Schwartz [*1969], S. Fuéik, J. Necas, J. Soucek and V. Soucek [¥1973], K. Deimling [*1985],
I. Fonseca and W. Gangbo [¥1995] and P. Drébek and J. Milota [*2004].

36. HAUSDORFF MEASURES

In Chapter 34 we proved the existence of a k-dimensional measures on R"
using a relatively simple method. This approach to k-dimensional measures is
appropriate for purposes of applications to the curve and surface integrals.

In theoretical parts of modern analysis we encounter Hausdorff measures oc-
curing more frequently in various connections (even for noninteger values of k).

According to 34.31, on rectifiable sets, and in particular on k-dimensional sur-
faces, the normalized Hausdorfl measure and the measure constructed in 34.9
coincide.

Without loss of clarity we take a slightly deeper look in a more general setting
supposing that p (the “dimension”) is a nonnegative real number and (P, p) is
a metric space on which we are going to construct the p-dimensional Hausdorff
measure.

36.1. Outer Hausdorff Measure. Let A C P. Denote

H(A,0) = inf{D (diam A;)P: | J 4; D A,diam A; <6} for 6> 0,
j=1

— j=1
6, (A) =sup A, (A,5) (= lim J,(A,9) ).
5>0 6—0+

The set function A +— J%,(A) is called the p-dimensional (outer) Hausdorff mea-
sure.

As we show later, if P = R™ and k < n is a nonnegative integer, there is a
constant kj such that %, /ky is a k-dimensional measure on R™ in the sense of
definition 34.8. The measure 4% /Ky, is called the normalized Hausdorff measure.
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36.2. Metric Outer Measure. An outer measure v on P is called a metric
outer measure if v(AU B) = yA + vB whenever A, B C P and inf{p(z,y)
A ye B} > 0.

36.3. Remarks. 1. In the definition of the Hausdorff measure .7¢;,(A) we considered arbitrary
coverings of A but we may confine to coverings consisting of closed or open sets.

2. Notice that the n-dimensional Hausdorff measure of a set K which is a ball or a cube in R"
equals c¢(diam K)™ for a suitable constant ¢ (cf. Lemma 36.12).

3. The set functions .7} (-,d) are not metric outer measures and cannot be used to describe
length or area. Notice that the “one-dimensional” measure J# (K, d) of the unit square K in
R2 is a finite number although K contains infinitely many segments of length one. This is why
we cannot replace the definition of Hausdorff measure by a more simple formula

(o)

A mf{Z(dlamA U A; D A}
j=1 j=1

(which is in fact 75, (A, 00)).

4. Further examples of k-dimensional measures in R™ (which, in general, do not coincide with
the normalized Hausdorff measure) can be obtained using other covering families. For example,
the spherical measure is defined using coverings formed by open balls, see H. Federer [*1969].

The next series of theorems shows that .77, is a metric outer measure. There-
fore, we can apply Carathodory’s method and to derive that each Borel set is
J,-measurable, and that the restriction of %, to the Borel o-algebra is a mea-
sure.

36.4. Theorem. Let v be an metric outer measure on P. Then each Borel
subset of P is y-measurable.

Proof. It would be clearly sufficient to prove that closed sets are y-measurable.
To this end let a closed set F' C P be given. Choose a test set T' C P, vT < 400
and denote

1 1
Pi=3xzeTl . —— <dist(z, F) < =}, j=12,...,
Py={z €T :dist(z,F) > 1}.

Then the sets Py, P, Py, ... have positive distances, so that

m

ZVP%' :’Y(U Pyj) <AT
=0

§=0
m o0

for all m € N. Similarly > vPsj+1 < 7T, and we see that the series ) vFP;
j=0 7=0

m

is convergent. Since for each m € N, the distance between |J P; and T'N F is
j=0

positive we have

AT\ F) <v(J Py) +7( U Pj) <AT —~+(TNF)+ Z ~P;.
j=0 j=m+1 Jj=m+1
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Letting m — oo we obtain
VT\F) <A(T) —~(TNF).

36.5. Remark. If v is an outer measure on P for which every Borel set is y-measurable, then
7 is already a metric outer measure.

36.6. Theorem. J7, is a metric outer measure on P.

Proof. Theorem 4.3 tell us that A — .7,(A, 0) is an outer measure for every § > 0.
Letting 6 — 0 we see that .77, is an outer measure. Let A, B be sets of positive
distance and §g < inf{p(x,y): r €A ye B}. Let M C AU B, diam M < §j.
Then either M C A or M C B. Hence

Hp(AU B, 6) = H;,(A,6) + (B, 6)
for all § € (0,d¢). Thus
H(AUB) = Ho(A) + Ho(B).
[

36.7. Corollary. Any Borel subset of P is J¢,-measurable.
36.8. Exercise. (a) Let 0 <p < q. If 5%,(A) < 400, then 5, (A) = 0.

(b) The number inf{p > 0: 5,(A) = 0} is called the Hausdorff dimension of a set A.
Compute the Hausdorff dimension of the Cantor set in [0, 1].

(¢) For any p € (0,1), a “generalized Cantor set” B C [0,1] may be constructed with
Hp(B) = 1.
36.9. Remark. The definition of the p-dimensional Hausdorff measure admits also noninteger
values of p. The Hausdorff measures with noninteger dimensions are not directly linked with
the topics of the following chapters nevertheless they have a great importance e.g. in the theory
of singular sets (to describe the “size” of “negligible” sets, for example the set of discontinuities
for a solution of system of partial differential equations, or the set of points of divergence of a
Fourier series; the applications to “removable singularities” are also frequent). The concept of

Hausdorff measures with noninteger dimension is also a starting point for the famous fractal
theory (see e.g G.A.Edgar [*1990] and K.J. Falconer [*1985]).

36.10. Exercise. Show that each 0-dimensional Hausdorff measure is the counting measure.

36.11. Theorem. Let P and P’ be metric spaces, 7, the p-dimensional Haus-
dorff measure on P and %, the p-dimensional Hausdorff measure on P'. Let E
be a subset of P and f: E — P’ a (3-Lipschitz mapping. Then

A(F(E)) < B 7(E).

Proof. For each § > 0 and each sequence {A;} of subsets of P with (J A; D FE,
j=1
diam A; < 6 we have

A, (f(E), 35) <> (diam f(A; ZdlamA
Jj=1 j=1

Hence the desired inequality easily follows. m
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36.12. Lemma. Let 54 be the k-dimensional Hausdorff measure on R,
K =10,1]% x {0}"7*. Then 0 < J4.(K) < +oo.

vk

Proof. Given ¢ > 0 there is m € N such that — < 6. We divide K to m”* cubes
m

1 k
K; with edges o and diameters % < d. Then

k

(K, 5) <) (diam K;)* = m*(
1

3

@)k = k2,

m

<.
Il

Hence 74, (K) < k*/2.
Conversely, let A\ be the “Lebesgue measure” on K. Let A C K and z € A.
Then

A C B(z,diam A)
C [z — diam A, 21 + diam A] x -+ x [z}, — diam A, ;. + diam 4],

thus
AA < 2%(diam A)*.

If {Aj} is a sequence of subsets of K, |J A; = K, then
j=1
> (diam A;)F > 278y "NA; > 27FAK = 27K,
j=1 j=1
Whence taking the infimum we obtain the desired lower estimate for J¢;(K). m

36.13. Normalized Hausdorff Measures on R". Let k£ be a nonnegative
integer, k < n and ry = J4([0,1]% x 0"=%). Then J%,/ky is a k-dimensional
measure on R™ which will be labelled as the normalized Hausdorff measure.

The constant y, is equal to the number (4/m)*/2I'(1 + £). The computation
is not easy, see C.A.Rogers [*1970].

36.14. Remarks. 1. The hints for computation k-dimensional measures of concrete rectifiable
sets are given in Chapter 34. We will not present the (difficult) examples of nonrectifiable sets.

2. Without essential changes of proofs a similar theory to that of this chapter can be built also
for the case of spherical measures (cf. Remark 36.3.4). The computation of the corresponding
constant analogous to kg is much easier, in fact it follows immediately from Exercise 26.26.

3. In terms of the Hausdorff measure the following version of the Sard theorem can be proved:
Let G C R* be an open set and f : G — R™ an arbitrary mapping. Let E be the set of all
points t € G at which the derivative f'(t) ezists and vol f'(t) = 0 (which means that the rank
of the matriz f'(t) is less than k). Then 5. (f(E)) = 0.
36.15. Notes. C.Carathéodory developed in [1914] the theory of the one-dimensional (“lin-
ear”) measure in n-dimensional Euclidean spaces. In the same paper he mentions the pos-
sibility of introducing k-dimensional measures in an n-dimensional space (for an integer k).
The k-dimensional measure for arbitrary positive £ > 0 on R™ was introduced by F.Hausdorff
[1919]. The interesting Theorem 36.4 is due to C.Carathodory [¥1918]. The theory of Haus-
dorff measures was developed very intensively, particularly A.S.Besikovitch published a great
amount of papers devoted to this topic. From monographs on Hausdorff measures we recommend
C.A. Rogers [¥1970], K. J. Falconer [¥*1986] and P. Mattila [*1995].
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G. Surface and Curve Integrals
37. INTEGRAL CALCULUS IN VECTOR ANALYSIS

In this chapter we continue a study of curve and surface integrals and state
a change of variable formula. Moreover, we derive formulae concerning relations
between the integration over the “interior” (of a set or a surface) and the integra-
tion over the “boundary”. Later on we will see that these formulae are particular
cases of general Stokes’ Theorem of the next chapter. They are, in fact, multi-
dimensional generalizations of the famous Leibniz formula

b
/ f(@)de = £(b) — f(a).

The reader perhaps appreciates that we include the explanation of three-dimen-
sional (and therefore most important from the point of view of the classical
physics) situations without a deeper excursion to multilinear algebra.

Recall, that the integral calculus on k-dimensional surfaces in R™ is based on
the notion of a k-dimensional measure (34.8) which exists (Theorem 34.9) and on
k-dimensional surfaces is uniquely determined (Remark 34.31). Underline that for
a basic understanding of the topic it is not essential to know how k-dimensional
measures were constructed.

Since all theorems of this chapter are only special cases of more general results
of Chapter 38, we will not disturb the presentation by their proofs.

For the one-dimensional measure on R™ we will use the notation s, while S
will be reserved for the (n — 1)-dimensional measure on R"™.

37.1. Vector Field, Gradient, Divergence, Curl. By a vector field on a set
X we understand a mapping f of a set X into R™.

Let ¢ be a function of class €' on an open set U C R"™. Then its gradient
grad g on U is defined as the vector field z — [aa—i(m), ooy 22 (2)]. (The difference
between the gradient and the derivative for functions of class 4! consists only in

the convention that the gradient is a vector while the derivative is a linear form.)

Let f = [f1,..., fa] be a continuously differentiable (i.e. of class ) vector
field on an open set U C R™. Then the divergence of the field f is the function
div f on U defined as

— f;
div f = .
iv f Z P
=1
If f is a continuously differentiable vector field on an open set U C R2, its curl
is the function curl f defined by the formula
dfs 0f1

1f=-—=-—.
curl f Ory  Oxg
Finally, if f is a continuously differentiable vector field on an open set U C R?,
we introduce its curl curl f as the vector field on U defined by
Ofs 0f2 0fi  0fs 0f2 afl}

S = [~ B Bey  Duy Oz, ey
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In higher-dimensional spaces the curl corresponds to the bilinear form (u,v) —
fl@u-v—f(x)v-u.

Let V be an n-dimensional vector space with an inner product. A choice of
an orthonormal basis (u1, ..., u,) in V transfers the calculus in V into a calculus
in R™. The coordinate mapping L : V — R" assigns with each vector z € V a
vector Lz € R™ of its coordinates with respect to (ug,...,u,) in such a way that
if x = tyuyg + -+ + tpun, then Lz = [t1,...,t,]. Since the basis (u1,...,uy) is
orthonormal, we have t; = u;-z. Let U C 'V be an open set, g a real function on U
and f : U — V a vector field. Denote G = L(U), j=goL ' and f = Lo foL™ L.
Then f is a real function on G and § is a mapping of G into R™. Of course, the
coordinates and the matrices of derivatives f and g depend on the choice of a
basis (u1,...,u,). We can introduce grad g(z) := L~ !(grad g(Lz)), div f(z) :=
div f(Lz), and curl f(z) := curl f(Lz) (if n = 2) or curl f(z) := L' curl f(Lz)
(if n = 3). Then the operators grad, div and curl do not depend on the choice of
an orthonormal basis in V.

2, .2 ,
37.2. Example (in R?). Let f(z) = [z? + 22,22 — 21]. Then div f = 9wy tas) | Owa—z1) _

dx1 Oxo
O(za2—z1) 8(1%4'13) —
Oxq Oxo -

2x1 4+ 1 and curl f =

—1 — 2x2.
2
37.3. Example (in R?). Let f(z) = [z1,%3,2371]. Then divf = g% + g% + a%le =

2 2
_ [Ozzmy _ Or3 Odxy _ Bmzmy 0T _ dmiy _ g _
14222 + 21, CuI'lf - [ Oxo Oxz3’ Oxg dx1 ' Oz 8392} - [O’ z3, O]

37.4. Exercise. Let g be a function of class €' defined on a neighborhood of = and
u = grad g(z) # 0. Show that the function which associates with an unit vector v the derivative
of g at z in the direction v attains its maximum at u/ |u|.

37.5. Vector Product. A vector w € R is said to be the vector product (also
called the cross product) of vectors uq, ..., u,—1 and denoted by w1 X «-+ X up_1,
if for each vector v € R™ we have w-v = det(v,u1,...,u,—1). Thus in particular
the i-th coordinate of the vector w is

e -w = det(es, u1, ..., up_q) = (—1)"" det(e; - um);”:lllfiﬂn

Notice that the vector product is a binary operation if and only if n = 3. The
vector product is always perpendicular to its factors and its norm is

[ug X« X up_1| = vol(uy,...,up—1).

37.6. Example. In R3 we have

[1,1,1] x [1,2,3] = [det(;’ ;) —det(i’ ;) det(i’ ;)} = [1,-2,1].

) ) )

37.7. Example. In R2, the vector “product” of the vector [1,2] is the vector [2, —1].
37.8. Exercise. Compute in R* the vector product [1,0,1,0] x [0,0,0,1] x [0, —2,0,0].

37.9. Orientation. Let Q be a k-dimensional surface and = € Q. By &, =
Z,.(9) denote the set of all parametrizations of neighborhoods of x in Q.
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By a (local) orientation of Q at x we understand a mapping, which associates
with every parametrization ¢ € £, at x a positive or a negative sign so that
det(p5* 0 1)’ > 0 almost everywhere on a neighborhood of ] !(x) whenever
p1 € P, and @y € P, are both positive or both negative parametrizations,
and det(p5 ' 0p1)" < 0 almost everywhere on a neighborhood of ¢ *(2) whenever
w1 € &, is a positive parametrization and @, € &, is a negative parametrization.
It can be proved that a local orientation is always available.

By an orientation of a surface 2 we understand its local orientation at each
point satisfying the following additional property: If ¢ is a positive parametriza-
tion at x, then it is positive also at all points of some neighborhood of x.

Although each point has exactly two local orientations, some problems can
occur when orienting a whole surface. There exist surfaces without a possibility
of a (global) orientation (the well known Mdébius strip, see Example 39.7). When
orientations exist, their number is even. An orientable surface with n connected
components possess 2" orientations.

An n-dimensional surface in R™ is nothing else than an open subset of R".
It possesses its natural orientation in which the identical parametrizations are
positive.

0-dimensional surfaces are countable sets of isolated points, compact 0-dimen-
sional surfaces have only a finite number of points. Any oriented 0-dimensional
surface F' is decomposed into sets F'T and F'~. At points of F'T all parametriza-
tions are positive and at all points of F'~ are negative.

37.10. Curves. One-dimensional surfaces are called curves. Let v C R™ be an
oriented curve. If p: G — v is a positive parametrization, then for almost every
t € G we define the unit tangent vector t(z) at the point & = ¢(t) by the formula
t(z) = u/ |u|, where u = ‘Zl—f(t). Then the vector t(z) is defined up to an s-null set
and unit tangent vectors defined by means of different positive parametrizations

coincide except on an s-null set (for more details see 38.14).

The field t(z) obtained in this way determines the orientation. Namely, a
parametrization ¢: G — +y is positive whenever

de de

—(t) =t(p(t)) |—(

0 = e S0
for almost all t € G and negative if

dp do
0 = —t(e(0) | 0)
for almost all t € G.

The field of unit tangent vectors will be sometimes called shortly the tangent
field.

The integral fv f-tdsis called a curve integral of the vector field f. It satisfies
the following Change of Variable Formula.
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37.11. Theorem. Let v be an oriented curve. Let G C R be an open set
and ¢ : G — v be a positive parametrization. Then for any vector field f =

[fis--s fnl, fj € LYy, 8), we have
[ petds= [ (GO0 + -+ falelt)e (0) .
#(G) G

37.12. Example. Let v = {[z,y,2] € R®: 2 =cosz,y =sinz, 0 < z < 27} be a helix (see
Example 34.25) and f(z,y,z) = [0,2,32%]. We orient 7 in such a way that the unit tangent
vector would have a positive z-coordinate. Parametrizing ¢(t) = [z(t), y(¢), 2(¢)] = [cost, sint, ]

we compute

by,
-y, x, )

vz Y

1
t = —[—sinz,cosz,1| =
VA )

and therefore
27 27
/f-tds:/ (xy'+3z2z/)dt:/ (cost(sint)’ 4 3t2)dt = 7 4 8=>.
v 0 0

37.13. Normal Field on (n — 1)-dimensional Surfaces. Let I' C R™ be an
oriented (n — 1)-dimensional surface. If ¢: G — T is a positive parametrization,
then for almost all ¢ € G we define the unit normal vector n(z) at the point
x = p(t) by the formula

Wy, X s X Wp—1

n(z)

- |w1><~~><wn_1|’

where w; = %(t). Again, the vector n(x) is defined except on a S-null set and
J

using different parametrizations yields the same result outside a S-null set (for
more details see 38.14).

The field n(x) obtained in this way determines the orientation. A parametriza-
tion p: G — T is positive provided for almost all ¢ € G we have

¢ ¢ ¢ dp
) X - ¢ N == () x - - ¢

S0 %+ x g (t) = (V) [FE () x - x 5=
and negative if the above equality holds having the opposite sign on the right-hand
side.

The field of unit normal vectors will be briefly called the normal field.
The integral fr f-ndS is called the surface integral of the vector field f. It
satisfies the following Change of Variable Formula.

37.14. Theorem. Let I' be an (n — 1)-dimensional oriented surface. Let
G C R"! be an open set and ¢ : G — T a positive parametrization. Then for
any vector field f = [f1,..., fu], where f; € Z1(T,S), we have

‘nds = (2 O
S(J(G)f ndS—/Gf(cp(t)) (8t1 X oo X (,%n_l)dt.
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37.15. Example. We evaluate the integral

/ [27, Y, zz] : ndS7
r

where
F={[z,y,2] eR3: 22 =22+, 0< 2 <1}

and n is supposed to be oriented “outwards from the cone”
Q= {[z,y,2] € R3: 22 4+¢y2<22,0<2< 1}
(see 37.21). We use the parametrization
o(r,t) = [rcost, rsint,r]

on G := {[r,t]: r € (0,1) and ¢t € (0,27)}. Obviously ¢(G) differs from I" only in a set of
measure zero, hence there is no difference between integration over I'" and over ¢(G). We have

cost, —rsint
¢'(r,t) = | sint, rcost |,
1, 0
so that 8 8
p  Op .
— X — = |—rcost, —rsint, r|.
or ot [ ’ 7l

In case of a positive parametrization this vector would be a positive multiple of the unit nor-
mal vector and thus it would be directed outwards from 2. Since it is directed inwards, the
parametrization ¢ is negative (like in 37.21 it is possible to precise “outwards” and “inwards”).
The formula will differ only in the sign. We have

/[x,y, 2%]-ndS :/ [rcost, rsint, r2] - [rcost, rsint, —r]drdt
T G
= / (r2 —r3)drdt = T
G 6
37.16. Example. Let I':= {[z,y,2] € R?: 22 + 32 = 2z < 1}. Let the unit normal vector

n(z,y,z) =+ = [2z,2y, —1])

1
Viz +
be oriented by the choice of its sign +. Then [t,r] — [z(¢,7),y(t,T), 2(t,7)] := [r cost,rsint, r?],

t € (0,27), r € (0,1), is a positive parametrization and its range differs from I" only in a set of
measure zero. Let f(z,y,z) = [2x,0,0]. Then

/ f-ndS = 2z det(Vy, Vz)dtdr
r (0,2m) % (0,1)

= / 2r cost det(V(rsint), V(r?)) dtdr
(0,27) % (0,1)

= / 4r® cos®tdtdr = 7.
(0,2m) % (0,1)

37.17. Surfaces with Lipschitz Boundaries. One of the most important
formula of the integral calculus on surfaces is the general Stokes’ Theorem and
its special cases. For the purpose of a formulation of these results we need to
introduce the notion of a surface with a Lipschitz boundary.
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Denote by Hi, HF the halfspaces (0,00) x R*~! and (—o0,0) x R¥~1, respec-
tively. Further denote by i the mapping of R*~! onto 0HF defined as

i([sl, .. .,Skfl]) = [0,81, . .7Sk,1].

Let @ C R™ be a bounded oriented k-dimensional surface. The k-boundary
of Q is defined as 2\ Q. It is the topological boundary of €2 if k = n. Suppose
that the k-boundary T' of € is an oriented k—1-dimensional surface. We say
that T' is a Lipschitz k-boundary of  if for every point z € T there exist an
open set G C R*, a neighborhood U of 2 and a homeomorphic locally bilipschitz
mapping ¢ : G NHE — QUT such that z € p(0HF), (GNH") = QN U,
©(GNOH*) =T NU and one of the following situations occurs:

(a) ¢lgnmr is a positive parametrization of QNU and ¢|grog+ 1 is a positive
parametrization of I' N U,

(b) wlgrmt is a negative parametrization of QNU and ¢|;nap+ 01 is a negative
parametrization of TN U.

If £ > 1 and a parametrization ¢ satisfies (b), the by a “mirror-like” modifica-
tion we get a parametrization satisfying (a).

37.18. Introduction to Curve Integral Theorem. Let y C R" be an ori-
ented curve with a Lipschitz 1-boundary F'. As we already know, the orientation
on v is formed by a field of unit tangent vectors t and F' is a finite set consisting
from a “positive part” F* and a “negative part” F'~.

The relation between orientations v and F' is given in Definition 37.17. Less
precisely but transparently: The tangent field is directed from points of the set
F~ towards points of the set F*. If t(a) is a continuous extension of t to the
point @ € F~ (warning: its existence is not guaranteed by our assumptions), then

t(a) = lim S
r—=a |£L’ _ a|
TEY

The result in b € F'* is similar, but with an opposite sign.
Under these assumptions the following result is valid.

37.19. Curve Integral Theorem. Let g be a continuously diferentiable func-
tion on a neighborhood of 7. Then

Z g(b) — Z Q(G)Z/gradg-tds.

beF+ a€F—

37.20. Example. Let h be a Lipschitz function on [—1,1], h(—1) = h(1) = 0. Let v =
{[z,y] : y = h(z),|z| < 1}. If we choose an orientation of the unit tangent vector t to v so that
its x-coordinate is positive, then

1 !
t(z,y) = W[Lh (z)].
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3

‘We have to evaluate the integral f,y f-tds, where f(z,y) = [322 cosy, —x> siny]. A direct com-

putation does not seem to be very hopeful, particularly if the function h is rather complicated.
Nevertheless, since f = grad g for g = 22 cosy, by the Curve Integral Theorem we get

/f~tds:g<[1,01> —g([~1,0)) = 2.
:

37.21. Introduction to Gauss Theorem. Next we introduce the Gauss
Theorem which is also called the Gauss-Ostrogradski Theorem, or the Divergence
Theorem.

Let © C R"™ be a bounded open set with a Lipschitz boundary I" (i.e. suppose
that the conditions of 37.17 are satisfied) and consider a natural orientation on
Q. Thus the orientation of I' is uniquely determined and it is represented by the
field n of unit normal vectors. Roughly speaking, we can say that n(x) is the
unit vector which is perpendicular to the boundary of €2 at x and is oriented out
of Q. Therefore n(x) is also labelled as the vector of the outer normal. By the
formulation “out” we understand that for a nonvanishing vector u € R™ and a
small positive t we have x +tu € Q provided u-n(x) < 0, and = +tu ¢ Q provided
uw-n(z) > 0. Of course, such a situation occurs only at the points of smoothness
of .

Under the above described assumptions the following result holds.

37.22. Gauss Theorem. Let f be a vector field of class €' on a neighborhood

of Q. Then
/f~ndS:/divfd)\.
r Q

37.23. Example (the ball, spherical coordinates). Let Q = {[z,y,2] € R3: 22 +y? +22 < 1},
I = {[z,y, 2] € R®: £24+y%+22 = 1}. Consider the mapping given by the spherical coordinates:
% = 2,3, 7], where

x(r,t,a) = rcosa cost,
y(r,t,a) =rcosa sint,

z(r,t,a) = rsina,

and [r,t,a] € H := (0,00) X (—7,m) X (7%71', %w) We have

cosacost, —rsintcosa, —rcostsina
! . . .
Y'(r,t,a) = | cosasint, rcostcosa, —rsintsina
sina, 0, rcosa

Then the mapping ¢(s,t,a) = (s + 1,t,a), [s,t,a] € (—1,0] X (—m,7) X (7%71', %ﬂ‘) satisfies
requirements of 37.17 for [z, y, 2] € ¥(H). (If [zo,yo0, 20] is not in ¢ (H), we can use mappings
[s,t,a] = (s+1,t—tg,a—ap) for suitable ty and ag.) After verifying that det v’ = r2cosa > 0

and computing the outer normals we get

Ocosa cost, cosa sint, sinal

ot
O[cosa cost, cosa sint, sina) . . .
ws 1= 8 = [—sina cost, —sina sint, cosal,
a

we X w3 = [0052 a cost, cos? a sint, cosa sin al,

wa = [—cosa sint, cosa cost, 0],

|wa X w3| = cosa.
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Finally

wo X w3

n(z,y, z) = [cost cosa, sint cosa, sina] = [z,y, z].

- |w2 X wg‘

37.24. Example. (a) By means of the Gauss Theorem we will evaluate (not for the first
time) the surface measure of the sphere T' := {(x,y,2) € R3: 22 + ¢y2 + 22 = 1}. We utilize
the fact that I' is a Lipschitz boundary of the ball Q = {(z,y,2) € R3: 22 + 32 + 22 < 1}.
We compute the two-dimensional measure of the sphere by integrating the constant 1 which we
express in the form 1 = f - n, where we choose e.g. f(z,y,2) = [z,y, 2]. Actually, [z,y,2] -n=
[z, y,2] - [z,y, 2] = 22 + 3% + 22 = 1 (for a different set it would be necessary to find a different
f). We obtain

/ 1dS = /[w,y,z] -ndS = / div[z,y, z]dzdydz = / 3dzdydz = 4n.
r r Q Q)
(b) As an exercise evaluate
2 4
z=dS (result: — ).
r 3

37.25. Example (the cube). Let Q be a cube (0,1)3 and T' its boundary oriented by the
outer normal (e.g. on {0} x (0,1)? the unit normal vector is [~1,0,0]). The condition 37.17
is clearly satisfied for z lying on this side, and less obvious (but still satisfied) if z lies on an
edge or even at a vertex. Let, for example, z be the vertex [0,0,0]. Then a mapping ¢ with the
desired properties can be found in the form ¢ (t) = [—t1 + max(0, —t2, —t3), —¢1 +max(¢2,0,t2 —
t3), —t1 + max(ts, ts — t2,0)], t € (—3,0] x (=3, 2)2 N {|t2 —t3| < 5}

37.26. Introduction to Green Theorem. Consider the situation described in
the Gauss theorem for the two-dimensional case. Then I' is a curve, the orientation
of which can be expressed not only by means of the normal field, but also by means
of the tangent field. The vector n(z) is s-almost everywhere the “vector product of
the vector” t(z), i.e. (n(x),t(x)) is a positive orthonormal basis of R%. (Roughly
speaking, t(x) circulates around ) anti-clockwise.)

37.27. Green Theorem. Letg = [g1, g2] be a continuously differentiable vector
field on a neighborhood of Q. Then

/g~tds=/curlgdx.
r Q

37.28. Exercise. Compute the unit tangent vector and the unit normal vector to the unit
circle oriented as the (Lipschitz) boundary to the unit disc.

37.29. Example. Using the Green Theorem we compute the contents of the figure Q :=

2 2
{(z,y) € R?: % + Z—2 < 1}. The boundary (ellipse) I' can be (up to a set of one-dimensional
a
measure zero) parametrized by the mapping p(t) = [z(¢),y(¢)] := (acost,bsint), ¢ € (0,2m).
Let f be a vector field on R™ whose curlis 1, e.g. f =[0,z], f = [-y,0], or f = [—%y, %m] The

the Green theorem yields

27 27
/ ldmdy:/[O,:p] -t(x,y)ds:/ :vy/dt:/ abcos? tdt = mwab.
Q r 0 0

37.30. Exercise. Using the Green theorem evaluate the content of the figure surrounded by
the asteroide {(acos®t, bsin3t): t € [0,2m)}.
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37.31. Introduction to Stokes’ Theorem. Let I' C R? be an oriented two-
dimensional surface with a Lipschitz k-boundary . Suppose that a normal field
non I' and a tangent field t on ~ are given. Less precisely, but more transparently
we can say that the tangent field t(z) again circulates anti-clockwise provided we
observe the situation against the direction of the normal vector n(z). (Warning:
in contrast to the Green Theorem, here n means the normal field to the surface.)

Under the above stated assumptions the following theorem holds.

37.32. (Special) Stokes’ Theorem. Let f be a vector field of class €' on a

neighborhood of T'. Then
/f~tds:/n-cur1fd5.
¥ r

37.33. Example. Let h be a positive even function of class ¥* on [—1,1], h(1) = 0. Let
I ={[z,y,2] : z = h(r)}, » = \/x2 + y2. Let the unit normal vector have the orientation for
which its z-coordinate is positive, i.e.

1 1T 1Ny
n(x,y,2) = — [-h'(r)—, =h'(r)=, 1].
@0:7) = s W) T, KL
Let us evaluate ng -ndS for g(z,y,z) = [—ze?, —ye?,2e*]. Since g = curl f for f(z,y,2) =
[~ye?, ze?,0] and f = [~y,x,0] on v := {[z,y,2] € R3 : r = 1,2 = 0} is a Lipschitz 2-boundary
of I', the Stokes formula gives

27
/g-ndS:/f-tds:/[fy,x]-t(:r,y)ds:/ (sin® ¢ + cos? t) dt = 2.
r % 0% 0

For the evaluation of the integral over v we used polar coordinates: = = cost, y = sint, t €
(0,2m).

37.44. Notes. Main formulas of the calculus of curve and surface integral were established
in 19" century. The divergence theorem was discovered by K.F. Gauss, G. Green and M. V.
Ostrogradski. The Stokes theorem is due to G. G. Stokes. See also 39.24.

38. INTEGRATION OF DIFFERENTIAL FORMS

In this chapter we present the theorem which contains as special cases the
Curve integral theorem, the Gauss theorem and Stokes’ theorem of Chapter 37.
For this purpose we need more advanced tools of exterior algebra.

38.1. k-covectors and k-vectors. Let V be a n-dimensional vector space and
V* its dual space. The value of a linear form V' € V* at a vector u € V will be
denoted by (V, u).

A mapping W : V¥ — R is called a k-linear form (on V) if it is linear in each
variable separately. As a special case we get linear forms for k = 1, or bilinear
forms for k = 2.

A k-linear form W on V is said to be a k-covector if W is antisymmetric in the
following sense: If 7 is a transposition (a permutation, which transposes exactly
one pair of elements) of the set {1,...,k}, then

(W, (Un(rys - Unry)) = — (W, (ug, ... up))
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Given a k-covector W, we have

k k
<VV, (Za17juj,...,2ak7juj)> = det A <W, (ul,...,uk»
j=1 j=1

for any matrix A = (ai,j)ﬁjzl and any ordered k-tuple (uq,...,ux) of vectors of
V.

Dually, a k-vector on 'V will be defined as a k-covector on V*. Thus a k-vector
assigns a real number to a k-tuple of linear forms on V. In particular, a 1-covector
is the same as a linear form; a 1-vector v on V will be identified with a vector
v € V, if u assigns to each linear form V' € V* the value (V,v). A real number
c will be identified with a O-form, or a 0-vector, which assigns the number ¢ to
each O-tuple of vectors or forms, respectively. The vector space of all k-covectors
on V will be denoted by A*(V) and the vector space of all k-vectors on V by
Ar(V). So AF(V) = Ap(V*), Ap(V) = AF(V*), Ai(V) =V, AY(V) = V* and
Ao(V) =A°(V) =R.

38.2. Example. A bilinear form is representable by a matrix. For the sake of simplicity
assume V = R”, then (a; ;)i ; is a matrix of a bilinear form V' if

V, (u,v)) = Zai,juivj
7

for each u,v € R". Among bilinear forms we select 2-covectors as bilinear forms with an
antisymmetric matrix, i.e. a;; = —a;; (in particular a;; = 0). An example of a matrix of a

2-covector in R3 is
0, 2, -3
(—2, 0, 5 ) .
3, =5 0

The (canonical) inner product represented by the unit matrix is also a bilinear form but it fails
to be a 2-covector.
38.3. Exterior Product. By an exterior product of an ordered k-tuple
(V1,... V) of linear forms on V we mean the k-covector Vi A --- A V. defined
by the formula

VAN AV, (u1,...,u,)) = det((V;, uﬁ)ﬁj:l, (uy,...,uy) € VE,

Dually, the exterior product of an ordered k-tuple (uq,...uy) of vectors from V
will be the k-vector ui A --- A ug defined by the formula

(Vi Vi), ua A Ag) = det((Vi, uy))ii_y, Vi, Vi) € (VR

Notice that the exterior product is invariant with respect to even permutations of
factors. An odd permutation changes (only) the sign. The exterior product van-
ishes if the factors are linearly dependent (in particular, if two factors coincide).

Now we will investigate coordinates of k-vectors and k-covectors in R". Let X;
denote the i-th coordinate form [ug,...,u,] — u;. Recall that in the context of
these chapters by a multiindez we understand an ordered k-tuple o = [, . . ., a)



G. Surface and Curve Integrals 173

of indices from {1,...,n}, and that the set of all such multiindices is denoted by
{1,...,n}*. A multiindex « is called increasing if a; < --- < aj. The set of all
increasing multiindices from {1,...,n}* is denoted by I(k,n). Each k-covector
W posseses (uniquely determined) real coordinates Wy, a € {1,...,n}* namely

WOé = <VV7 (6011?"'7604k)>'

Dually, each k-vector w has (uniquely determined) real coordinates w,, a €
{1,...,n}*, namely
Wq = <(X0617"'7X04k)3 ’LU> .

Let W be a k-covector (take into account analogous considerations for k-vectors).
From the antisymmetry it follows

for each transposition 7 of indices.

In particular W, = 0 whenever an index occurs in the multiindex at least twice.
For a complete description of a k-covector we need only coordinates corresponding
to increasing multiindices.

We have
W= > WaXe A--AXq,
acl(k,n)

so that the basis of A¥(R") is {Xq, A--- A Xq, : @ € I(k,n)}. Dually, we have

w = g Wy €ay N N eqyy,
acl(k,n)

so that the basis of Ap(R™) is {€a; N ... ANeq, :a € I(k,n)}.

A similar consideration leads to a description of the basis of A¥(V) and A (V)
for a general n-dimensional vector space V. (It remains only to replace (e, ..., e,)
by a fixed basis V and (X1, ..., X,,) by its dual basis.) It follows that the dimen-
sion of the spaces A*(V) and Ay (V) is equal to the number of the multiindices
of I(k,n) which is (}).

By means of coordinates a duality pairing between k-vectors and k-covectors
can be defined: If v € A,(V) and W € A¥(V), then we introduce

(W) : = Z Wava.

a€l(k,n)
In particular, given vy,...,vx € V and Wy,..., Wy € V*, we have
<VV, 1)1/\-”/\'Uk> = <W(vl,...,vk)>,
<W1/\"'/\Wk, ’U> = <(W1,...,Wk),v>.

Notice that not every k-covector is an exterior product of linear forms and not
every k-vector is an exterior product of vectors, see Example 38.7.
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38.4. Example (in R3).

(61 +€2—€3)/\(2€2+63)2261A62+262A€2—263/\€2+61/\€3+62/\63—83/\63
:261/\62+61/\63+(2+1)€2/\e3.

38.5. Example (in R3, notice how the sign is changed under the transposition).

X2/\(X1 +X3)/\(X1—X3):X2/\X1/\X1—Xz/\Xl A X3
+ XoAX3AX1 — XoAX3 A X3
=X1 ANXoANX3—XsAXoA X1 =2X1 A X2 A X3,

38.6. Example. In R* we have
(X1 ANXo+ XoANX3+ X3 AXy, 2¢1 Nea —e1 ANeg+ea Neq) =2.

38.7. Example. The 2-covector W = X1 A X2 + X2 A X3 + X3 A X4 in R? cannot be written
as an exterior product Vi A Vi of linear forms. We prove this by a contradiction: Assume that
W = V1 A Va. Let A: R* — R2 be the linear mapping x ~ [Vix, Vaz]. Since Wii,2) # 0, we
have Aei # 0. Further, W(; 3y = W1 4) = 0, so that Aes and Aes are multiples of Ae;. This
is a contradiction, as W3 4) # 0.

38.8. Example. There is no chance to construct a counterexample similar to 38.7 in R3.
Indeed, let W be a 2-covector on R3. If Wi,3 =0, then

W= (W(l,Q)Xl - W(273)X3) A Xa.

If Wy,3 # 0, then

W3

W = (7 Xo + Xl) A (W(1’3)X3 + W(IVQ)XQ).

Wi s
38.9. Differential Forms. A mapping w : E — AF(R"), where E C R",
is called a differential k-form (or, simply a differential form) on E. We identify
differential 0-forms with functions. Any differential k-form w on £ C R" is
representable in coordinates

w= Z WadTa, N ANdzg,,
acl(k,n)

where dz; denotes the constant differential 1-form x — X; and w, are functions
on E. We say that a differential form w is of class €* if all its coordinates w,
are of class €. Similarly we define other properties of differential forms (e.g.
measurability) using coordinates .

38.10. Example. We illustrate the calculation with differential forms by the following
example in R*:

(d.’l?g -+ d1‘4) A (:1:4 dr; — x1 d$4) AN (dmg + dxg) = (m4 dros ANdxy + x4dag Aday — 1 dze Adxzy
—x1dxg A dm4) A (da)g + daf)g)
= (7.174 dz1 ANdzo — x4dz1 Adeg — 21 dee A d:r4) N (d:l‘g + dxg)
= —x4dx1 Adxo Adxo — x4 dx1 Adeg Adee — 21 doeg A dag A dag
—x4dxy ANdxo Adxs — x4 dey Adaeg Ades — 21 des Adag A daxs
= x4dx1 ANdzo ANdxgy — x4 do1 Adas Adaes — x4 dar Adag Adag + 1 dze A des A dzg.
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38.11. Differential. Let

w = Z wWodZa, A ANdza,
acl(k—1,n)

be a differential (k—1)-form of class 4! on an open set U C R". Then its
differential dw is defined as the differential k-form on U given by the formula

n 9 N
dw(z) = Z Z au;‘ () da; Adzg, A Adxg, -
acl(k—1,n) i=1 v

The differential of a € -function f on U is the differential 1-form

In particular, the differential of the coordinate function x — =z; is dx; which
corresponds to the notation introduced above.
38.12. Example (in R?).

d(z2 dz1 — 1 sinza dze) = daa Adxy — sinzs dzy A dze — x1 cos xg dze A dzo

= —dz1 Adze —sinzedz; Adze = (—1 — sinzs) dzg A dza.
38.13. Example (in R3).

(a) d(z1dz1 + 2123 dze) = dz1 Adzy + 23 dzi Adze + z1 dzs A dze

= x3dxy ANdze — x1 does A dxs.

(b) d(1‘1$2 dxzq A d$3) = x9dx1 Adx1 Adxg + 1 dze Adey Ades
= —x1dx; Adxg Adxs.

38.14. Orientation of k-dimensional Surfaces. In the preceding chapters
we have seen that the orientation of a curve forms a vector field (of the unit
tangent vectors) on it while the orientation of an n—1-dimensional surface also
forms a vector field (now that of unit normal vectors) but in an entirely different
way. We will see that both tangent and normal fields are particular cases of a
general object. An orientation of a k-dimensional surface determines a k-vector
tangent field and the (n — k)-covector normal field on it. (In fact the normal
should also be a covector, but it is customary to understand it as a vector — the
inner product structure makes this identification possible.)

Let 0 be a k-dimensional measure on R™ and 2 be a k-dimensional oriented
surface in R™. If p: G — Q is a positive parametrization, then for almost all
t € G we define the unit tangent k-vector £(x) € Ax(R"™) at the point x = ¥(t)

by the formula
wip N\ Nwg

§(x) =

vol(wy, ..., wg)’

where w; = %(t). Then the k-vector £(x) is defined o-almost everywhere and
J
does not depend on the particular choice of the parametrization .
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We will not use the normal n—k-covector in full generality, nevertheless for the
sake of completeness we will outline the definition: It associates with a n—k-tuple

UL, ..., U,_ of vectors in R™ the number
vol H(wy, ..., we) det(ui, ..., Un_g,wi,...,wg).
The vector space T, generated by the vectors wy,...,wy (it will be termed

the tangent space in the next chapter) is o-almost everywhere independent of the
choice of a parametrization.
Notice that the dimension of A(T;) is 1. Consider two orientations of a surface
Q. Suppose that p; : G — Q, py : Go — ) are parametrizations such that ¢ is
positive under the first orientation and s is positive under the second orientation.
Let U C ¢1(G1) N ¢2(G2) be a connected open (relatively in Q) set. Let &; be
a field of unit tangent k-vectors on U determined by the j-th orientation (by
the parametrization ;). The above conducted dimension considerations show
that &(z) € {&1(2), —&1(x)} o-almost everywhere on U. From Theorem 35.11 it
follows that either &5 = &; o-almost everywhere, or £ = —&; o-almost everywhere.
We can deduce that the orientation of €2 can be reconstructed from the knowl-
edge of the unit tangent k-vector field. A parametrization ¢ : G — Q is positive
if for almost all t € G
¢ d¢ I¢ ¢
ZE@) A A (t) = E(p(t) vol(== (1), . .., —= (1)),
SO A S0 = o) vl (FE 0. 5 (0)
and negative if the above stated equality holds with the opposite sign.

38.15. Example. Let Q:={x € R*: 21 > 0, 23 = x1 cosx2, T4 = x1 sinxz2}. We have to
find the unit tangent 2-vector field on 2 knowing that the parametrization ¢ : (0, 00) X (—m, ) —
Q,

p(t1,t2) = [t1,t2, t1 costa, t1 sinta]

is positive. We have
o]
wy = —‘p(t) = [1,0, costa, sinta],
ot1
0
wy 1= —(p(t) =[0,1, —t1 sinta, t1 costa],
Oto
and thus

vol? (w1, wz) = 14 2 cos? ta + t2 sin? ta + cos? ta + sin? t + t2(cos? ta + sin® t2)? = 2 + 22

and
(1,0,23/21,24/21] A[0,1, —24, 23]

\/2+2a2

The 2-vector £(x) has six coordinates, namely £(1 2)(z), {(1,3)(), §(1,4)(®), §(2,3)(®), &(2,4)(2)

and (3 4) (). For example,
det ( L 0 )
x3/T1, —T4 —z4

§a,3)(z) = = .
\/2+2aF \/2+2a3

() =
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38.16. Integration of Differential Forms. Let Q be an oriented k-dimen-
sional surface, £ a unit tangent k-vector field and o a k-dimensional measure on
Q. Then the integral of a differential k-form w is defined as

[ [ g

provided the right-hand side makes sense. Here, the symbol () represents all the
structure (2, orientation): Without the knowledge of £ it would be impossible to
determine the sign of the integral.

38.17. Particular Cases. Notions of the preceding chapter can be now
revisited from the point of view of the general approach using differential forms
and k-vector fields. Let us start with trivial cases.

If k =0, then Q is a finite set, £(z) = £1 on 2 and the integral is only a sum
of values. A differential O-form w is a function and

[ o= s@wta).

If kK = n, then € is an open subset of R™, £ = e; A--- A e, (but theoretically,
the “unnatural” case £ = —ej A --- A e, should not be excluded), a differential
n-form w is described by one coordinate, and we have

/Qf(a:>dx1A~-~Admn=/QfdA.

A bit more interesting is the one-dimensional case of a curve. Then £(z) is a
1-vector t(x), a differential 1-form is expressed by a vector field g and

/gldxl+"'+gndmn:/g'td8.
Q Q

Finally the case of a normal field is also included: Let k = n — 1. Then the
vector field n(x) and the (n — 1)-vector field £(x) are linked by the relation

f:nleg/\-~-/\en—ngel/\63/\~-~/\en+(—1)"nnel/\--~/\en_1.

A differential (n—1)-form is (again, but in a different way) represented by a vector
field g and

/91 dzo A -+ Adxy, — goday Adxg A--- Adxy,
Q

+ot (D" g day Ao Adayg = / g-ndo.
Q
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38.18. Change of Variable Formula. Let Q be an oriented k-dimensional
surface, £ a unit tangent k-vector field on Q0 and o a k-dimensional measure on
Q. Let ¢ : G — Q be a positive parametrization. Then for any differential form

w = Z wadTa, A ANdxg, ,
a€cl(k,n)

whose coordinates are in L1(Q,0) we have

w = Wo 0 @dpa, N+ Ndp
/p(G) /G Z) o oy ay

acl(k,n

:/ Z wa 0@ det(Va,, ..., Voa, )
G

a€cl(k,n)

Proof. The assertion is an obvious consequence of 34.19 and definitions. m

38.19. Example. We evaluate the integral of the differential form zdx A dy over the
sphere Q = {[z,y,2] € R3: 22 + y2 + 22 = 1}. We will use the parametrization ¢(t,a) =
[z(t, a),y(t, ), 2(t, a)], where

z(t,a) = cosa cost,
y(t,a) = cosa sint,
z(t,a) =sina,

1

t,a] € G := (0,27) x (—%w, 57) and the orientation is supposed to make ¢ positive. Recall,
that the uncovered part of the sphere has the (n—1)-dimensional measure zero. We have

dxr = —sintcosadt — costsinada,
dy = costcosadt — sintsinada,

dz = cosada.
Thus
/ zdz Ady = / sina(—sintcosadt — costsinada) A (costcosadt — sintsinada)
Q G

= / sin® a cos asin® t dt A da — sin? a cos a cos® tda A dt
G

/2
= / sin? a cos a(sin? t + cos? t) dt da = 27r/ sin? a cosada
G

—7/2
1 4
:27r/ wdu= —7.
1 3

38.20. Example. Let Q := {z € R*: x% + mg = :rg + xi =1, 1 > 0, z3 > 0}. Consider
the parametrization @(t) = [costy, sint1, costa, sinta], t € G := (=%, £)2. Suppose that the
orientation makes ¢ positive. Then

— sinty, 0
costy 0
Vo(t) = ’
w(t) 0, — sintg

0, cos to
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so that

9¢ , 9%

t) = sint; sinta e; Aes — sinty costae; Negy
ot1 3152( )

— costy sinta ez Aes 4 costy costaea Aeq

and

0 0
vo ( 80 BZO )(t Vsin2t; sin2ty + sin2t; cos2ty + cos2ty sin2 tg + cos2ty cos?te = 1.
2

(The expression under the root is the sum of squares of coordinates of the 2-vector 2 A 8—‘”.)

oty Oto
It follows that
&(z) = xomaer Nes —xax3e1 Neqg —x1Tae2 Aes +xi1x3 ez Aey

is a tangent 2-vector field. We can compute (taking into account the sign of ¢ only) for example

/ ry1dzo dry = / cost] det costi, 0 = / cos?t1 costs dt dts = .
Q G 0, costo a

38.21. General Stokes Theorem. Let Q@ C R"™ be a bounded oriented k-
dimensional surface with a Lipschitz k-boundary T'. Let w be a €' differential
k—1-form on a neighborhood of Q2. Then

oo

Proof. We present a proof for a differential form w of the form
W=wadZo, A ANdZa,_,,

where a € I(k—1,n). Using compactness of {2 and the definition of a surface
with a Lipschitz k-boundary we get open balls U(z1,71),...U(2m, rm) covering
Q, open sets G, C R* and bilipschitz mappings ¢,: G N H* — Q such that, for
each ¢ = 1,...,m, we have U(z,,7,) NQ = p,(G,NHE), U(z,,7,) NT = ¢,(G4N
OH" ), Pqlc,nur s a positive parametrization of QN U(zq,7¢) and ¢, nonr ©1

is a positive parametrization of I' N U(zq,r,). (Without loss of generality we
assume the case (a) of 37.17.) Let x, be Lipschitz functions positive on U(z,,7,),

m _
vanishing outside U (z4,7,) and satisfying > x4 = 1 on Q. (This is in fact a
q=1
partition of the unity, cf. 39.11. We can choose e.g. Xq(x) = max(0,7, — |z — 24])
and xq(z) = Xq(z)/ > Xi(x).) Let ¢ be fixed, U = U, and ¢ = ¢,. We define a
i=1

function 1 on R* by the formula
1 ift1 <0,

T](t): 1—1 if0<t1<1,
0 ift7 > 1.
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Let 1)1, ..., be Lipschitz function with a compact support on R* satisfying

P = (qua) 0P, Y2 =ar, -y Yk =Pay_, on G mﬁa
Y1 =0 onHEF \G,
wi(t):’(/)i(OJQ,...,tk), if0<t; <1.

The existence of these functions follows from McShane’s theorem 30.5. Applying
Corollary 35.3 to 01,2, . .., 1, we obtain

0= / det(v(nqpl)avavvqu/}k) dt
RF
- / b1 det(Vi, Vaba, ..., Vapy) dt +/ 1 det(Vp1, Vabs, . .., Vi) dt.
RF RF

The first integrand can differ from zero only on the strip {0 < ¢; < 1}, otherwise
Vn = 0. Fubini’s theorem yields

1
OYi\ k
—/ wl det(Vn,ng,...,Vwk)dt:/ (/ wldtl)det(aw )F.:Zdtg...dtk
Rk Rk 0 t] ©J

Ok
- /GmaHk U det( ot )i,j:g dto ... dtg

= / XqWw-
r

The second integrand vanishes on H* \G (where 1); = 0), on the strip {0 < t; < 1}
(where the partial derivatives d1);/0t; are zero) and for 1 > 1 (where Vn = 0).
Thus

/Rkndet(whwz,...,wk)dt:/ det(Veby, ..., Vo) dt

GnH*
= / d(xqw).
Q

Summing over ¢ = 1,...,m we get the desired equality. m

38.22. Example. Let Q:={zr ¢ R*: 1< x% +a:§ = a:% +J:?1 <4}, T :={r € R*: a:% +:1:§ =
22+ 22 = 1} U{z € R*: 22 + 23 = 22 + 22 = 4}. We want to verify that for a suitable
orientation, I is a Lipschitz 3-boundary of 2. Using the definition, we show this for the point
[1,0,1,0]. Set

<p(t) = [(1 — tl) costa, (1 — t1) sintg, (1 — t1) COSt3,(1 - t1) Sintg]7

teG:=(-1,1) x (—m, m)2. We have

— costa, —(1—t1) sinta, 0
— sinta, (1—t1) costa, 0
t) =
Velt) — costs, 0, —(1—t¢1) sints

— sints, 0, (1 — tl) costsg
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Hence we easily compute that VOl(%(t), g—é(t)) =1 (similarly as in Example 38.20) and

Oy Op Dy 2
vol(—=(t), —(t), —)(¥)) = V2(1 — #1)2.
(520 50, 52)®) = Va1 - 1)
Let the orientations of €2 and I' be chosen in such a way that the parametrization ¢ is positive.

We easily verify that the unit tangent 3-vector field £ on € has the form

1
&(z) = (a:lez/\eg/\e4—mzel/\egAe4—wgel/\ez/\e4+x4el/\ez/\e3)

2 24 2 2
V&1 ey + oy 4y

(which corresponds to the normal field

1
n(z) = [x1, 22, —x3, —x4],

y/x%+m§+x§+xi

see 38.19), and the unit tangent 2-vector field n on I" is

n(z) = a(a?g:u e1 Ne3 —Tarzel Aeg —x1xge2 Ae3 + 130 A 64),

where a equals —1/4 for a:% + 93% =4 and 1 for $% +:17§ =1.

38.23. Example. Let Q := {[z,y,2] € R3: 2 = /22 +y2 < %:p + 1}, T = {[z,y,2] €
R3: z=+/22+y2 = %x-{— 1}. (A part of the conical surface surrounded by an ellipse .) Choose
the orientation €2 in such a way that the z-coordinate of the normal is positive. The evaluation

of the integral fQ dy A dz is simplified when applying Stokes’ formula. We use the mapping

15 25 5 15 25 5
p(r,t) = [== + —r cost, i sint, \/(1—6 + Ty cost)? + (ZT sint)?2

16 ' 16

which is a positive parametrization; ¢((0,1) x (0,27)) covers 2 up to a set of two-dimensional
measure zero. The mapping ¢ : t — ¢(1,t), t € (0,27) is then a positive parametrization of
I‘\{[g,o7 %]} Since z = %J}-‘r 1 on I', we have ¢3 = %1/11 +1 and di3 = %dwl = —% % sin ¢ dt.

Thus )
s
.3.9
/dy/\dz:/ydz:—/ 53755in2td15:—ﬁ7r.
Q r o 4-5-16 64

38.24. Notes. The exterior multiplication was invented by H. Grassmann in the 19*® century.
See also 39.24.

39. INTEGRATION ON MANIFOLDS

A natural generalization of k-dimensional surfaces in R™ are manifolds. The
main difference consist in the fact that a surface is considered as a subset of R”
while in the case of manifolds we abstract from the embedding into R™. In this
chapter we also introduce notions which we omitted in the previous chapters like
the notion of the tangent space.

However, this chapter should not be understood as an introduction to the
analysis on manifolds. It contains only a direct way of presentation integration
theory. We do not give proofs which, in principle, are mostly the same as proofs
of analogous results of the preceding chapters.

Now, the whole theory could be built in the spirit of Lipschitz mappings like in
the last chapters. We hope that the reader welcome at least once the simplicity
of a €!-presentation.
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39.1. Manifolds. Let 2 be a metrizable topological space. A homeomorphic
mapping 4 of an open set U C  into R is called a (k-dimensional) chart (on
Q) provided p(U) is an open subset of R*. The domain U of the chart u will
be denoted by U,. A system </ of charts on Q is called a ¢*- atlas (on Q) if
{U, : p € o} is a covering of Q and all superpositions v o !, where p, v € &,
are of class €. In this case Q = (Q,.%7) is called a (k-dimensional) manifold of
class €*. If the order of differentiability of a manifold is not specified, then ¢ is
tacitly understood.

Let us emphasize that our manifolds are supposed to be metrizable which is not
always the case of other authors. Omitting this assumption we get some peculiar
examples which are not important from the point of view of applications.

If the set Q will be equipped by two different atlases ), %, we understand the
manifolds (2, ¢4 ), (2, 24) to be different. (Sometimes it is preferred to identify
manifolds whose atlases are in a sense equivalent.)

A set G C R* is identified with the manifold (G, {id}), where id is the identity
mapping on G.

Let (Q, o), (', ") be two manifolds (not necessarily of the same dimension)
and U C Q be an open set. We say that a mapping f : U — ' is of class €°*
(measurable, differentiable) at a point x € § if all superpositions v o f o u~!,
we o, v e are of class €* (measurable, differentiable) at (). A set E C Q
is called measurable if n(ENU,) is A-measurable for each p € o7, and a null set
it \(wW(ENU,)) =0 for each p € /. A homeomorphic mapping f is called a
diffeomorphism provided both f and f~! are €.

Notice the essential difference with the previous concept of a surface in R".
If Q is a subset of R™, then a metric and a linear structure induced on €2 gives
an easy way to a differentiation. Having a manifold, the only information about
the structure (except the topological one) is given by the atlas. Without the
knowledge of the atlas we are not able to decide whether a mapping of an open
subset of R* to the manifold is differentiable.

39.2. Embedding. Let (Q, %) be a k-dimensional manifold of class €. Let
f: Q+— R" be a diffeomorphism and f&/ = {uo f~!: u € o/}. The mapping f
is called an embedding of class € into R™ if (f(Q), f</) is again a manifold of
class ¢*.

Most frequently we meet the identical embedding of a manifold being itself
a topological subspace of R™. A possibility to introduce the structure of an
embedded manifold (an atlas) on a set 2 C R™ is to use coordinate charts z —
[Tays---sTa,], where a is a multiindex of {1,...,n}".
39.3. Orientation. Let & > 1. A diffeomorphism % of an open set G C RF
into R” is called positive if J;, > 0 on G, and negative if J;, < 0 on G. We say
that (Q,.2) is an oriented manifold, or that &7 is an oriented atlas on €, if all
superpositions v o =1, where u, v € o7, are positive.

Notice that to any oriented manifold (€, o/) of dimension k > 1 there exists a
manifold (£2,.%7) with an “opposite” orientation, where

M:{[_Ml,ug,...,ﬂk]: [le-wﬂk] 6%}
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We say, that a connected manifold (2, %7) of a dimension k > 1 is orientable
if there is an oriented atlas &/’ C & U /. A disconnected manifold is orientable
if all its connected components are orientable.

0-dimensional manifolds consist of isolated points. The orientation of such a
manifold is nothing else than the assignment of a sign plus or minus with every
of its points. Let (2, .47) be an oriented 0-dimensional manifold. If y € & and
z € Uy, then U, = {z} and p(z) = 0. If z is a positive point, then the chart p is
positive and conversely.

39.4. Tangent Spaces and Derivative of a Mapping. Let (Q, <) be a
k-dimensional manifold and z € Q. Let p € o7 be a chart whose domain contains
x, and ¢ = p~!. Then the tangent space T, to Q at the point z is generated by
vectors g—i(u(x)L ey gTi(;L(x)). If the manifold Q) is embedded into R", it is not
necessary to define these vectors since partial derivatives of ¢ are elements of R".
There is a lack of such an interpretation for abstract manifolds. To associate a
meaning with symbols %f(u(x)), we can imagine the following construction: The

e O(fop)

at, ot
of all functions on €2 which are differentiable in z. A tedious computation shows
that such a definition of a tangent space is independent of the choice of p.

Let (2, .#) and (#,.4#") be two manifolds (not necessarily of the same di-
mension) and f: 2 > #. lfx e 2, ye ¥, f(x) =y and [ is differentiable at
x, then the derivative of f at x is defined as the mapping which assigns with each
vector u € T, (%) the vector f'(z)u € T,(#'). Namely, if u = %(H(I))a where
€ M and p = p~t, we define f'(x)u = a(gigp)/(u(x)).

Let the k-dimensional manifold (2, /) be oriented p € o/ and z € U,,. The ba-
sis (uq, ..., ux) of the tangent space T, (Q) is called positive provided det(p'(x)uy,

S (x)ug) > 0, and negative if det(p'(x)uq, ..., 4 (z)ug) < 0. Notice that
neither of these notions depend on the particular choice of a chart.

39.5. Example. Let Q be the sphere {z € R™ : |z|? = 1}.

(a) The structure of an oriented manifold of class €°° can be formed on 2 by the atlas of

vector 52 (u(x)) is represented as the linear form f — on the vector space

the coordinate charts: & = {uq : ¢ € {—n,...,—1,1,...,n}}, where
pu1(z) = [z2,...,2zn), @1 >0,
p—i(z) =[—z2,...,2n], =1 <0,
pu2(x) = [z1,23,...,2n], x2>0,
p_o(z) =[-z1,23,...,2n], x2 <0,
pn(z) =[21,...,Zn-1], xn >0,
pn(x) =[-21,...,Tn-1], xn <O0.

(b) There is no atlas on © composed from a sole chart p. Indeed, 2 is compact, p is continuous
and thus p(92) should be compact as well. However, there are no compact open sets in R*~1.

(c) We find the tangent space at a point z € , for instance by means of u,, for z satisfying
&y >0, using ¢ = pn *. Thus, if G = {t € R*~1: |t| < 1}, then o(t) = [t1,...,tn—1,1/1 — |t|*],
t € G, and the tangent space at the point © = p(¢) is generated by the vectors

—t —tn— _
! _]=0,0,...,0,—21,...,0,...,0,1, —"=L ] =o,...,0,1,— 2"=1].

/17|t‘2 Tn /17|t‘2 In

[1,0,...,0,
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(d) Consider the mapping g: R? — R3 defined as g(z) = [$%7$%, V2 z122] and denote its
restriction to the unit circle Q2 in R? by f. Then f maps Q2 to the unit sphere Q3 in R3.
The derivative f’(z) maps a vector u € Ty(22) C R? to the vector f/(z)(u) € Tj(y)(923), and

f(z)(u) =g (z)u = ulaa—xgl(:c) + ug%(x) = [2u1z1, 2uaz2, V2u1w2 + v 2usm1].
39.6. Example. Let 0 <7 < R, and

{[z.y,2] € R®: (V2% + 4% — R)? + 22 =12}
be an anuloid. We will use the parametrization ¢q(s,t) = [z,y, 2], [s,t] € G4, where

z = (R+ rcoss) cost,
y = (R + rcoss) sint,
z =r sins,
G1 = (0,27) x (0,27),
G2 = (0,27) X (—m, ),

G3 = (_7‘-7 7T) X (01 271')7
Gy = (—m,7) X (—m, 7).
Then the atlas & = {apl_l, .. ,gozl} forms the structure of an oriented manifold of class €

on Q.
39.7. Example. Let Q = ¢(G), where G = (—1/2,1/2) x (=27, 27) and

t t t
p(s,t) =[(1 4 scos §)COSt, (14 scos E)sint7 ssin 5}

Then Q has the shape of the Mébius strip. Let o/ be the atlas of all €1 charts on Q. We will
prove that the manifold (€2, &) is not orientable. We have

costcos%, —sint—ssintcos% — %costsin%

’ N i t S Gintein t
¢ (s,t) = smtcisg, cost+scostcos§t—5smtsm5
int 5 cos &
sin Z, 5 cos g

Assume that there exists an oriented atlas &/ C . Let H = {[s,t] € G: det V(po¢)(s,t) >0
whenever 1 € @’ and ¢(s,t) € Uy}. Then using the connectedness of G it follows that H = G
or H=0. Let p € &', [-1,0,0] € U,. Then det(u o ¢) should have the same sign at the point
[0, —7] as at the point [0, 7], which leads to a contradiction.

39.8. Differential Forms. A differential k-form on an n-dimensional manifold
Q) is defined as a mapping w : x € Q +— w(z) € A*(T,(Q)). The calculation with
differential forms on manifolds is transferred into a calculation with differential
forms in R* by means of a pullback. Let G C R™ be an open set and ¢ : G — Q
a ¢! mapping. Let ¢ be a differential k-form on €. Then the differential k-form
©fw which is called the pullback of ¢ on G is defined as
(P)®), (o)) = (@(e®), (O Oue)), .. up € R
The pullback of a differential form on
w(x) = Z wa(m)duoa ASERRA d,uak (.Z‘)
a€cl(k,n)
is a differential form on G
o) = Y wale®)d(ta, © @) A+ Ad(pa, 09) (1),
acl(k,n)

which can be, of course, expressed in coordinates in R™ (see Example 39.10).
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We say that a differential form w on Q is of class € or measurable if the same
holds for its pullbacks (1~ !)fw, u € 7.

The differential of a differential k—1-form w is defined as a differential k-form
dw such that (= )¥dw = d((u!)fw) for each chart u € <. Every € differential
form has a differential (this is not entirely easy), and if Q is an open subset of
R", it coincides with the differential introduced in the preceding chapter.

If a manifold €2 is embedded into R", then any differential form

w= Z Wada, A Adza,
a€l(k,n)

on a neighborhood of €2 induces a differential form @ on €2, namely

B= Y wadia, A---Adia,
a€l(k,n)

where #; are the coordinate functions x — x; on €. Notice that w(z) € A¥(R™)
while &(x) € A*¥(T,(Q)). The space T, () can be understood as a subspace of R".
The difference is immaterial from the point of view of integration. Nevetheless,
a certain carefulness is recommended. Indeed, two different elements of A*(R™)
can coincide on T,(f2) so that a differential form on Q can have more distinct
descriptions in coordinates (related to R™). This phenomenon is demonstrated
by the next example.

39.9. Example. Let Q be the unit circle {[z,y] € R? : 224+ y? = 1}. Then z dz+y dy induces
the zero differential form on €.

39.10. Example. Let Q2 be the conical surface {x € R3 : z3 = /22 + z3}. Let u be the chart
which is the inverse to the mapping ¢ : G — Q, G = (0,1) x (0, 27), ¢(¢) = [p1(t), p2(t), p3(t)] =
[t1 costa, t1 sintg, t1], and let w(z) = x1 dza A dzs be the differential form on Q. Then

<pﬁw = ¢p1dpa Adps = t1 costa d(ts sinta) Adtp = (7t% cos? to)dt1 A dta.

39.11. Partition of Unity. Let (Q, %) be manifold. A system {x:}rco
of nonnegative functions of class €' on Q is called a partition of unity on
(subordinated to a covering {U,},cq) if for every 7 € J there is u € o/ such
that {xr > 0} C U, and, in addition, each point « € § has a neighborhood V" with

a finite set % C 7 such that x, =0 on V, provided 7 ¢ %, and > x, =1
TETY
on V. So, Y xr=1o0n and this sum is “locally finite”.
TET

The partition of unity exists, cf. 39.22.

39.12. Riemannian Metric. If we want to introduce a k-dimensional measure
on a manifold, the idea of copying the definition from R"™ is not the best one. An
analogy with the Change of Variable Formula of 34.19 is more straightforward. In
this case we need to define a volume of a k-tuple of tangent vectors. The definition
of a volume (if we omit the possibility of its axiomatic introduction) is based on
an inner product. If the given manifold is embedded into R™, on each tangent
space we have to our disposal an inner product from R™. In a general case we
need to consider an inner product on tangent spaces as an additional structure.
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Let (2, .#) be an n-dimensional manifold of class 4 and g a mapping asso-
ciating with every z € 2 a positive definite bilinear form g* on T (). Then
we can express g in coordinates with respect to a chart yu € .# in such a way
that for any vectors u, v € T,,(Z") we have

n
g"(u,v) = Z g ;Ui 0j,
3,J=1
where @; = pj(r)u and 9; = p(z)v. If all coordinate functions z — g7 ;, 4,j =
1,...,n, are continuous, we call g a Riemannian metric on £ . The structure
(2, M ,g) is called a Riemannian manifold. Any manifold of class €* admits a
Riemannian structure; it follows easily using the partition of unity.
39.13. Example. If 2 := {[z,y,2] € R :x = r cosz,y = r sinz, where r = /22 + y2}
is a helix, then 2 is a two-dimensional manifold. If we introduce a metric on Tis,y,-) by the

formula
gl®¥#(u,v) = Pu- Pv,

where P is the projection [z,y, 2] — [z,y], then we get a Riemannian manifold which does not
have an isometric embedding to R™. (The mapping P is of course locally an isometric embedding
into R? but globaly it is not one-to-one.) Such manifolds are useful in complex analysis, the
example demonstrates that non-imbedded manifolds are not only “useless abstractions”.

39.14. Example. Let Q be an open unit circle in R?. Set
j|?

Then g is a Riemannian metric which gives the shape of a hemisphere to the manifold Q.

g (u,v) =u-in+ , z€e, u,veR2

Indeed, the mapping f : z — [ﬁl,CEQ,q/i% +x§] which maps 2 to the “actual hemisphere”
F(X) (endowed with the Euclidean inner product) preserves the inner product. Namely, for all
u,v € R? and = € Q we have

(f' @) - (f'(2)v) = 8" (u,v),

hence f is an “isometric mapping”. On the other hand, Q is not isometric to any open subset of
R2 (it is not possible to “make the hemisphere flat”). From the geometrical point of view, the
shape of the manifold expressed by the Riemannian metric is more important than the original
“underlying space”.

39.15. k-dimensional Measures on Riemannian Manifolds. Suppose that
(2, ,g) is a Riemannian manifold, z € 2" and (u1,...,ux) € (T.(Z))*. We
define a volume of this k-tuple of vectors similarly as in 34.10:

vol(uy, ..., ug) = det(g” (u, uj))ﬁjzl.

This immediately introduces also the volume of a linear mapping L : RF —
T.(Z). Let o be a measure on the o-algebra of all measurable subsets of 2 .
We say that o is a k-dimensional measure on X if for each y € &/ and each
measurable set I/ C U, we have

oF = / vol/(t)dt, where ¢ =p"".
P~ H(E)

Since the integral does not depend on a particular choice of u, the partition of
unity leads to the existence of a “k-dimensional measure” on a k-dimensional
Riemannian manifold.
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39.16. Integration of Differential Forms on Riemannian Manifolds. Let
(Q, <7, g) be a k-dimensional Riemannian manifold. We define the unit tangent
k-vector £(x) to Q at a point z € by the formula

[ IANAN T4X

§(x) =

vol(uq, ..., ug)’

where (uq,...,ux) is a positive basis of T,,(Q2) (the definition does not depend
on the choice of the base). Now, we can introduce the integration of differential
forms by means of integration by k-dimensional measure o on (2 similarly as we
have proceeded in 38.16: Namely, if w is an integrable differential form on (2, then

Jo=[ @ow

39.17. Example. We evaluate the integral

/ T2 d
0.7
Q Vart +5r2 +1

where r = ‘/x% +m%, Q:={x € R*: 21 = rcosxy, 2 = rsinzy, x3 = r2, x4 € (0,7), r €
(0,1)} and o is a two-dimensional measure on 2.

Let (es,et) be the canonical basis of R? and (e1,...,es4) the canonical basis of R*. The
manifold © will be parametrized by the mapping ¢(s,t) = [scost, ssint, s2, t], [s,t] € G :=
(0,1) x (0,7). We introduce the structure of an oriented manifold on Q by the atlas {¢~1}.
Denote L = ¢'(s,t), w = Les A Let. Then

C0s ' ot
:[27 2727'7 0]/\[_172’:1:11071]
T T

1 T2
=reiNex+2rrzae; ANes+ —e1 Neqg —2rxiea ANes + —ea Neqa + 2re3 Aea,
r r

e} O
w=22 A sD(s,t) = [cost, sint, 2s, 0] A [—ssint, scost, 0,1]

and ) )
lw|? = 12 4 4r?23 + % +4r?2? + % +4r® =4 + 502 + 1.
r r

For the unit tangent k-vector we have

the integrand is expressed as

rIo 1

m 2 (dz1 Adas, £),

and thus

1
/mizdazf/dxl/\dxfg
Q Vartd +5r2 +1 2 Ja
1

2
:7/(costds—ssintdt)/\Qsdsz/ s? sintdsdt = =.
2 Ja G 3

39.18. Integration on General Manifolds. The definition 39.16 is a logical
conclusion of the approach of the preceding chapter, where the presence of the
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inner product was quite obvious. Nevertheless, for the purpose of integration of
differential forms on manifolds neither Riemannian structure nor a k-dimensional
measure are needed. Indeed, we can realize that the integral expressions given
by the Change of Variable Formula do not depend on these structures. In the
general case we can proceed as follows: Let (2,%) be a k-dimensional oriented
manifold. Let w be a measurable differential k-form on &/ and F a measurable
subset of . The integral | pw is defined in two steps: First, assume E C U, for
some p € . Then we define

fw= / e

From the Change of Variable Formula it follows that this integral (if it makes
sense) does not depend on the choice p.

The second step is based on the partition of unity. Let {x,}-co be a partition
of unity on (2, «7).

For any measurable set £ C 2 denote

I(E) = / Xrw
7;9 En{x,.>0}

(the expression I(E) does not necessarily makes sense). We say, that the integral
S g w converges, or that the differential form w is integrable on E if for any mea-
surable set E' C €, the expression I(E’) makes sense and it is a finite number,
and for any sequence {E,} of parwise disjoint measurable sets E, C E, the series

o0

> I(E,)

converges (absolutely). If the integral [ W converges, we set

Lw:um.

Since we were careful enough, the value of such a defined integral depends neither
on the “partition” of E, nor on the partition of unity. On the other hand, it
depends on the orientation of : The reverse orientation forces the converse of
the sign of the integral.

Let G C R* be an open set and ¢ : G — Q a diffeomorphism. We say, that
p is a positive parametrization if all superpositions p o ¢, p € o7, have a positive
Jacobian. For positive parametrizations the following change of variable formula

iS Valid:
/ /

provided either of these integrals exists.
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39.19. Example. Let Q be the set of all decreasing solution of the differential equation

z'(s) — (I;((SS)))Z = 0 satisfying the condition 0 < z(0) < 1. Let & = {u: @ — R2: there are a,
b € R, such that a < b and u(z) = [z(a), z(b)] for all z € Q}. Then (9, .o7) is a two-dimensional
oriented manifold and ¢ : t — 25?1t € (—00,0)2 is a positive parametrization of Q. The
tangent space T3 (), z = p(t), is representable as a two-dimensional vector space of functions
generated by the functions gT“‘i(t) 15— el2stt and gT";(t) 1 s +— set2stt For each 7 € R,
let &7 be the function on Q defined as e-(x) = z(7). Then w := deg A de is a differential form

which associates with w1, uz € T;(2) the number

det (“1(0)’ “2(0)) .

u1(1), wu2(1)
We have

Ofw=d(efr) Ad(efrT2) = et dig A (1182 dty + ef1 T2 diy)
= 2112 qg) A dig,

so that

/ w = / e2t1ttz dti dts = 1
2 (=00,0)2 2

39.20. Introduction to General Stokes’ Theorem on Manifolds. Let
(Z',4/) be a k-dimensional oriented manifold and Q UT be a compact subset
of Z'. Let (I', #) be a (k — 1)-dimensional oriented manifold. We suppose that
for each point z € Q U T there exist an open set G Cka7 a neighborhood U
of the point z and a homeomorphic mapping ¢ : G N H* — QUT, such that
2z € (0H*), o(GNHF) =QNU, o(GNOH* ) =T'NU and one of the following
cases occurs:
(a) ¥|grm+ 1s a positive parametrization of 2 N U and ¢|grggr ©1 is a positive
parametrization of TN U.
(b) ¢jcnm+ 1s a negative parametrization of QN U and ¢jgnom+ ©1 is a negative
parametrization of TN U.
(Recall that, by the conventions of this chapter, any parametrization is a dif-
feomorphism.)

39.21. General Stokes’ Theorem on Manifolds. Letw be a €' differential

(k—1)-form on Z". Then
/w = / dw.
r Q

39.22. Existence of the Partition of Unity. Let (2,) be a k-dimensional (topological)
manifold. We introduce a temporary term of an admissible family of functions for a system
{fr}+e 7 of nonnegative functions on Q which satisfies the following conditions: For every 7
from the index set . there exists p € .o such that {f- > 0} C Uy, and f- op~! is an infinitely
differentiable function. Further, each point z €  has a neighborhood V with a finite set
Jy C . such that fr =0 on V provided 7 ¢ Jy. The only requirement on partition of unity
being not satisfied by an admissible family of function is that the sum is 1. However, if {fr} . c &
is an admissible family of function whose sum S is positive, then {f;/S} c # is a partition of
unity. Its quality depends on the quality of the atlas. If the atlas o7 is €, or locally Lipschitz,
then also the partition of unity will have the same property.
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In the next step let K C W be subsets of 2, K compact, W open. We show that there is
an admissible family of function (even a finite one) whose sum is positive on K and vanishing
outside W. For each point a € K we find pq € & and a radius rq4 > 0 so that a € Uy, and
B(pa(a),2ra) C pa(Up, NW). Now set

fula) = { M/ (ra@ e @) it o € i (Upa o), )

in remaining cases.

Then {{fs > 0} : a € K} is a covering of K and taking into account the compactness of K we
can select a finite set {fa;,..., fa,, } forming an admissible family of functions, whose sum is
positive on K. We have yet solved the existence of the partition of unity provided 2 is compact.

Recall that, by our definitions, 2 is a metrizable space. If 2 is connected, then the Topological
Lemma 39.23 yields the existence of compact sets K, and open sets Wy (¢ € N) such that
oo
Ky C Wg, Q = |J Ky, and each point has a neighborhood which intersects only a finite
q=1
number of sets Wy. For each couple (K4, Wy) we find an admissible family of functions by the
preceding procedure. The union with respect to ¢ will be an admissible family of functions
whose sum is positive on 2. This solves the existence problem if Q is connected. If 2 is not
connected, then its topological components are connected submanifolds 2. By a simple “union”
of partitions of unity on components we obtain the partition of unity on .

39.23. Topological Lemma. Let (P, p) be a connected locally compact metric space. Then
there exists a sequence {Kq} of compact subsets of P and a sequence {Wy} of open subsets of

oo

X such that X = |J K4 and each point P has a neighborhood intersecting only finitely many
g=1

sets Wy.

Proof. We may assume that P is not compact, for otherwise there is nothing to prove. Further,
we consider an equivalent metric in which P is bounded. Given x € P, there is a radius r(z)
such that B(z,2r(z)) is compact and B(z,4r(x)) is not compact. We construct recursively a
sequence {Vy} of open relatively compact subsets of P. Choose 29 € P and set Vi = U(xo, 2r9).
Assume that Vi, ..., V, were already constructed. Thanks to compactness of Vj it follows that
there is a finite system {U(z;,7;)} of balls selected from {U(z,7(z)) : * € V4} such that it
covers V4. Set Vgy1 = JU(zj,2r;). The resulting sequence satisfies Vi C V1. We prove
J

o0
by a contradiction that V := J V; = P. Suppose V # P. Since P is connected, there exists
q=1
2 € 9V. Set R =r(2)/3, find x € U(2,R) NV and q such that = € V. Further find y € V and
r = r(y) such that € U(y,r) and U(y,2r) C Vg41. Since z ¢ V, it follows that p(z,y) > 2r.
‘We have
2r < p(y,2) < p(y,2) + p(z,2) <7+ R,

thus r < R. If t € B(y,4r), then
p(t,2) < p(t,y) +p(y, 2) <4r+r+ R <6R,

so that B(y,4r(y)) C B(z,2r(z)). This is a contradiction, because the ball B(y,4y) is not
compact and the ball B(z,2r(z) is compact. We have proved that V = P. To finish the proof it
is enough to set K1 = V1, Wi = Vo, Wa = V3, Kq = Vq\qul forg > 2and Wy = Vi1 \V1172
forg>3. 1

39.24. Notes. The modern theory of manifolds is based on ideas of G.F.B. Riemann.

The roots of the topics of Chapter G go back to the 19*" century and are connected with
famous names of outstanding mathematicians. From an extensive bibliography we recommend
M. Berger and B. Gostiaux [*1988], L.Bocek [Bog], I. Cerny and J.Maiik [CMII], H. Federer
[*1969], W. Fleming [*1965], O. Kowalski [Kow], L. Krump, V. Soucek and J. A. Tésinsky [KST],
F.Moran [*1988], R. Sikorski [Sik], L. Simon [*1983].
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H. Vector Integration
40. MEASURABLE FUNCTIONS

In many branches of analysis we need to integrate functions having values in
vector spaces. Throughout this chapter we consider the case when (Q,.7,u) is
a measure space and X is a Banach space. Having a mapping f from  to X
(a“vector function”) we would like to define an integral [, fdu in a reasonable
way. In principle, there are two possibilities:

(1) to utilize real (or complex) case arising by a composition ¢ o f where ¢
varies over the set of all functionals of the dual space X*,

(2) to try to choose an appropriate definition of the Lebesgue integral suited
for the vector case.

Note that both methods are also common in other branches of analysis.

In this rather short and informative chapter we will follow both ways of defining
vector integrals. Note that basic knowledge of main topics of functional analy-
sis (like the Hahn—Banach theorem, the Riesz-Fréchet representation theorem of
bounded linear functionals on Hilbert spaces, or the notion of a reflexive space)
is necessary for a good understanding of vector integration.

It seems that the first attempt to define a vector integral of the Riemann type is
due to Graves in 1927. His definition is only a suitable modified original Riemann
definition and its main idea is explained in Exercise 43.7.

In what follows, X will denote a Banach space and (Q,.7, u) will be a measure
space, where p is supposed to be a complete probability measure (u) = 1).
First of all we concentrate on the notion of measurable functions.

40.1. Measurable Functions. A function f: Q — X is termed

— simple provided there exist z1,...,x, € X and E1,..., E, € .% such that
f = ZZ z iCEiv
— measurable if there exists a sequence {f,} of simple functions such that
lim f,,(w) = f(w) for p-almost all w € N (i.e. if f,(w) converge to f(w) in
the norm of the space X for p-almost all w € Q),
— weakly or scalarly measurable if functions ¢ o f are measurable for each
continuous linear functional ¢ € X*.
40.2. Remarks. 1. Note that we defined measurable functions according to the char-
acterization given in Exercise 5.7. It is clear that the common definition of measurability
{w € Q: f(w) < a} € & for each oo € X) cannot be used in the case of vector functions.
There are other equivalent definitions of measurability of real functions like those in Exercise
36.a ({w € Q: f(w) € B} € & for each open, or Borel set B C R, respectively) suited to
the case of vector functions. Having the last definition in mind the class of all “measurable”
functions coincides with the class of all measurable functions (and also with the class of all
weakly measurable functions according to Pettis’ theorem) provided X is separable. In a non-
separable case the sum of two “measurable” functions according to the last definition need not
be even “measurable”.
2. Assume f, are measurable, f, — f p-almost everywhere and A € R. Prove that the
functions f1 + f2, Af1, f are also measurable. The same is true for weakly measurable functions.

The relationship between measurable and weakly measurable functions is de-
scribed in the next theorem.
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40.3. Pettis’ Theorem. A function f : Q — X is measurable if and only if
f is weakly measurable and there is a p-null set E € . such that f(U\ E) is a
separable subset of X. In particular, if X is separable the notions of measurability
and weak measurability coincide.

Proof. Suppose fi are simple functions, u(E) = 0 and fr — f on Q\ E. Since
f(Q\ E) is a subset of the closure of | J fx(Q2) and fx(Q) are finite sets, it follows
that f(Q\ E) is separable.

The proof that ¢ o f is measurable provided ¢ € X* is easy. Indeed, the
assertion is true if f is a simple function and for the general case we pass to the
limit.

Now assume that f is weakly measurable and that the set f(Q2\ F) is separable
for E € ., uE = 0. In the first step of the proof we show that the function
w — || f(w)] is measurable. To this end let {x,} C f(Q\ F) be a dense countable
set. Using the Hahn-Banach theorem there are ¢, € X* |¢n| = 1 such that
©n(xn) = ||, ]|]. It remains to show that

I (@)l = supfen(f(@)]

for each w € Q\ E. Obviously, |p,(f(w)| < |lenll - If (@) = ||f(w)||. To prove
the reverse inequality, let w € Q\ E, n € N and ¢ > 0 be given. There is ,, such
that || f(w) — zn|| < e. Then

HIFI = en(flDl < TIF@I = llzall [+ | Hlznll = on(zn)]
+ len(zn) — on(f(W))]

<NF (W) = zall + [en(zn = f(w))]

<etllenl - llzn = FlW)|| < 2e.
Similarly, we can prove that the functions g, : w — || f(w) — z,|| are measurable.
Now fix k € N, put E*¥ = {w € Q: g, (w) < %} (obviously EF € .#) and define
r, if weEF\U
0  otherwise.

k
j<n Ej ’

hy(w) = {

If w e Q\ E, then || f(w) — hg(w)|| < 7. Thus, we have shown that there is a
sequence {hy} such that hy — f p-almost everywhere and each function Ay, has a
countable range. Since such functions are measurable, the assertion easily follows.
]

To get a good understanding of vector integration we introduce examples. Be-
fore proceeding let us agree on the following notations:

— ¢o is the Banach space of all real sequences x = {z,} satisfying x,, — 0
equipped with the sup-norm ||z|| = max,, |z,],
— P, 1 < p < oo is the space of all sequences z = {x,} for which ||a:||p =

(Z |$n‘p) 1/p < o0,
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— 1*° will denote the space of all bounded sequences x = {z,,} equipped with
the norm ||z|| , := sup,, |zn|,

— 12([0,1]) is the Hilbert space of all real functions f on [0,1] vanishing off
a countable set such that >, 4 |f(t)]* < oo, equipped with the inner

product (f,g) = >, f(t)g(?).

40.4. Example. Consider X = [?([0,1]) and the measure space ([0,1], 99, \). Let {e¢ : ¢t €
[0,1]} be the usual orthonormal base of X (e¢(z) = 1 for z = t, et(x) = 0 otherwise). Define
the mapping f: [0,1] — X as f(t) = e;. If ¢ € X*, the Riesz-Fréchet representation theorem
on Hilbert spaces implies the existence of a uniquely determined a € X such that ¢(z) = (z,a)
for every « € X. Hence ¢(f(t)) = (et,a) = a(t) and the set {t € [0,1] : (e, a) # 0} is countable.
We can see that ¢ o f = 0 almost everywhere and therefore f is a weakly measurable function.
On the other hand, ||e; — es|| = /2 for t # s. It follows that f([0,1]\ E) = {e::t € [0,1]\ E}
is separable if and only if the set [0,1] \ E is countable. Thus, there is no set E C [0,1] of
measure zero for which f([0,1] \ E) would be separable and Pettis’ theorem implies that f is
not measurable. (Further examples can be found in Exercises 43.7.e and f.)

40.5. Notes. The theory of vector measures and integration was developed in an essential
way during 1930’s. Famous Theorem 40.3 appears in B.J. Pettis [1938].

41. VECTOR MEASURES

In this chapter we touch briefly on measures whose values are in a given Banach
space X. Before doing this we take notice of a convergence of series in Banach
spaces.

41.1. Absolute and Unconditional Convergence. Let {x,} be a sequence

o0
of elements of a Banach space X. We say that a (formal) series > x; = > a; is
i=1

n o0 n
— convergent if there is a limit lim > x; (we write > a; = lim Y 2;),
noi=1 i=1 nog=1
o0
— absolutely convergent if > ||z;]| < +o0,
i=1
— unconditionally convergent to x € X if ) xp() = x whenever P is a
one-to-one mapping of N onto N.

Each absolutely convergent series converges (X is a complete space !) even
unconditionally. On the other hand, every unconditionally convergent series
converges absolutely provided dim X < +oo (Riemann’s theorem) while in in-
finite dimensional spaces this assertion is no longer true (consider the example
zn, = (0,...,0,2,0,0,...) € co).

In what follows, (Q,.7, 1) will stand for a fixed measure space and X a given
Banach space.

41.2. Vector Measures. A vector-valued set function F : . — X is called an
additive (o-additive) vector measure if F()) = 0 and

for every finite (countable) sequence of pairwise disjoint sets E,, € .. In case of
o-additive measures the convergence of a series in the definition is understood in
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the sense as above. Realize that this convergence is even an unconditional one.
Any o-additive vector measure will be shortly called a vector measure.
41.3. Examples. In all examples, (Q2,.7, 1) stands for the measure space ([0, 1], 9, \).

1. If X = LP([0,1]), 1 <p < oo,and F : E — cg for E € M, then F is a o-additive vector
measure.

2. Let L be a continuous linear operator from L![0, 1] into a Banach space X. If F(E) := L(cg)
for E € 9, then F is again a o-additive vector measure. Indeed, a moment’s reflection shows
that

oo n [e o] o0
1P EN =D FENI=IFCJ ENI<A U EDILI.

j=1 j=1 j=n+41 j=n+1
3. Let T : L*°[0,1] — X be a continuous linear operator, F'(E) := T(cg) for E € 9. Then F'
is an additive vector measure which may not be o-additive. To see an example, let T" be the
Hahn-Banach extension of the functional ¢ :  — m(%) from €0, 1] to L°°[0,1] (notice that
X =R))
41.4. Absolute Continuity. An additive vector measure F' : Q — X is said
to be absolutely continuous with respect to a measure p on . if for any £ > 0
there exists 0 > 0 such that ||F(E)| < & whenever uE < 4.

41.5. Theorem (Pettis). A o-additive vector measure F' on .7 is absolutely
continuous with respect to a finite measure p on . if and only if F(E) = 0
whenever pE = 0.

Proof. The necessity is obvious. For the proof of the converse we can use analo-
gous reasoning as in Exercise 8.22.b: We assume the existence of an ¢ > 0 and a
sequence {E, } C . for which

|F(E,)| >e and wpE, <2™™

To reach the contradiction consider compositions ¢ o F' where ¢ € X*. Now to
complete the proof we need “uniform” estimates with respect to ¢ and this is
more difficult than the conclusion in Exercise 8.22.b. m

41.6. Exercise. Let u be the counting measure on N and X = [2. Show that F : E —
{%CE (n)}, E C N, is a o-additive vector measure.

41.7. Variation of Vector Measures. Let F': Q — X be a vector measure. According to
Theorem 6.9 we define the variation of F' as

n n
|F(E)| :=sup{>  [IF(Ap)[|: Ax € &, A;nA; =0 fori#j, | ) Ax = E}.
k=1 k=1
If |F(Q)| < +o0o, we say that F' is a vector measure of bounded variation.
(a) Show that the variation of a vector measure is a (nonnegative) measure.

(b) Examine vector measures of the previous examples and decide whether or not they are
of bounded variation.

42. THE BOCHNER INTEGRAL

42.1. Bochner Integral. We say that a vector function f: Q — X is Bochner
integrable if it is measurable and there exists a sequence of simple functions {f,,}
such that fQ If = full dp — 0.
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A few remarks should be now added. Recall (cf. the proof of Pettis’ theorem, or
Exercise 42.5) that (real) functions ||f — f,|| are measurable. Further, the above
limit lim [ f, du exists for any B € . since X is complete and the estimates

TR

hold. Note also that [, ¢ du := > z;u(E; N B) when ¢ = " zicp, is a simple
function and that this definition does not depend on the expression of ¢ as Y z;cp,
which is not unique.

Moreover, if [, ||f — fall — 0 and [, ]|f —gnl — 0, B € ¥ (where f,,g,
are simple functions) then lim | g fo =1lim / 5 9n (consider the sequence fi, g1, fo,
gz,... )

Now if f is Bochner integrable, B € . and {f,} is a sequence of simple func-
tions satisfying [, || f — full — 0, the limit lim [}, h,, dp exists and is independent
of the sequence {h,,}. This limit (which is an element of our Banach space X) is
called the Bochner integral of f and it is denoted by [ 5 J du. The fundamental
characterization of Bochner integrable functions is given in the next theorem.

42.2. Theorem (Bochner). A measurable function f : Q — X is Bochner
integrable if and only if [, || f]l du < oo (i.e. exactly when the (real) function | f||
is Lebesgue integrable).

g/Ban—ka S/Qan—fHJrllfk—fll

Proof. If f is Bochner integrable, then || f|| is measurable (cf. Exercise 42.5). Now
the assertion follows from the estimates

Juans f1r=si+ fus

where {f,} is a sequence of simple functions satisfying [ ||f — fn| — 0.

For the converse, suppose || f|| is integrable. There are simple functions f,
tending to f pu- almost everywhere. Set

gn(w) = { fa(w) 3 [ fa(@) < 2[F @)

0 otherwise in ().

Obviously, g, are again simple functions. Moreover,

lgn @)l < 2[[f (@), [If(w) = gn(@)Il =0

for p-almost all w € Q. Since

1F(w) = gn (@) < 1F @) + llgn (@)l < 3 f (@),

an appeal to the Lebesgue dominated convergence theorem 8.13 shows [ || f — gx||
—0.m

Denoting -#+ (or, more precisely, -Z% (2, %, 1)) the space of all Bochner inte-
grable functions we see that f € £+ if and only if || f|| € £*. Basic properties of
the Bochner integral are summarized in the next theorem.
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42.3. Theorem. (o) If f € L% and E € .7, then || [, f| < [ IIfII-

(b) The space L equipped with the norm ||g|l; = [ gl dp is complete. In
other words, identifying functions which are equal p-almost everywhere, £ is a
Banach space.

(¢c) If F(E) := [, fdu denotes the indefinite Bochner integral, then F is a o-
additive vector measure absolutely continuous with respect to p. Moreover, if
{E,} is a sequence of pairwise disjoint sets from 7, then the series ) F(Ey)
converges absolutely.

Sketch of the proof. (a) Using the triangle inequality, the assertion is true for
simple functions. For the general case, pass to the appropriate limit appealing to
the Lebesgue dominated convergence theorem (which is valid even in the vector
case).

(b) The proof is the same as in the case of real functions.

(¢) Without any difficulty you can show that the indefinite Bochner integral is
(finitely) additive. If E,, € . are pairwise disjoint, then the series > F(E,,) is

absolutely convergent (3 [F(E.)| < X [ £l = s, 1 Ji 17 < +00) and

oo k oo
1EC(U o) = D2 F@E| = [1FC U Eal-
n=1 n=1 n=k+1

The assertion now follows since h,?lﬂ( U E.) = 0 and the measure E —
n=k+1
S5 I f|l dp is absolutely continuous with respect to p (Exercise 8.22.b). Indeed,

given £ > 0 there is > 0 such that || [, f|| < [, If]| < & whenever uE < 4. m

42.4. Remark. We have just seen that the indefinite Bochner integral E — fE fdu is a
o-additive vector measure which is absolutely continuous with respect to p. Moreover, it is
simply checked that this measure is of bounded variation. As in the real case, a question arises
whether each o-additive X-valued vector measure of bounded variation which is absolutely
continuous with respect to p can be expressed as an indefinite Bochner integral of a Bochner
integrable function. Thus there is a question whether or not the Radon-Nikodym theorem holds
for vector measures. The answer is negative. The vector measure of Example 41.3.1 is absolutely
continuous with respect to Lebesgue measure, in case of p = 1 it is of bounded variation and
still it is not the indefinite Bochner integral of any Bochner integrable function.

We say that a Banach space X has the Radon-Nikodym property (shortly, RNP) if the Radon—
Nikodym theorem holds for any X-valued vector measure. More precisely, whenever (Q,., )
is a probability measure space and v: . — X is a vector measure of bounded variation which
is absolutely continuous with respect to u, then v is an indefinite Bochner integral of a Bochner
integrable function.

Consequently, the space L1[0, 1] does not have the RNP. Neither do the spaces cg, °°, ¥ (K)
(K infinite compact) have the RNP. On the other hand, any reflexive Banach space has the
RNP.

42.5. Exercise. If f:Q — X is measurable, then the real function || f|| is measurable. (In
fact, we proved this assertion in the course of the proof of Pettis’ theorem 40.3.) Prove this
assertion directly.

Hint. The assertion is obvious for simple functions. Now, if f, are simple and f, — f p-almost
everywhere, it follows that || fn| — ||f|| p-almost everywhere.
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42.6. Exercise. Let f, g be measurable functions, ||f|| < ||g|| p-almost everywhere and let g
be Bochner integrable. Show that f is Bochner integrable.

42.7. Exercise. Show that the indefinite Bochner integral is a vector measure of bounded
variation.

42.8. Notes. The Bochner integral was studied by S.Bochner [1933] and N. Dunford [1935].
Today, it is used as a tool in function spaces theories, when examining evolution PDE’s and
differential equations in Banach spaces, or in some problems of the geometry of Banach spaces.

43. THE DUNFORD AND PETTIS INTEGRALS

Most of this chapter is devoted to weak integrals in Banach spaces. Next
Dunford’s lemma seems to be of a great importance.

43.1. Dunford’s Lemma. Given a vector function f : Q — X such that
pofe LY u) for every p € X*, then for any set E € .7 there exists an element
Lg € X** such that

Le(p) :/wadu
for each ¢ € X*.

Proof. Obviously, f is weakly measurable. Fix F € . and define L : ¢ —
/ geo ffor p € X*. Without doubt Lg is a linear functional and we have to
show that Lg is bounded. To this end, define the mapping T : ¢ — ¢ o (fcg)
(X* — ZY(u)). We will finish the proof by showing that T has a closed graph.
Indeed, then the closed graph theorem implies that 7" is bounded (the spaces X*
and L'(p) are complete !) and

/Echf‘= /Q@O(ch)

which shows that Lp € X**.

Now let us see why T' is closed. Assume that ¢, — ¢, Tp, — g. By Theorem
12.4 or Exercise 10.9 we can find a subsequence {¢,, } such that Ty,, — g p-
almost everywhere (i.e. ¢, o(fcg) — g p-almost everywhere). Since p,0(fcg) —
¢ o (feg) everywhere, it follows that g = ¢ o (feg) p-almost everywhere and we
see that T =g¢g. m

43.2. Weak Integrals. A vector function f: Q — X is said to be Dunford
integrable (or, weakly integrable) if ¢ o f € £*(u) for each ¢ € X*. The element
Lp € X*™ whose existence is guaranteed by Dunford’s lemma is called the Dunford
integral (according to some authors also the Gelfand integral) of f on E. Thus
L is the Dunford integral of f if

ILe(p)l = <llwo(fer)lly = ITely < I llell

LE(go):/cpofd,u for each e X™*.
E

If even Ly € X for each E € . (or, more precisely Ly € ¢X C X** where ¢
denotes the canonical embedding of X into X**), then f is called Pettis integrable.
Thus Pg € X is the Pettis integral of f over E if

ga(PE):/cpofd,u for each ¢ e X™*.
E
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Instead of Lp we will use the notation (D) [}, f (remember that Lg is an element
of X**) while Pg (an element of X) will be denoted by (P) [, f.

Both integrals can be identified provided X is reflexive.
43.3. Example. Let X = ¢, (Q,.%,u) = ([0,1], 9%, A) and f: [0,1] — co be defined as

F(t) = {ceo,1)(#), 2¢c(0,1/2)(t); 3co,1/3)5 -+ }-

For each ¢ € (co)* there is a sequence {an} C I! such that ¢(z) = > anx, whenever x =
n

{zn} € co. Then one has (the Lebesgue integral in consideration!)

1 1 1
/0 lpo fl :/0 ‘Z annc(o,l/n](t)’ dt < Z/O lan| neo,1/m) = Y lan| < +oo.

It follows that f is Dunford integrable. Since

1 1
| eor= [ Sauncoim=3an.
0 0 n n

we see that (D) fol f ={1,1,1,,...}. Therefore the Dunford integral of f is an element of

[ = (IY)* = (co)** determined as a functional ¢ ~— > ay. Consequently, f is not Pettis
n
integrable.

Show that
1/n 1/n 1/n 1 2 n

(D)/ f:/ goof:/ Zaiic[oyl/i]:fa1+fa2+--~+fan+an+1+....
0 0 0 1- n n n

It follows that y
1/n 1 2
(D)/ f:{717)"'7271)1717"'}€l00
n n n

0
1/n
o [ ],

43.4. Remark. Having in mind the last example, notice that the indefinite Dunford integral

and

F:E»—»(D)/Ef,Ee‘,m

is not absolutely continuous with respect to the Lebesgue measure (A[0,1/n] = 1/n — 0 in spite
of H(D) fol/" fH = 1). Moreover, the vector measure F is not o-additive.

The next theorem characterizes Pettis integrable functions among those which
are Dunford integrable.

43.5. Pettis’ Theorem. For a measurable Dunford integrable function f: Q —
X the following assertions are equivalent:
(i) f 14s Pettis integrable,
(ii) the indefinite Dunford integral of f is a o-additive vector measure,
(iii) the indefinite Dunford integral of f is absolutely continuous with respect
to L.
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The proof of this theorem makes use of deeper theorems of functional analysis and
is beyond the scope of this manuscript. m

Many problems dealing with vector integration are subtle and need a deeper knowledge of
Banach spaces theory. This is also the case of the next remarks. The reader is referred, for
example, to J. Diestel and J.J. Uhl [*1977] or L. Misik [*1989].

43.6. Remarks. 1. Any Bochner integrable function is also Pettis integrable and both
integrals coincide on sets of ..

2. Moreover, the following theorem holds:
Let f : Q — X be a measurable Pettis integrable function. Then f is Bochner integrable if
and only if the indefinite Pettis integral of f is a vector measure of bounded variation.

3. The space cg is exceptional: If X does not contain a copy of ¢ (i.e. there is no subspace of
X topologically and algebraically isomorphic with cg), then any measurable Dunford integrable
function is Pettis integrable.

4. Let f : Q@ — X be a measurable function. There are z,, € X and E, € % such that
OO
f= > @ncg, almost everywhere. Then
n=1
f is Pettis integrable if and only if the series Y znu(En N E) is unconditionally convergent
for any F € .&,

f is Bochner integrable if and only if the series Y xnu(En N E) is absolutely convergent for
any E € .&.

5. Let C be a compact subset of a Banach space X. Let u € .#1(C) be a probability Radon

measure on C. (For any A C X we denote by ¢6A the smallest closed convex subset of X

containing A. It is simply checked that ¢6A equals the closure of the convex hull of A.) There

exists a unique z € coC so that ¢(z) = [¢du for any ¢ € X*. This z is called the barycenter
C

of u. How is this related to the Pettis integral? The answer is simple. When defining f(z) = «
for z € C then z = (P) [ fdu, or z = (P) [ xdu. Hlustrate for the case X = R, C = [0,1] and
C C

p=2A!

6. There is a generalization of the previous example giving a criterion on the existence of the
Pettis integral.
Let K be a compact metric space, X a Banach space and i1 a probability Radon measure on
K. If the mapping f: K — X is continuous, then there exists the Pettis integral of f and
(P) [ fdp € cOf(K).

43.7. The Graves Integral. There is a straightforward analogy of Riemann integration
theory for functions having their values in a Banach space. Remember that the Riemann integral
can be defined using Darboux upper and lower sums (and upper and lower integrals), or for its
definition an original Riemann’s approach can be used. It is clear that any definition (like
Darboux’s one) making use of the ordering of the real line (and the notion of the least upper
bound) cannot be immediately carried over for a vector case. Of course, in general Banach
spaces there is no ordering. Nevertheless, in the sequel we will touch briefly analogues of both
Riemann’s and Darboux’s approaches.

Let X again be a Banach space, f a mapping from [0,1] into X. Given a partition D :=
{0=z0<z1<..<z2pn=1}0f [0,1], I(D) ={& ={&} : & € [wi—1,x;]} set

E(f,D,&) =D f&) (@i —wio1).
i=1

The real number Z(f, D,§) is called the Riemann sum of f. Further, define the norm of a
partition D as vD := max{z; —x;—1:9=1,...,n}.
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(a) We will say that f is Riemann integrable provided there exists z € X with the following
property: For any € > 0 there is § > 0 such that

IE(f,D,§) —z2ll <e

whenever vD < 6 and £ € I(D).

If f is Riemann integrable, then the element z of the definition is uniquely determined. It
will be termed the Graves (sometimes also the Riemann—Graves) integral of f and denoted by
(RG) fol f. As in the real case, a mapping f is Riemann integrable if and only if there exists
w € X with the property: For any € > 0 there is a partition Dg such that

||E(f7D,§)—’LUH <e

whenever a partition D is finer than Do (i.e. D C Dg) and & € I(D). Of course, w is then the
Graves integral of f.

(b) Realize that the Graves integral is a (Moore-Smith) limit of a “generalized” sequence
{E(f, D, &)} when “ordered” either by a norm or an inclusion.

(c) Any Riemann integrable X-valued function f is bounded (there exists K > 0 so that
| f(t)|| < K whenever ¢ € [0,1]).

In what follows, we make use of the vector integration theory for the case of the special measure
space ([0, 1], 20T, A).

(d) If f:[0,1] — X is Riemann integrable and ¢ € X*, then the (real) function ¢ o f is
Riemann integrable. In particular, f is weakly measurable and Pettis integrable.
Hint. Almost all assertions are obvious, even that f is Dunford integrable and (RG) fol =

(D) fol. Since f is bounded it follows that (D) [; f € X for any interval I C [0, 1] and one can
see that f is Pettis integrable.

(e) Define a (vector) function f : [0,1] — 1°°[0, 1] (=the space of all bounded functions on
[0,1] equipped with the sup -norm) as f(t) = cjp,;)- With the aid of the “Bolzano—Cauchy
condition” show that f is Riemann integrable. Now (d) implies that f is weakly measurable.
(Check the last assertion also directly: If ¢ is a continuous linear form on [°°[0,1], then it
is easy to see that the function ¢t +— ¢(f(¢)) is of bounded variation, and consequently it is
measurable.) On the other hand, f is not measurable (use Pettis’ theorem 40.3 and realize that
1£(s) — £l =1 for s # ¢).

(f) Another example. Let E C [0, 1] and define gg: [0, 1] — {°°[0, 1] as follows: Put gg(t) =
cqyy if t € E and gg(t) equals zero function for ¢t ¢ E. Show that gg is Riemann integrable. If
E is a nonmeasurable set, then the function ¢t — ||gg(t)|| cannot be measurable. Accordingly,
in this case gg is not measurable (cf. Exercise 42.5 or Pettis’ theorem 40.3). State conditions
on a set E under which g will be measurable.

(g) Any measurable Riemann integrable X-valued function f is Bochner integrable (and both
integrals equal).

Hint. Recall that a (real) function || f|| is bounded and measurable. Now use Bochner’s charac-
terization 42.2.

(h) Given again a partition D := {0 =29 < z1 < ... < xn = 1} of [0, 1], set
2(f,D) = _sup{[[f(s) = FB)l| : 5, t € [wi—1, 2]} (wi — i)
i=1

We say that f : [0,1] — X is Darbouz integrable if for any € > 0 there exists § > 0 such that
2(f,D) < € whenever D is a partition and vD < 4. Show again that instead of “ordering”
given by a norm an equivalent definition can be formulated using an “ordering” determined by
an inclusion. Prove also that any Darboux integrable function is Riemann integrable.
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(i) A function f : [0,1] — X is Darboux integrable if and only if f is bounded and continuous
in almost all points of [0, 1] (cf. 7.9.d).

Hint. Define the oscillation of a X-valued function g as

i (1) = i sup{llgu) —g(0)]| v € (=6, +0)).

First show that f is continuous at to if and only if ws(tp) = 0. Further prove that the set
{t €[0,1] : wy¢(t) > a} is always closed.

Any Darboux integrable function is obviously bounded. To complete the proof check that

Mte[0,1]:we(t) > =} =0

1
n
for any n.

For the converse, fix € > 0 and choose an open set G C [0, 1] such that AG sup || f|| < e and f is
continuous at all points of the compact set K := [0,1]\G. For each ¢t € K find the greatest §; > 0
for which || f(s) — f(t)]| < %5 for any s € [0,1]N (¢t —d¢,t+d¢). A routine compactness argument
establishes the existence of § > 0 with the property: If D := {0 = 20 < z1 < ... < T, = 1}
is a partition of [0,1] and vD < §, then each interval [z;_1,x;] is either contained in G or, it
satisfies ||f(s) — f(¢)|| < e for any couple s,t € [z;_1,z;]. Having such a partition D, we get
2(f,D) < 3e.

(j) It follows from the above considerations that any Darboux integrable function is mea-
surable (use Pettis’ theorem 40.3 and the fact that a continuous image of a separable space is
separable), and therefore with the aid of Bochner’s theorem 42.2 it is also Bochner integrable.

(k) Each bounded function which is continuous at almost all points is Riemann integrable.
When X is a general Banach space, the converse may not be the case.

Choose E = Q in (f). Then gq is Riemann integrable while ||gQ || is the Dirichlet function of
Example 7.5 which is nowhere continuous. Nor is gq continuous at any point of [0, 1] (remember
that the norm is a continuous function!).

(I) We can see that the classes of Darboux and Riemann integrable functions can differ. It
seems that there is no known reasonable characterization of Banach spaces where these classes
coincide.

43.8. Exercise. Let X = co, (0, %, ) = ([0, 1], 91, ) and define

F(t) = {c0,1)(), 2¢(0,1/2) (1), 3¢0,1/3) (£)s -}
9(t) = {eq1/2,11®)s 2¢(1/3,1/2)(t), 3e(1/4,1/3)(F), -},

ht)={>_ nc(ﬁ’%](t),ﬂ, 0,...}.
n=1

Show that:

(a) g is Pettis integrable ,

(b) f is Dunford but not Pettis integrable,

(¢) h is not even Dunford integrable but it is measurable,

(@ 17O = llg@®Il = [[R(8)]| for any ¢ € [0,1] .

43.9. Exercise. Define the mapping f from the interval (0,1) (Lebesgue measure in consid-
eration) into the Hilbert space 12 as

1 1 1

: _— ), € (0,1).
! wH(z+1 x+2 x+3 ) z€(0.1)

Show that (P) [y f = {log(1 + 1)}n.
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43.10. Exercise. Consider again the measure space ([0, 1], 9, \). Let e, := {0,...,0,1,0,...}
eo = {0,0,...}.

(a) Put f(rn) = en and f = eg otherwise (here {r,} is a sequence of all rational numbers
of [0,1]). Show that f : [0,1] — co is measurable and Bochner integrable (f is even Riemann
integrable).

(b) Examine the measurability and integrability of the mapping f of (a) replacing the space
co by 1P, 1 < p < o0.

(c) Let @ € R and define

h(t) = {nac(07l](t)}n whenever ¢ € [0, 1].

If X is one of the Banach spaces cg, [P, 1 < p < oo show that h is measurable. There is no
difficulty to prove that h is Dunford integrable if X = ¢p and it is Dunford integrable for X = [*°
if and only if @ < 1. Further, h is Pettis integrable if and only if it is Bochner integrable, and
this is the case exactly when a < 1. For other cases consult I. Chitescu [1990].
43.11. Notes. Fundamental properties of the Pettis integral appeared in B.J. Pettis [1938],
also N. Dunford [1936] studied this integral. Another weak integral (for functions having values
in duals of Banach spaces) was introduced by I.M. Gelfand in [1936]. Nowadays, the Pettis
integral plays an important role in many branches of functional analysis.
L.M. Graves gave the Riemann-type definition for X-valued mappings on [0, 1] in [1927].
Historical comments on vector integration can be found in T.H. Hildebrandt [1953], or J. Di-
estel and J.J. Uhl [¥1977].
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Appendix on Topology

In this appendix, we mention briefly some topological notions used in the man-
uscript which may not be familiar to the reader.

Let us remind that by a topology we always mean a family 7 of subsets of a set
X, designated as open or T-open sets, which has the following properties:

(a) T contains () and X;
(b) AnNB e forany A,B € T;
() UAa eTif A, € 7.

Complements of open sets are called closed sets.

A family & C 7 of open sets is a base for the topology T if every open set can
be expressed as a union of members of Z. Since a topology is often defined with
help of a base % by the formula 7 = {{J{B: B € &}: & C %}, it is useful to
know when a family of sets determines a topology (in this way). The answer is
as follows:

Proposition. A collection of sets # is a base for a topology on X if and only
if X = U%B, and if for any z € By N By (By1,Bs € A) there is B € # with
A B C B1 n BQ.

An important example is the topology of a metric space formed by the family
of all open sets. A base for this topology is, for instance, the set of all open balls.
The discrete topology on X consists of all subsets of X and the singletons form
a base for this topology.

General topological spaces may enjoy a very complicated structure. In whole
of this manuscript we assume that all spaces are Hausdorfl: (X,7) is a Haus-
dorff space whenever x, y are distinct points of X, there exist disjoint open sets
G, Gy €T withx € Gy, y € Gy.

A neighborhood of a point z € X is every set whose interior contains z. The
interior of a set M is defined as the largest open set contained in M. It is the
union of all open sets contained in M.

The closure A of a set A is the smallest closed set containing A (it exists!). A
set I is dense in X if E = X and nowhere dense if the interior of its closure is
empty.

A topological space is said to be separable if it contains a countable dense
subset. A metric space X is separable if and only if it has a countable base for
its topology, and this is the case exactly when X has the Lindeldf property: Any
open cover of X contains a countable subcover.

If X, Y are topological spaces, a mapping f: X — Y is continuous if the
pre-images of open sets in Y are open in X. In a usual way, we can define the
continuity at a point. A mapping is continuous if and only if it is continuous at
each point.

A function f is continuous on X if and only if the level sets

{reX: f(zr) >a}land {z € X: f(x) < a}
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are open for every a € R. A function f is said to be lower semicontinuous if the
set {x € X: f(x) > a} is open for every a € R.

A one-to-one mapping f: X — Y is called a homeomorphism if it is continuous
and the inverse mapping f~!: f(X) — X is also continuous.

A base for the topology of the Cartesian product of topological spaces X7, Xo
is formed by the collection of all sets of the form G x G2, where G; are open in
X;.

A topological space is normal if every pair of disjoint closed sets can be sep-
arated by (disjoint) open sets. The normal topological spaces are exactly the
spaces where Urysohn’s lemma and Tietze’s extension theorem hold.

Urysohn’s Lemma for Normal Spaces. If F| and F5 are disjoint closed sub-
sets of a normal topological space X, then there exists a continuous function [ on
X such that

0<f<1, f=0o0onkF, f=1onk;.

Tietze’s Extension Theorem. If f is a continuous function on a closed subset
Z of a normal topological space X, then there exists a continuous function F on
X such that
f=F onZ and sup |F| =sup]|f].
X z

Any metric space is normal.

An interesting and from the point of view of the measure theory important class
of topological spaces is formed by locally compact spaces, i.e. spaces in which every
point has a compact neighborhood. A set is compact if every its open cover (cover
by open sets) contains a finite subcover. The locally compact spaces fails to be
normal but for them a version of Urysohn’s lemma holds.

Urysohn’s Lemma for Locally Compact Spaces. If K is a compact set and
U an open subset of a locally compact space X, K C U C X, then there exists a
continuous function f and a compact set L with

KcLcU, 0<f<1l, f=lonK, f=0onX\L.

Every locally compact space with a countable base is metrizable. A finite
Cartesian product of locally compact spaces is a locally compact space.

Let € (X) be the space of all continuous (real- or complex-valued) functions on
a compact set X. If

[f]l := max{|f(t)| : t € X} for feC(X),

then %' (X) equipped with this norm is a Banach space.

The convergence in the space € (X) is the uniform convergence. The point-
wise convergence of special sequences of continuous functions can guarantee the
convergence in %' (X) as following Dini’s theorem shows.
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Dini’s Theorem. If {f,} is a monotone sequence of continuous functions on
a compact space X which converges pointwise to a continuous function, then the
convergence of {fn} is uniform on X.

Let o C €(X). We say that

— & is an algebra if fg € o for f,g € o

— 4 is a lattice if max(f,g), min(f,g) € & whenever f,g € &;

— o/ separates points of X if for any z,y € X |, x # y there is ¢ € & such
that o(x) # ¢(y).

The following theorem is useful in many branches of modern analysis.

Stone-Weierstrass Theorem. Let X be a compact space and </ a linear sub-
space of €(X). If o is an algebra or a lattice, if o separates points of X and
contains the constant functions, then <7 is dense in €(X).

Let P be a metric compact space. Then there exists a countable base {V,,} for
the topology on P. Put f,(z) = dist(z, P\V,,) and consider the algebra generated
by {fn}. The Stone-Weierstrass theorem yields the following proposition.

Theorem. If P is a metric compact space, then the space € (P) is separable.
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M, M(y), M, ... measurable sets 1.3, 4.4, 26
A, Ap ... Lebesgue measure 1.3, 1.15, 26
o(f) ... o-algebra generated by &7 2.3
B, B(P) ... Borel sets 2.3
HAs HA,y g - Testrictions of measures 2.4
<4 ... restriction of a o-algebra 2.4
&g ... Dirac measure 2.5
7 ... completion of a measure 2.7
W, py ... outer and inner measure 1.3, 4.8
M(¥”) ... space of all (signed, complex) measures on (X,.%) 6.17
vol I ... volume of an interval 1.15
pt, 1, |u| ... variations of a measure 6.6, 6.10
f(p) ... image of a measure 8.23
Z* ... the set of all functions for which the integral exists 8.3
£LP, LP ... LP-spaces 8.3, 10.1
Il fllp - LP-norm of a function f 10.1, 10.5
[P ... IP-spaces 10.7, 40.3-4
& ® T ... product o-algebra 11.1
M?*, M, ... sections 11.1
1 ®v ... product measure 11.6
w-lim f; ... weak limit 12.12
w*-lim f; ... weak* limit 12.13
X* ... (topological) dual 12.4
ff ... measure having a density f, 8.19, 13.1
;L; ... Radon-Nikodym derivative 13.1
v < 4 ... absolute continuity of measures 13.1
v 1y ... mutually singular measures 13.8
supt f ... support 14.1
@K (P) ... continuous functions having compact support in K 14.1
%.(P) ... continuous functions having compact support 14.1
Cl(P), C(P) ... semicontinuous functions 14.4
AT, A~ |A] ... variation of a (signed) Radon integral 14.11, 14.12
pA, ph ... measure (outer measure) corresponding to a Radon integral 16.1,
16.4
%y(P) ... bounded continuous functions 16.7
%o(P) ... continuous functions vanishing at infinity 16.7
Wy % 4 ... vague convergence 17.1
A (P) ... signed (complex) Radon measures on P 17.1
Mp(P) ... finite signed (complex) Radon measures 17.1
e ... unit of a group 19.2
A ... modular function 19.9; also a set of all positive functions 25.2
f*g ... convolution 19.19, 26.21

b
V f ... variation 21.1
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DYf, D= f, D.f, D_f Df, Df ... extreme derivatives 22.3
Vi ... Jacobi matrix 26.12

¢ ... (Frchet) derivative 26.12

%" ... contiuously differentiable functions of order I 26.12
J, ... Jacobian 26.12 2

D,, ... symmetric derivative of a measure 28.2

2(Q) ... (infinitely) smooth functions having compact support 31.1
Xk --- smoothing convolution kernel 31.1

Ty ... regular distribution 32.1

T, ... distribution determined by a measure u 32.3

0 ... Dirac distribution 32

fr 20 .. convergence in Z 32.1

DT ... multiindex derivative 32.4

Zy — Z ... convergence of distributions 32.9

f, Zf ... Fourier transform 33.1, 33.5, 33.8

f ... inverse Fourier transform 33.5

. ... Schwartz space 33.5

M,, i ... space of all matrices 34

L* ... adjoint mapping 34

AT ... transpose matrix 34

IL|| ... norm of a linear mapping 34

det A ... determinant 34

0 ... k-dimensional measure in R™ 34.8

vol L, vol(uy,...,ug) ... volume 34.10

N(z,¢,E) ... Banach indicatrix 34.19

deg(y.p, G) ... degree of a mapping 35.7

H,(A), 7,(A, ) ... Hausdorfl measure 36.1

s, S ... one-dimensional (n — 1-dimensiona) measure 37
grad g, div f, curl f ... gradient, divergence, curl 37.1
Up X +++ X Ug_1 ... vector product 37.5

t, n ... unit tangent (normal) vector 37.10, 37.13
H* ... half-space 37.17

i ... embbeding of R"~! into 0H* 37.17

<-,-> ... duality 38.1

AF(V), Ar(V) ... k-covectors and vectors 38.1
ViA--- AV ... exterior product 38.3

I(k,n) ... set of all increasing multiindices 38.3

X, ... coordinate form 38.3

dw ... diferential 38.11

&(x) ... unit tangent k-vector 38.14

U, ... domain of a chart u 39.1

T, ... tangent space 39.4

co ... space of all sequences converging to zero 40.3-4
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Subject Index

absolute convergence 41.1
absolutely continuous function 21.3
absolutely continuous measure 13.1,
13.8
vector 41.4
adjoint mapping 34
algebra 5.1, Appendix
almost everywhere 3.12, 3.14
analytic set 26.10
antiderivative 7.1
antisymmetric k-linear form 38.1
approximately continuous function 29.7
atlas 39.1
atom 2.15
atomic measure 15.18

Baire function 7.9

ball 26.11, 28.2.1
Banach-Zarecki’s theorem 23.11
barycenter 43.6

base for a topology Appendix
Besicovitch’s theorem 27.4
bilinear form 38.1

bilipschitz mapping 34.20
Bochner integral 42.1
Bochner’s theorem 42.2
Borel-Cantelli’s lemma 2.14
Borel function 3.2

Borel set 2.3

bounded variation 21.1

Cantor discontinuum 1.12
Cantor function 23.1
Cantor (ternary) set 1.12
capacity 5.14

capacitable set 5.15

charge 6.20

chart 34.24, 39.1
Chebyshev’s inequality 7.8
Choquet capacity 5.14
compact space Appendix
complete measure 2.4
complete Riemann integral 25.14
completion of a measure 2.7
complex measure 6.10

complex Radon measure 15.8
complex Radon integral 14.10
cone 37.15
continuous measure 15.18
convergence 41

absolute 41.1

almost everywhere 3.12

in measure 12.1

p-uniform 12.2

strong 17.1

unconditional 41.1

vague 17.2

weak 12.12, 12.14, 17.1, 32.9

weak* 12.13, 12.14
convergent integral 8.3
convolution of functions 19.19, 26.18
convolution of measures 19.24, 26.18
continuous measure 15.18
counting measure 2.5, 2.10, 19.4
Cousin’s lemma 25.2
curl 37.1
curve 37.10
curve integral 34.24, 37.10

Daniell’s property 14.3

Darboux property (of a measure) 2.15
Darboux integrable function 43.7
degree of a mapping 35.7

0-fine partition 25.2

é-ring 5.1

Denjoy-Perron integral 25.14
Denjoy’s theorem 29.9

density of a measure 13.1

density point 29.1

density topology 29.4

derivative 26.12

derivative of a mapping 39.4
derivative of a measure 28.1
descriptive definition of an integral 23.7
diffeomorphism 34.22, 39.1
differential 38.11, 39.8
differential form 38.9, 39.8

Dini derivative 22.3

Dini’s theorem Appendix

Dirac integral 14.2
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